A.3   Properties of Functions

A function, y=f(x), is smooth if it has no ‘kinks.’

A function is continuous if it does not ‘jump’ up or down.

A function is monotonically increasing if y goes up every time x goes up.

A function is monotonically decreasing if y goes down every time x goes up.

A.4   Inverse Functions
If 
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 is monotonic then we can also write 
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 where g is also a function.  g is the inverse function of f (usually written as 
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e.g., If 
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e.g., Demand curves:
q = D(p);   p = D-1(q) (Inverse Demand)
A.9    Absolute Values and Logarithms

The (natural) logarithm or log of x describes a particular function of x which we write y=f(x) = ln(x).   Some logarithm rules:

·  ln(x*y) = ln(x) + ln(y)

·  ln(x/y) = ln(x) – ln(y)

·  ln(x^b) = b ln (x)

·  ln(e) = 1

A.10   Derivatives

Only a linear function has a constant slope.  If we "magnify" a smooth curve, then at a particular point it looks like a line.  Thus, we can calculate the "instantaneous slope" of a function.
Definition of a Derivative:
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This gives the instantaneous slope of the curve 
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. It is called the derivative of y with respect to x. 
e.g.  

Find the instantaneous slope of y=2x+3 at x = 2.

e.g.
  

Find the instantaneous slope of 
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 at x = 2.

A.11   Second Derivatives

Derivatives are functions – so we can take derivatives of derivatives. These ‘second derivatives’ tell us how the slope changes.
Example:    
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Then:
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   -- measures the rate of change
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    -- measures the curvature; "slope of the slope"
A.12   The Product and Chain Rule
Suppose g(x) and h(x) are both functions of x.  Let f(x) = g(x)*h(x).  Then the Product Rule says:

f'(x) = g'(x)*h(x) + g(x)*h'(x)

Consider j(x) = g(h(x)), a composite function.  Then the Chain Rule says:

j'(x) = g'(x)h'(x)

e.g.  

g(x) = x^2, h(y) = 2y + 3.  f(x) = h(g(x)).  What is f'(x) ?

A.13   Partial Derivatives
Functions with more than one independent variable
e.g.
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What if there is more than one independent variable?

Say 
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. Then we can talk about the slope of the function as x changes holding z fixed, and the slope of the function as z  changes holding x fixed.

The partial derivates of y w.r.t. x and y w.r.t z:
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Example of partial derivatives:
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So the partial derivative with regards to x (i.e. holding z fixed) is:
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The partial derivative with regards to z (i.e. holding x fixed) is:
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Again, these partial derivatives are functions of two variables so we can take second partial derivatives

A.14   Optimization
Consider 
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To find where the dependent variable hits a maximum or a minimum, we need to find where the slope of the function is zero.
- use derivatives: f '(x) = 0
- the second derivatives tell us whether we have found a maximum or a minimum:

   Max: f ''(x) ≤ 0

   Min: f ''(x) ≥ 0

Many economic questions involve finding maxima or minima. To find these we use derivatives.
At a maximum or a minimum of a function, the slope of the function is temporarily flat.

So by finding where derivatives equal zero we can find maxima or minima.

Example:   Profit Maximizing Monopoly
Demand: 
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Costs: 
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Profit: 
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Find Q to maximise profit.

Steps:

1. Find inverse demand
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2. Substitute into profit equation
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3. Simplify
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4. Take derivative 
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5. Set derivative equal to zero and solve for Q to find out where reach top of ‘profit hill’
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6. Substitute back into inverse inverse demand to find profit maximising price.
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(7. To check it is a maximum, take second derivative of profit function.
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As the ‘slope of the slope’ is negative, the slope must decrease as Q increases – which is want we want for a maximum).

Next: Optimization with 2 independent variables

Example: Profit maximising monopoly with two products.

Two products: apples (a) and bananas (b).

Inverse Demand:  
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And : 
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For simplicity – no variable costs.

Profit is: 
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So: 
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Simplify:
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Now we need find the ‘top of the profit hill’. We have two variables so we need to take partial derivatives.
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Now, at the ‘top of the profit hill’ these two partial derivatives equal zero, so 
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These are just two simultaneous equations. The solutions are 
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, 
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. Substitute back and the optimal prices are $50 each. 

A.15   Constrained Optimization

Many economics problems involve finding a maximum or a minimum subject to a constraint:

For example: 

Minimise cost subject to producing a minimum amount of output.

Maximise ‘utility’ subject to your choice set. 
Example:

Sonya’s preferences over beer (b) and cola (c) are given by the following utility function:
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She has $100 to spend. Cola costs $1 per can. Beer costs $2 per can.  (Note: These assumptions imply that her budget line is given by the equation 
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).

What is the best bundle of beer and cola Sonya can choose?

This question can be restated as the following constrained optimization problem:

max 
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such that 
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The "objective function" in this problem is: 
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The "constraint" in this problem is: 
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� Note that if f(x) = ln(x), dy/dx = 1/x
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