Economics 722: Econometrics
Harry Kelejian

Matthew Chesnes
Updated: May 11, 2006



1

1.1

Lecture 1: January 26, 2006

Topics in Linear Systems: Truncated 2SLS and 3SLS

Sometimes our X matrix, Tx K, is such that T" < K, so X’X is singular and 2SLS
cannot be implemented.

A researcher may not even know the entire list of predetermined variables in a system,
or data on these variables may not be available.

In such cases, we choose a subset of our entire list of predetermined variables, and run
Truncated 2SLS, (T2SLS).

Consider the i** equation of a linear system:
yi = Yy + Xidi + €, e~ (0,041), i =1...G,

where Y; is a T2G; matrix of endogenous variables in the i** equation and X is a T K;
matrix of predetermined variables. Rewrite the equation as:

yi = Z;B; + €, B = (;,0;), Z; = (Yi, X;).

The entire set of predetermined variables is X = [X;, X}], where X/ are those prede-
termined variables not in equation i. Take a subset of X, called @), which is TxR.

1)

Let W = [X;, Q]. Regressing the endogenous Y’s on W yields:
I, = (W'W)"'W'y;,
and fitted values:

Y, = Wﬂw
W(W'W) W'Y,
R.,Y;

A

where R, is the projection matrix. II, can be partitioned into (f[ Xis ﬂQ)’ , where ﬂQ
is RxG,;.

We assume II,, is consistent and the rank of II, is full, so we have at least as many
excluded predetermined variables as we have included endogenous variables. Rank
condition.

Then the T2SLS estimator is as follows:

A

where ZAl = (}/zsz)



e Given the conditions of the Schonfeld CLT, we get the following results:

— (A1) B, = (Z/Z))" ' Zly;.
— (A2) VT(B; — B;) =% N(0, oplim T(Z!Z;)™1).
— (A3) plim T(Z!Z;)™" — plim T(Z!Z;)~" is positive definite, where Z; is formed

using a submatrix of those columns of X not already accounted for by W.

So what does all this mean? (A.1) says that B; can be expressed in instrumental
variables form. (A.2) says the estimator is asymptotically normal. And (A.3) says
that if you use Z based on everything that Z has AND MORE, then you get efficiency

gains.

e See HK notes for proofs.
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2.1

Lecture 2: January 31, 2006

More on T2SLS and T3SLS

The formulas for truncated two and three stage least squares are the same (strangely)
though you lose efficiency by only doing 2SLS.

The conflict is that asymptotically, as you add instruments, the large sample vari-

ance/covariance matrix gets smaller. But in small samples, as you add instruments,
Y; — Y, and 2SLS — OLS, which is inconsistent.

T3SLS
Consider the i** equation:
vi=ZiBi+e,i=1,...,L<G.

So, even though there may be G equations in the system, we only use L of them.
Everything is ok with estimating the partial system though there are efficiency gains
from estimating all G equations (if possible).

Note Z; = [V, X;], where X; are the predetermined variables: exogenous and lagged
endogenous.

If L =1, we have 2SLS. If L > 1, we have 3SLS.
Stack the L equation system to form:
y=2B +e,
where y = (y1,...,yz)’, and Z is block diagonal as usual.
Let Elee'| = X, @ I =, where X, is Lz L.
The T3SLS estimator is obtained as follows.

— (1) Using a set of instruments, H = [ X1, ..., X, V], where U are other predeter-
mined variables possibly not in any of the L equations, form the fitted values:

Y; = RyYi,

and, R R

— (2) Estimate each equation by 2SLS to get B; and form:
€& =Yi— ZiBia
6'7;]' — T_légéj,
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2.2

— (3) Finally form: X S
Brasps = (Z'Q12) 12/ .

We have similar results as in the two stage case where Brssrs can be expressed as an
IV estimator, and:

VT(Brssrs — B) = N(0,plim T(Z'Q' 2)7).

Weak Instruments

Sometimes we may have a very large sample, but our R?*’s remain small and our Y?
values do not tend to infinity, but rather hover around their critical values. Why is
this case with such a large sample?

If our IVs are correlated with the endogenous variables and not with the errors, we're
golden. All is consistent.

But if our IVs are correlated with the errors, we get inconsistency and bias which is
even more severe when the IVs are weakly correlated with the endogenous variables.

Consider the model:

but o5 # 0. So the covariance between X and w is not zero so OLS would be incon-
sistent.

Suppose we have an IV, Z; which is iid (0,0?). Form our estimator:

P syl > Ziug N7 Zwu; \ 0.0,0,
b = (%) Zy_b+ZZiXi_b+(leZiXi 0.0,0,

Then,

Pzu Ou

Pzx Oz

So if the correlation between Z and wu is large or the correlation between Z and X is
small, we have bias problems. This is exactly the problem of Weak Instruments.

brv — b+

Now consider the two equation system:

Y1 =aYs+e,
~—

Nzl
Yy = Cn\ X , 0,
NzK



where Cy = N~Y2C — 0. This last condition means that the X’s are weak instru-
ments. The coefficient on X in the second equation goes to zero as we increase N.

Assume (€;,v;) ~ iid N(0,Q), with o, # 0.
Assume X is exogenous and N1 X'X — @, and Q! exists as usual.

Then the population version of the y? test for the significance of X is:

2 2
g% gy

So if the X’s are weak instruments, the y? statistic is limited to be less than infinity
as N gets large.

Note that if Oy = C' # 0, the x> — oo as expected. But this is only if the X’s are
NOT weak instruments.

Counsider the 2SLS estimator of «:
Qa5Ls = (YQIYQ)_IYQIYL

We can rewrite this as:
dosrs = a+ (Y3Ya)'Ye,
where Y, = R,Y,, with projection matrix: R, = X(X'X)™1X', so:

A

Vo = X(X'X)'X'Y, = XCl.

We can also rewrite C’N as:
Cn = (X'X)'X'Yy = Oy + (X' X)X
Since Cy = N™Y2C, Cy = O(N~'/?), that is Cy is of order N~1/2. So,
(X'X) ' X'v=N"2NX' X)) N 12X"y,
—_——
—aN(0,02Qz)

—1
—Qz

which means (X’X)'X'v ~ O,(N~Y/2), [“Order in Probability”]. Thus the overall
estimator,

COn ~ O (N7V2),
Returning to the terms of &, we have:
Y)Yy = CHyX'XCxn ~ O,(1) # .
So the first term is at most in probability of order 1. Also,

Vie=ClX'e ~ 0,(1) # 0.
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Thus,
plim & # «.

Punchline. 2SLS is inconsistent with weak instruments!

We can also write the bias as a function of K, the number of instuments we use. It
can be shown that as we increase K, the bias associated with o goes to zero. But we
can’t include too many instruments or 2SLS will become OLS as before. So usually,
as our sample size increases, we pick more and more instruments. Write this as:

Ky = F(N)
Then,
2
Ope O,

Kn (& — d N(2£, <

N(a O‘)_> (8 ) 8)7
where,

1, X'X

s = llmN_,oo

—-Cy———C 0.
So (somehow) this says we have large sample consistency, but in small samples, we’ll
get a bias:

O ye 0'2

&~ N(a <
which means our bias term is: -
BIAS = —.
SKN

This goes to zero as Ky — 00, but in the nonlimiting case, we have a bias using these
weak instruments.



3.1

3.2

Lecture 3: February 2, 2006

Final Note on IV Selection

Consider the model:
Yi1 = Co + Y2 + CoTy1 + €41,

Yo = do + d1y + daia + €42,

Under usual assumptions, both equations are identified since there is one pre-determined
variable outside of each equation to identify the single endogenous variable.

But suppose we didn’t have data on x;,. Can we still identify the first equation 7 If
we assume that the x’s are serially correlated, which for time series is reasonable, then
x4—12 and zyo are correlated and x;_; is correlated with y,_; o if you solve for the
reduced form of the system. Thus, using ¥, 2 as an instrument is one option.

What if the errors are M A(1) 7 We can’t use y;,_12 because it would be correlated
with the errors, but we could use ;5.

What if the errors are an AR process? Then we can’t use lagged y’s because they are
ALL correlated with the errors, but x;_; ; might be an option.

In general, if you suspect the errors are serially correlated, don’t use lagged y’s as
instruments.

Bayesian Econometrics

In Bayesian analysis, a subjective view of probability is taken. Suppose we have a
Keynesian consumption function and we want to estimate the marginal propensity to
consume. In general this is a parameter that is bounded between zero and one. A
classical statistician would stop there and say our parameter is equally likely to come
from anywhere in that interval. A Bayesian would say the probability that it falls in
the range, say, from 0.75 to 0.80 is much higher than the probability it falls in the
interval 0.00 to 0.05, so we SHOULD use this information. If we have a prior, use it.

Recall from 623,
fylz) =

Thus, we can write:

f(x,y) = faylz) fr(w) = fa(zly) f3(y),

SO,

~ falylz) fi(x)



Let x = 0, a parameter and assume y is some known data:

Likelihood Prior

—_— =
_ Two) 70

o -+
Posterior ~~~

Const of Int

Thus, we see that the posterior probability is proportional to the likelihood of the data
(given our parameter) multiplied by the prior probability. Or:

Post(0|y) < L(y|0) * Prior(0).

Remark An important formula for completing the square with matricies:

X'AX —2B'X = (X — A 'BYA(X —A'B) - BA™'B, if A/ = A, and A~ exists.

Example of Learning. Suppose we have a parameter ¢ and data on y; and y,. From
our formula,

Post(0)y1,y2) < L(y1,y2]0) * Prior().

Which we can write:

Post(0]y1, y2) o< Prior(0) = L1(y1|0) *L2(y2|y1, 0).

Post(0)y1)

So the first term on the RHS is the posterior probability after the “learning” we do
when realizing y;. Thus,

Post(0|y1,y2) o< Post(8|y1) *La(y2|y1,0).
————

New Prior

Again the first term on the RHS now becomes our NEW prior when considering ys.

So the prior is something we have to bring to the table. How do people choose the
prior in practice?

— (1) Ideally, the prior should describe what you know before looking at the data.
It should be your belief about the parameter of interest.

— (2) Sometimes it is choosen to be compatible with the likelihood function. If the
likelihood is normal, we often choose the prior to be normal to make the analysis
easier. When we do this, we call it a Natural Conjugate Prior.

— (3) We could also assume an “Uninformed Prior” or the “Assumption of Igno-
rance.” Assume prior(6) ~ uniform over some interval. The problem with this is
that if you know nothing about 6, then you should also be ignorant about func-
tions of #, say v = €?. But using a standard tranformation technique, you won’t
get a uniform for . We'll ignore this issue.



Application: Matrix Notation

Suppose our model is:
Y =XB+e e~ N(0,0°),

and our prior is:

Prior(B) ~ N(By,o¢),
where By and o3 are both known. For now we will also assume o2 is known.

Thus, our posterior is:

LQ(B — By)'(B - Bo)>7

Post(B|Y) o eap( - %(Y - XBY(Y = XB))eap( - 2

where the first term is the likelihood of Y given B and the second is the prior prob-
ability of B. Note everything else is constant so it gets thrown into the constant of
proportionality.

Counsider the likelihood function:

L(Y|B) exp(—zi(Y—XB)'(Y—XB))

~ exp( 2—1/ XB+ XB - XB) (Y—XB+XB—XB))
o« erp( — 5og(e+ X(B~ B))(é + X(B — B))

x eap( — % ¢, +(B~ BYX'X(B - B)))

~ ( 2i ;“st BYX'X(B — B)>

From notes: “The posterior can now be determined by completing the quadratic [using
the formula in the remark above[; if this is done, that posterior will turn out to be a
normal distribution.”

Application: Joint Posterior

Now we assume that both B and o2 need to be estimated. Our model is thus:
Y = XB +e e~ N(0,0%]),

and our prior is:

1
Prior(B,o) « —
o

where he tried to explain this prior, but it was unclear. For now we will also assume
o? is known.
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e Somehow (77):

1

1
Post(B, o|data) ﬁeajp( = 503

(Y — XB)(Y — XB)).

And applying the same technique as in the last application,

1 1 - .
Post(B, o|data) o memp( — @(A'é +(B-B)X'X(B - B)))

This is expressible as the product of a marginal, g;(0) and a conditional, go(B, o).
Which implies: R
f(B,U) ~ N(B7U2<X/X)_1)7

1 1,
g(o) x me:vp( ~ 53¢ e).

e He then goes on to show that the marginal of B given the data is a multivariate ¢
which is shown on page 5 and 6 of the notes. I'm confident that no one followed any
of this.

Application: Scalar Notation
e Suppose our model is:
Y = xb+ e, ¢ ~iidN(0,0%), t=1...T,
with z; non-stochastic and our prior is:
Prior(b) ~ N(by,0p),
with by, of, and o2 all known.

e Posterior becomes:

Post(b) x e:vp( — % Z(yt — xtb)2> exp( - %(b - b0)2).

t 0

Which after some algebra:

Post(b) e:np( — %‘%(b — 1_3)2).

See notes for definitions of o2 and b.
e Limiting cases.

— (1) If T' — o0, our estimator becomes OLS (because the sample size dominates)
and the variance is the standard, o*(X'X )"

— (2) If 02 — oo, then our prior is poor, so we are just doing normal OLS.

11



— (3) If 62 — 0, our prior is golden, so we should just use by for our estimate.

12



4 Lecture 4: February 7, 2006

4.1 Pretest Estimators

e Two of the biggest empirical problems in economics are aggregation and pretest issues.
The former is the idea that we never have fine enough data to reflect the individual
choices that are being made, but instead just get some overall picture. The latter is
the problem that when we formulate a model, estimate the model, and then based on
the results, reformulate the model, we get biases. It happens all the time (every time
really), but it does create biases.

e First a preliminary result. Suppose Z is a discrete random variable with density f;(Z).
Z takes on values (1, ..., Cy with probabilities P, ..., Py. Let X be another RV with
density fo(X), which is possibly continuous. Finally let h(X) be a function such that:

Elh(X)] = / T h(X) fo(X)dX emists,

—00

THEN: N
E[ZW(X)| =Y CPE[WX)|Z = Ci].
i=1
So we sum over the realization of Z, multiplied by the conditional expectation of h(X)
and weight by the probability of each Z.
e Recall the laws for iterated expections:
E[Y] = E,[E[Y|X]],
EY|X] = E[E(Y|X,W)|x],
and so on.
e So what is the pretest issue. Suppose our true model is:
[M1]: Y = XB+e,
with all the classical assumptions satisfied. Suppose we estimate (unknowningly):
[M2]: Y =XB+Zy+e

If we estimate M2, we might test Hy : v = 0 versus H; : v # 0. If we accept the null,
then re-estimate B via M1, if we reject the null, estimate B via M2.

e But what have we done? Suppose we test Hy via the F' ratio. Let v = 1 if we accept
Hy, ie if F' < Fyg95. Let v = 0 if we reject. Then our estimator of B is:

B = /l]Bl + (1 - U)BQ = BQ + U(Bl - BQ),

13



where the subscripts refer to the estimators from each model. Note, under classical
assumptions:

E[B,] = E[B,] = B.

Adding an additional (unneeded) variable does not create a bias. However(!):

E[B] = E[B)]+ E[u(B) — By)
— B+1%E[(By— By)|lv =1] % Prob{v =1} + 0% E[(B, — By)|v = 0] % Prob{v = 0}
= B+ E[(B; — By)|v = 1] % Prob{v =1}
— B+ E[(B) — By)|F < Fygs) * Prob{F < Fyg5}
— B+ E[(B) — By)|F < Fyg5] x0.95 # B

So we’ve introduced a bias! By reformulating after seeing the results, we have imposed
some kind of circular reasoning which is unfortunate.

There are two other examples in the notes of how pretest estimators will create biases.
If we know that one coefficient should be negative for example by economic theory and
it keeps coming out positive in our regressions, but we reformulate until the coefficient
is negative, we’ve created biases.

Another useful result:

IS o f (x)dx

00 0 zf(x)dx
E[X} :/_ g;f($)d$:P7”{X<O}f_oo¢+Pr{X>0}m’

Pr{X <0}
or,

E[X] = Pr{X < 0}E[X|X < 0] + Pr{X > 0} E[X|X > 0].

So in general, consider the battle between purists and pre-testers. The purist goes
away for 2 years and studies everything there is to know about a model and comes
up with the “true” model of what he’s trying to estimate. He runs one regression and
that’s it. The pre-tester starts on day one with a set of facts about this coefficient and
that one. He immediately starts running regressions and constantly reformulates until
the facts closely resemble what is shown in the regression. The pre-tester creates biases
for sure, but the purist dies in the library before even running a regression. Who do
you side with?

One problem with the pre-tester is that he ALWAYS gets what he wants, because if
he doesn’t, he just reformulates. This is why economics doesn’t move forward very
quickly, compared to other sciences.

There may, however, be gains from using pre-test estimators, at least in terms of the
Mean Square Error (MSE) of your estimator. Consider a RV, Z ~ bernoulli with
f(Z=1)=Pand f(Z=0)=1— P. Then E[Z] = P. Suppose our model is:

y=X0+Zv+e,

14



4.2

where the true value of 3 is By. Suppose we test Hy : § = [y versus H; : 3 # 3y and let
v = 11if Hy is accepted via an F' test and v = 0 otherwise. Then our pre-test estimator
is:

~ ~

B =06+ (1—0)p,
where (3 is our OLS estimator. Then, rearranging:
B—Bo=v6—Bo+B—vp,

B—ﬁo = (1 —’U)(B—ﬁo)~
So,

MSEB) = (5 - 50)/@ — Bo) A
= (1—0v)*(B—0) (8- )
€{0,1}
< (B-B0)(B~ B
= MSE(B)

So the MSE of our pre-test estimator is smaller than the MSE of the OLS estimator!

Section 3 - Nonparametrics: The Method of Kernels

Suppose we seek an estimate of the density of a random variable. We have a random
sample Xi,..., X, from a continuous PDF, f(x) with CDF, F(x) and we seek to
estimate fn(x) We would like the estimator to be unbiased but in general this is NOT
possible. Thus, we’ll seek a consistent estimator such that:

Plima oo fulz) = f(2) V 2.

One naive estimator is the empirical distribution function:

number of observations < z

F(z) =

n

This is like the histogram approach where we choose a window size h, > 0 and just
count the observations that fall in each box. This induces PDF"
F.(x + hy,) — F,(x — hy,)

2h, '

falz) =

As the sample size grew, we might want to make the window size smaller and smaller.
However, with this approach, suppose we want to estimate the density at x, we place
equal weight on all observations in the interval (z — h,,, z + h,,). This doesn’t seem like
a good idea. We can do better with kernels.

15



e First, lets try to represent the naive estimator above with a kernel. Let:
I .
K(m)zéa foe [_171)a

and K (z) = 0, else. So this is called the rectangular kernel. Thus our PDF can be
written:

1 0 — X

n(x) = K 4.

) = i SRS

This density function is often the first approach we use (our straw-man which we’ll
knock down shortly).

e To see the above density, consider:

fulr) = S R

nh,, 4 hy,
_ ! anlf(x—h < X, <a+hy)
= nh,, i:12 n i n
L SRt ) — Faw— h)
F.(x+ hy,) — F,(x — hy)

which is what we had above.

e In general, continuous kernel density functions, K (x), have to satisfy a certain set of
conditions:

These conditions imply that K (z) is a valid kernel density function. We will assume
that all kernels we deal with in what follows satisfy these conditions.

16



5 Lecture 5: February 9, 2006

5.1 More on the Method of Kernels
e Five kernels which satisfy (c1-c4):

1
— (1) Naive: Ky(z) = B if |z] <1, K1 =0 else.
— (2) Bartlett: Ky(z) =1 — |z| if |z| < 1, Ky = 0 else.
— (3) Gaussian: Ks3(z) = (27) " Y2eaxp(—22/2) if —00 < x < o0.
— (4) Quartic: Ky(x) = (15/16)(1 — 2?)%if || < 1, K4 = 0 else.
— (5) Epanechnikov: Kj(z) = (3/4)(1 — 2?) if |z| < 1, K5 = 0 else.

e To proceed, we need some further assumptions. Let X be an rzl random vector with
density f(z) and the window width, h,, is such that:

hn, — 0, and nh, — oo as n — oo.

So the speed that the window width goes to zero is inversely related to the length of
the vector, X. Our estimated density:

Falw) = o SR,

- T
nh?

j=1
is such that: )
supy | f(2)| = ¢y < oo, and fu(z) =P f(2),
so the density is bounded and the estimated density is consistent.
e Proof of the Consistency of our Kernel Estimator We will follow (T)Chebychev,

and show that the expectation is the actual density and the variance of our estimator
goes to zero. First the expectation:

nhy, “— I,

R~ T —z
= K d
1 T —z
= [ R
because the random sample is iid

1
- h—TK(w)f(a: — hyw)h, dw

_ / K () f(x — hyw)duw

Elfu(e)] = / LS R () )

17



The last two lines follow from a change of variables. We let w = (z — 2)/h,, so that
2z = x — h,w. The jacobian is thus:

0z
|8_w| = [ = haly| = hy,
noting that x,w, and z are all rx1 vectors. Substitute in dz = h] dw and you're there.
So the next step is to take the limit. We can take the limit inside the integral by the

Dominated Convergence theorem of Billingsly. As long as the integrand is bounded by
a function which is integrable, we can do this. Thus,

~

limy .o E[fn(z)] = limnHoo/K(w)f(x—hnw)dw
= /K(w)limnqu(x — hpw)dw

= /K(w)f(a:)dw
= fla

Again, noting that h, — 0 as n — oo. So our estimated density is asymptotically

18



unbiased. Now we’ll show the variance goes to zero. Consider the variance:

~

Var(fn(z)]

A

nhy Var(f.(z)]

~

nh; Var(f.(z)]

~

nh, Var(fn(z)]

— —Qh—Qr K.T—x]
Y var (i ()

J=1

= n’lhf’”var[K(x i

)]
because the random sample is iid
= n—lhﬁ{EuK(ﬂj “))] - (BIK (— Z)])?}
same subsitution: w = (x — 2)/h,, dz = h! dw

= n_lh;QT{E[(K(w))Q] — (B[K (w)])Q}

= W E[(K(w))?] - hy"(E[K(w)])?

n

= h;T/KQ(w)f(az — hpw)h, dw — h," [/K(w)f(x - hnw)h;dw]

= /K2(w)f(x—hnw)dw—h;[/K(w)f(a:—hnw)dwr

Using Dominated Convergence

= / K2(w) f(x)dw — lim(h") [ / K(w) f(x)dw]

0 (&

~
<oo

— f(a:)/Kz(w)dw<oo

So since limy, —..onh” Var|f,(z)] < co and nh? — oo, it must be that:

~

Var([f.(z)] — 0.

QED. The estimator is asymptotically unbiased and its variance goes to zero. By
Chebychev, the estimator is consistent.

A Kernel Estimator of a Regression Function

So in this section we will apply the above method to a regression model. Suppose we
want to estimate a regression function:

r(z) = B[Y|X] = / uf (yla)dy,

19



so we're essentially solving for the function § = X B Recall:

f(z,y)
f(x) '

so in order to find the conditional, we’ll need to estimate the joint, estimate the mar-
ginal, divide, and finally integrate to get the conditional expectation.

fylz) =

Assume X is kx1 and Y is scalar. Assume we have a joint random sample. Let K, (y, )
be a kernel joint density function such that:

/mm@@:mm

so hitting our kernel with y and integrating gives us zero (just a scale assumption) and
integrating out the y gives us a marginal for x. We maintain the assumption above
that:

hn — 0, nhf — oo asn — occ.

Denote E[Y?|X = z] = o;(z). Note this isn’t a conditional variance unless the mean

of Y is zero. We also assume everything is well-behaved and bounded.

Our joint estimator is:

P 1, B y—Y;, v—X;
faly,2) =n 1hn(k+1)ZK*< ; ]>'
j=1

hp 7 hy

We raise h,, to the k + 1 because X is kxl and Y is 1lal. This is just to keep things
scaled correctly. Also recall the marginal for X is:

fule) = SR,
j=1 "

One nice result that we can prove is that if we integrate out the Y of our estimated
joint density, we’ll get our estimated marginal for X. That is:

ﬁmz/ﬂwm@

20



Proof:

; _ 17 —(k+1) - y—-Y, z-X;
/fn(y,:v)dy /n h, ;K< T )dy

n

same subsitution: z; = (y — Y;)/hy, dy = h,dz;

_ / n~Lhy (k4D ZK (z],—X)h dz;
= n'h kZ/K z],—>dzj
- n_lhgkalK(B;L—nj) = fula)

QED.

e Next, lets see what the estimator of the regression function, 7, (z), looks like. Note:

hm)@

Fox)=EY|X =1)=
(z) (Y] ) i)

So lets do a crazy amount of algebra:
Fu(@) () =:L/yﬂ@hxﬂy
—~ y-Y; - X
K ( , )
/ ; Rk he | hy )Y

n

same subsitution: z; = (y — Yj)/hn, dy = h,dz;

. — X;
= [ P (o T

n

= nth/z] z],—>dz]—|—z hk/ z],—n>dz]

n ‘_1 ,

=0 by assump. K((z— )/hn)

n

Y; r— X;
= K J
Znhk ( hy, )

7j=1
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Thus:

) Ll Y - X
R A PR
-1
. X; Y, r—-X
_ flhfk K x 7 j K 7
(nn,<hn> T
Jj=1 j=1
-1
" T —X; - T — X;
- (ZK( = >> VK ()
7j=1 7j=1
n r—X;
Z]*I}/}K( h ])
- n z—X;
S K ()

This regression function is called the Nadaraya-Watson (NW) kernel regression function
estimator. The regression function is just a weighted average of the Y'’s.

e Sce Kelejian’s notes for a proof that the NW estimator is CONSISTENT. That is:
Tn(x) =P r(z).

It’s tedious, but the same method that was applied above (twice) is used again to show
(via Chebychev) that the estimator is asymptotically unbiased and the variance goes
to zero. Done.
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6.1

Lecture 6: February 14, 2006

More on the Method of Kernels

Some kernel terminology. h, in the previous derivations is called the “bandwidth”
or the “smoothing-parameter.” For a given n, if h is small, the kernel makes things
relatively rough while if A is large, the kernel smooths things out. If you talk about 2
times h,,, this is called the “window-width.”

Large Sample Normality

As shown in the notes, we can get a normality result if you make some assumptions
about the boundedness of the variance, the 2 + § moment, the density function, etc,
and have the following two important conditions:

(f): R2(nhE)Y2 = p, where 0 < p < 0.

(9): nh* — cc.

Then it can be shown:

nh)Y2[7(z) — r(x)] —° (z) vary(x
(nhy) [P (z) — r(z)] waz(a:)’ #(x)).

So note the normalizing factor out front depends on k! Usually we don’t have this and
it will lead to a problem in a moment. The variance of this distribution is relatively
easy to estimate, but the mean turns out to be very difficult. The b(x) function depends
on second partials of unknown functions! So that’s not good.

One way to estimate the large sample moments is the following. Note in condition
(f) above, pu could be zero. So if we can choose just the right bandwidth, so that
h2(nhE)1/2 — 0, while still maintaining conditon (g), we're golden because the large
sample mean just becomes zero! Consider the following choice for h:

R2Hk/2 o —1/2-8

)

where 0 < § < 2/k. This implies:

Atk —1-26
h/n2 =N 2

—1-26 2

h,=n" 2 tk

—2—46
hn = n2(4+k)

-1 =25
h,, = nitkni+k

Thus,

k —k—26k
nh, =n*n" ik
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4tk—k—25k
nh:fb —=n~ itk

We need this expression to go to infinity, so we need the exponent to be positive. So:

44k —k—20k
4+k

4 —20k>0

ok < 2
2

(5 -
<%

So as long as § € (0,2/k), conditions (f) and (g) are satisfied and p = 0. Thus we can
use the large sample distribution to do inference.

>0

e Finally, note the normalizing factor which depends on k. The limiting speed of con-
vergence is inversely related to the number of regressors, k! the larger is k, the slower
the rate of convergence. This is called the “Curse of Dimensionality.”

6.2 Section 9: Nonlinear Systems

e First, lets review some of the elements of linear systems. Consider the structural

system:
Y. I'+ Xp. A = uy.,

where X;. are predetermined variables, u,;. ~ #id(0, 3,) are the structural disturbances.
This implies a reduced form:

Y, = X, I +v., O=—-A'"! v, = w71

Thus,
ED/HXt] - Xt.H,

is the conditional mean prediction equation and,
V. = }/t — Xt.H7
is the prediction error.

e For a linear system, this implies that since u is iid, so is v, the reduced form is linear
in u, and we can get the prediction equation by simply solving for ¥ and setting the
structural disturbance vector to zero.

e Now consider the following linear system:
Yi = a1 + aaYio + a3 Xt + €41,

Yio = b1 4+ b2 X + €40,
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with Ele;e;] # 0. Estimating the first equation via OLS would be inconsistent due to
the correlation between the errors. The first equation is NOT identified because the
order condition is violated.

e What about 2SLS? If we regress Y on a constant and X;, we’ll get a fitted value
Ytg = HO +11 1X¢, but the second stage regressor matrix contains a constant, Ytg, and
X, which will have rank 2! So we can’t do 2SLS.

e What about introducing a nonlinear instrument like X? ? While this WON'T work in
a linear system like we have, it WILL work in a non-linear system.

e First we need to make some additional assumptions:

— (1) |Xi] < M < oo forall t > 1.
- (2) T*1X/KXK — Qg where Q' exists, where:

X = (1L, X, X2, ..., X)),
XK = (Xuo ce >XTK>,'
Via Lindberg-Feller CLT, this implies:

T71/2X;€€1 —>d N(O, Ulle).

e So consider doing 2SLS with X; and X? as instruments. Then:
};;52 - ﬂo + f[lXt -+ ﬂQXE

In this case, the second stage regressor matrix will have full rank so the 2SLS estimator
is defined. However, plim T—'ZZ;, will have rank 2 so the 2SLS estimator is NOT
consistent! We could also write this as:

plim I, = 0.
e Now lets consider a simple NON-linear model:
Vi = ay + axe’® + a3 Xy + €1,
Yio = by + 0o Xy + €.
e The reduced form is thus:
Vi = ar + ap ("X 1) + a3 X, + €41,

Yio = b1 + 0o Xy + €.

25



So first note the reduced form equations are NOT linear in all the disturbance terms,
unlike in linear systems. What about the prediction equations? Consider:

E[Yt1|Xt] =a; + a2€b1+b2XtE[eet2] + (ngt =a; + a26b1+b2XtK + (I3Xt,

EYp|Xi] = by + by X

By Jensen’s inequality:
K = Ele?] # eFle2) = 0 = 1,

Since K # 1, we cannot get the prediction equation just by setting the errors to zero.

More next time on prediction error.
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Lecture 7: February 16, 2006

More Nonlinear Systems

Recall the system of structural equations from last lecture:
Y;gl =ay + Cl2€Yt2 + &3Xt + €41,

Yio = b1 + b Xy + €40,

Which induced a reduced form:
Yy = a1 + ag(e T2 e2) 4 as X, + €y,
Yio = by + 0o Xy + €.
If K = Ele?], then we can write:
e = K + vy,
where v, is mean zero. Substituting this into the first RF equation above:
Yy = a1 + age” TN (K 4 ) + as Xy + e,

or:
Yo=a1+ axe" XK 4 az Xy + wyp
~—

-
deterministic stochastic

with w;, = €1 + aze® 22Xt w, is the PREDICTION ERROR!

Clearly F[w,;] =0, and:
Var[w;] = Elw?] = 011 + a3e* 22Xt 62 1 2a,5e" 02X cop (e, v;) = h(X,).

Therefore w; is HETEROSKEDASTIC! and so it is NOT iid. Thus the general form
of the prediction error:
wy =Yy — E[Yt1|Xt]

is NOT iid, or linear in structural disturbance terms.

Generalization of the Results

Let an N equation nonlinear system for the Nz1 endogenous vector, Y; and the gzl
nonstochastic vector, X; be,
fi(Ye, X, 6n) =0

fN(K?XhetN) =0
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Or just:
F(}/:‘,aXhet) - 0]\]:):17

where F' is the Nxz1 vector of functions.

The reduce form is:
Y, = G(Xt7 Gt),

which is in general nonlinear in the disturbances.

Prediction Equations:
EYi|Xi] = E[G(Xy, )| X] # G(Xy, Ele]),

since (G is nonlinear. We CANNOT move the expectation inside and thus we can’t just
set the errors to zero to solve for these equations.

Finally the prediction error, v; = Y; — E[Y;|X{] = Y; — E[G(Xy, )| X¢], will be het-

eroskedastistic.

Estimation Issues with Nonlinear Systems

Consider estimating the nonlinear system above using the following set of instruments:

Xt2 = [17 Xtv th]

First write the first structural equation as:

Y1 =714 + &,
with:
1 €Y12 X1
Zy=|: : :
1 €YT2 XT

=
Suppose we regress e¥? on a constant, X;, and X? and form our fitted values, e¥ez

Note(!!!):
= ~ =~
€Yt2 7& e Yio .

So we could write:
=

€Yt2 = f[() —|— f.[lXt + f[QXtQ
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e Then our second stage regessor matrix becomes:

A=
1 €Y12 Xl
le ) : .
A~
1 6YT2 XT
e We could also write:
1 1,
Zy=XoP=[1,X, X7+ | 0 I 1
0 I,

And if Ry = X,(X,X,) "X, the projection matrix, then,

71 = RoZ,.

e We will show in a moment that if plim I, = II; for i = 0,1, and 2, then in general
Il # 0. This is all we need to get P; to have full rank and thus we get a consistent
estimator.

e Given this, we have:
A= (2120720, = Ay + (Z,2)) Pl X e,
S0, R
VT (A, — A)) =4 N(0,01,(P]QyP1)7Y),

or,

~

VT(A; — Ay) =4 N(0, 0y plim T(Z;2,) 7).

Thus, A; is consistent.

Proof that II; # 0

e Note,

Ytz — phitbaXeten _ bit+baXe ez

e Using 2 = K + v,
e¥ie = MR g )
€Yt2 — K€b1+b2Xt + €b1+b2XtUt — ft + q)t’

where f; is deterministic and nonlinear in X, while ®; is stochastistic with mean zero
and Var|[®;] = €2 722%52 which is UNIFORMLY BOUNDED! This will be important
in a moment.
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If we run €2 on X,, we get:
M= (X,X,) ' Xe.
So, B[] = (X,X,) "X, f, and,
VC(fI) - (XQXQ)_IXIQQ¢X2(XI2X2)_1,

or,

VO = T [T(XX,) | [T X000 X T(XX,) ] — 0
—0 _)22,;1 _>]\}r<oo

Note the 2 matrix is diagonal and uniformly bound.

Thus, by Chebychev, R R

plim 11 = lim (X,X,) "X, f,
which looks a lot like a regression of f on X,. So plim Il = (plim Iy, plim 11, plim ﬂg)/.
So this last coefficient is the one on X2. Note that since f is nonlinear, the best fitting
polynomial to a nonlinear function will in general NOT be linear! So lim Il # 0 in
general!

The next thing we want to consider is using higher order X’s beyond X?2. Why not
include higher degrees of the X’s as instruments. As long we have enough observations,
this cannot hurt! In our example, if we use the instruments X, then all we need to
get a matrix of rank 3 is for ONE of the higher order (two or above) X’s to have a
non-zero coefficient. We’ll get consistency if this is satisfied.

So by similar reasoning to above,

VT(AF — Ay) =4 N(0, 011 plim T(Z Z{) ).

Remark If K < L, then,
plim T(ZEK' ZKY=Y — plim T(ZF ZF)~

is POSITIVE semi-definite! Thus, by including more and more powers of the X's,
we get a more efficient estimator. As we estimate with a higher order polynomial,
our approximation of the nonlinear f, becomes better. See Kelejian’s note for a very
confusing proof of this. Note this works for the model because the nonlinearity comes
in the form of an exponential function which has a best approximation of an infinite
order polynomial.
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8 Lecture 8: February 21, 2006

8.1 More Nonlinear Systems

e The lower bound for the VC matrix for the 2SLS estimator in a non-linear system is

as follows:
VC* = onplim T[(EZ)) (EZ,)] .

Proof: If we use the instruments X -, the VC matrix can be written:
ouplim T[(EZ,)) Rg(EZ,)] .
So rewrite part of VC* above as (identity):
(EZ)(EZy) = (EZ) R (EZy) + (EZ))'[I — Re|(EZy).

Or just A = B 4+ C. Note that B is positive definite and C' is positive semi-definite.
Thus we have the result that B~1 — A~! is positive semidefinite, or:

(EZ\) R (BZ)|™' — [(BZ1)(EZ)]™! > 0.
Which proves our result.

e We can also do all this non-linear stuff in more general form. Consider the i** equation
of an M equation system:

yi = fi( Bi) +w; = fi + w,

where y; is Tx1 and f; is a T'x1 vector of values relating to the RHS of the equation.
We could write the model like this if we had something like:

Yii = by + b Xy + b3 4wy

e Still more generally is when we can’t separate out the LHS endogenous variable. In
this case we write the model as:
See notes for an example involving heteroskedastic errors, which once corrected for,

yields a LHS variable which is a function of the predetermined variables and parame-
ters.
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8.2 Useful Formulas and Definitions

If Y is Mzl and X is Nx1, then g—)i is MxN. Of course:

(8_Y>'_ oy
0X 0X'

NzM

If Y = AX and X is a vector and A is a matrix, then % = A.

If Y = AX and the elements of X are functions of a vector, «, then,

oY B oY 0X B 0X
o 90X da o’
So that’s nice.

If Y = Z7AX, a scalar, then clearly, Y = Y’ = X'A’Z, where both X and Z are
functions of o but A = A’ is not, then:

oy ., .07 , 0X
8_a_XA8_a+ZA8_a'
And if Z = X,
oY 0X
— =2X'A—.
o oo

The Considered Model

Consider:
Yit = fz(}/;let)BzO) +uit7 1= 17aMa = 17"'7T'

Lets write this as:

Yit = fit(B?> + U,
or even more simply as:

yi = fi(BY) + w;,

where y; is stacked with dimension T'x1.

Let Wr,, be our matrix of instruments such that r > Kj;, ie, equation 7 is identified.
W could contain a constant and powers of the X's.

So we now will state the distribution of the two-stage nonlinear least squares estimator
for B?. We need some assumptions:

— (a.1) The parameters space is open and convex.

32



— (a.2) uy ~ 1d(0,0;). So the errors are iid within equations. Not necessarily
across equations.

— (a.3) The elements of W are bounded and T—'W'W converges to something of
full rank.

— (a.4) The first derivatives of the f; function exist and is continuous in the neigh-
borhood of the true parameter value.

Ofi
— (a.5) We can expand the f; function around B such that G, = f . Then

~ 9Blp
T-'W'G, —? M(B), a matrix of full column rank.

— (a.6) Second partials exist and are continuous and bounded.
e Then if we minimize the objective function:
Ming {Qr(B) = [y: — fi(B)]'Bwly: — fi(B)]},

where Ry = W(W'W)~'W’, then there IS A ROOT of the minimization (possibly
one of many), call it B;, such that:

-1

Bi>

<afi(B)>’RW<afi(B))

5 _ RO d i
VT(B; — B) — N(O,a”plzmT 5 5

So B; is the NL2SLS estimator for BY.

e Insights from all this: B is consistent. Small sample guidance:

G =Ty — fi(B) i — fi(By)).

e See Amemiya for a proof of the consistency of the estimator. There is some nice
intuition on page 21 of Kelejians notes which shows that:

<afi<B)>/RW<afi(B)>

0B

( o OB

With:

if B= BY, then: T~'Qr(B) —P 0,

but,
if B# BY, then: T7'Qr(B) —? v > 0.

()
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9.1

Lecture 9: February 23, 2006

More Nonlinear Systems

A Useful Preliminary

Suppose we have a consistent estimator, 0 —P 6, € S , which is open and convex.
Consider a function of our estimator, g,(6), and assume:

plim gr(6p) = p-

Also assume:

Ogr(0

- g;e( ) exists and is continuous.
dgr(0)

— | 50 | < ¢y < 00.

Then: )
plim gr(0) = plim gr(6o) = p.

So the function evaluated at the estimator converges to the function evaluated at the
true parameter value.

Asymptotic Normality of the NL2SLS Estimator

See notes for this. Pg 22-26.
Our NL2SLS estimator is consistent and asymptotically normal.

This section also includes a note about the minimum VC matrix for these types of
models:

(%5 (o)

But our usual actual VC matrix is:

5(*) mee (55

We would want to include high order polynomials in our instruments, W, to make this
as small as possible.

NL3SLS Estimator

e Consider the model:

YZ:fzo+u27 izlv"va
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where M is the number of equations we estimate. The system may be larger but we
truncate the system at M equations.

All usual assumptions hold and now we assume F [uzu;] =o,l, fori,j=1,..., M.

Consider stacking the system:
y=f"+u,

where y is MTx1 for example.

In this case we can write:
Eu] =%, ® Ir.

Then our Three Stage Non-linear Least Squares estimator of B is B where B mini-
mizes:

O(B) =T (Y — f)[E,' @ WW'W)"' W' (Y — f),

u

where 3271 is the estimator of 3, based on NL2SLS. Again W is our matrix of instru-
ments which clearly will contain all predetermined variables (and squares, etc) in the
M equation system, but also may contain X’s from outside the system.

So the large sample distribution of our NL3SLS estimator is as follows:

or\ or\1"
() e ma(35)] )

VT (B — By) = N (o, plim T

This induces small sample guidance:

/ —1
A of \ o1 of
BNN<BO, (8_3) 5 @Rw]@_B)A )
B B
. . ofi A
Example. Consider a linear model: f; = Z;B; so 55, = Z,;. Note that Z; = Ry Z;, so

Z!RwZ; = Z! 7, the VC matrix becomes:

1
VAN of
L B B

-1

-1

= |Z[E;'® RyZ

= |7z eIz

-1
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Consistency of the NL3SLS Estimator via Amemiya’s Theorem 4.1.2.

Recall Amemiya’s Theorem: Suppose (A) the parameter space is open and convex, (B)
the first partial of the objective function exists and is continuous in the neighborhood
around the true parameter value, and (C) T7'Q7(B) —” Q(B) uniformly for B in an
open set about B? and Q(B) has a unique minimum at B?. Given these conditions,
there is a CONSISTENT root of:

0Qr(B)

og "

So we have assumed (A) and (B), so we will now show (C) holds.

First note:

i J
-~

—0-1 —0

plim T~/ (3" @ Ry )u = plim » Y (T~ ufW) (T(W'W)™) (T™'W'u;) 67 = 0.

j=1 i=1
This means that all terms involving a u will plim to zero.

Recall our model: Y = f% 4 u, so write:

Y—f=Y -+ —f=ut P —[=ut+A
A

Back to our objective function:
®(B) =T (Y - [)[E, @ WW'W) WY - f).
O(B) =T "(u+A)[E," @ Rwl(u+ A).
O(B) =T > (u;+ A)WW'W) W (w; + Aj)6".
Take the limit noting that all terms involving the u’s all go to zero:

plim ®(B) = plim T™"> " ~(uy + A W(W'W) ™ W (u; + A;)6%.

j=1 i=1

plim ®(B) = plim T~ > "~ AW (W'W) ™' W'A;67.

=1 i=1
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e So consider the term T 'W'A;:
WA = TTW - )
af;
_ -1 0 0 J 0
=T W/[fj —Jj _8_Bj BjKBj_Bj)
via the mean value theorem

_ af;
= —T7'wW=2| (B;—-BY
0B; éj( 5= B))

Note that C; # 0 unless B; = BY.

e So back in our limiting objective function:

plim ®(B) = iiCl’E ® Oy 1C; > 0.
J=1

=1

Thus plim ®(B) is UNIQUELY minimized at C; = 0,7 = 1,..., M which requires that
B = By, consistent!

e A final note on the minimum VC matrix in three stage. The best we can normally do

9.2

1s:

VCyin = plim T E(af> e ®IT]E(af)

0B 0B

Bo
But our usual actual VC matrix is:

(20 o ()]

VC =plimT 55 55

Section 10: Qualitative and Limited Dependent Variable Mod-
els

e Consider a dependent variable, Y;, that takes on two values, 0 or 1. Examples might be

“a firm merges or doesn’t”, “a woman works or doesn’t”, “a person votes or doesn’t”,
etc.

e Consider the linear model:

Yi=XiB+e = fi + €,

with E[e;] = 0. Clearly E[Y;] = X;B = f;.

37



e In general, Y has density, g(Y; = 1) = P, and g(Y; = 0) = 1 — P, so E}Y}] = P,.
ED/:‘,Q] - Pt7 S0:

oy, = E[Y}] = [E(Y))? = b= P} = B(1 - P).
e So we might interpret X,B°"° as the estimate of the probability that Y; is equal to
one. Or XtBOLS = ft = Pt.
e (learly there are problems.

— X, B9 is NOT bounded by zero and one, as a probability should be.

— ¢ 1s not homoskedastic.
To see the second problem, note since g(Y; = 1) = f; and g(Y; = 0) = 1 — f;, then:
}/;:1:>6t:1—ft:>g<€t):ft,

Yi=0=¢¢=—fi=g(e) =1— fi.

Then:
Ele]=0—-f)fi = fil=fo)=fi— fi =0,

Varle] = Elefl = (1= fi)* fi + [2(1 = fo) = (L= fo) f,
which is NEGATIVE when f; > 1 or f; < 0. Not a good thing for a variance.

e More next time.
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10 Lecture 10: February 28, 2006

10.1 More Qualitative Models

e Suppose instead of letting P, = X;B, we let P, = F(X;B), where F' is a CDF of
something. Then this would map positive and negative values into something between
zero and one as required.

e The problem: which CDF to use and how do we formulate X; 7
e There are two main CDFs which are often used:

— Probit Model - N(0,1):

XB
P= Prob(Yi =1) = FOAB) = [ (o) Ve 2 au,
— Logit Model:
eXtB
Fi= Prob(Y, =1) = F(XB) = T x5

The logit has slightly heavier tails than the probit. Note also,

eXtB 1+ X8 eXtB 1
Prob(Y; =0)=1—-F(X;B)=1-— 1+ eXiB 14 eXiB 14 eXiB 14 eXiB

e A couple things about the logit model. First, it’s density:

dF e?
IN=—"rs=——
f( ) dZ (1 _|_€Z)2
Note that it’s also symmetric:
% A7/ oZ
1(-2) = - - = ()

(14 e7)2 (1+e—z>2€2_z 1+ 2¢Z 4 22

Finally, it can be shown that if Z follows the logit f(Z) above,

s
Z ~ (0, —=).
(’3)

e Now consider the probit model. Should we always use the standard normal, or should
we parameterize the mean and variance? Suppose we have the following:

XtB - b() + Xﬂbl.

Then,
F(X,B) = Pr(u < by + Xuby),
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where u is standard normal. What if we assumed Z ~ N (u, o

P, = Prob(Y; =1)

So we might as well just work with a N(0,1).
absorb any non-zero mean and the variance just scales things.

— F(X,B)

), and we wrote:

Pr(Z < bo"‘thbl)

S

r

(
P?“(Z JUARSS < bo — U -+ thbl)
£

by — p b
M 0 —|—Xﬂ—1)
o o

Pr(u S by + Xubl)

where u is standard normal again!

By including an intercept, we can

So WLOG, we can

always include an intercept and work with a standard normal.

e But what should we report in a paper? The coefficients we estimate don’t have much
meaning, but we could estimate an elasticity of P, wrt Xy, such as (for the logit):

(1 + eXtP)BseXtB — eXtBBieXtB X i5(1 + Xt P)

eXtB

or, X5
X5 B, (14 XDy
_ BseMP o X5(1 4+ eXP)
- (1 i eXtB)2 eXtB
 BsXys
1+ eXiB

Of course this can be evaluated for any ¢, but usually it’s evaluated at the mean or at

several different quantiles.

So what about X;? What types of things should we put inside? We may have a model
to predict the probability that Y; is one, but it also may be an ad-hoc formulation.

Tllustration

Consider the choice to drive to work by a group of individuals. Let Z;; be characteristics
of driving a car for the t'* person (how long it takes, how much it costs, etc).

Let X; be the characteristics of person t (income, age, etc).

variables on an alternative form of transport.

Consider the utility model with:

Let Z;o be a vector of

Utility if No Drive: w0 = ag + ZioB + X0 + €o-

Utility if Drive: wy = ay + Zu B + Xy + €1

Note in this model, they assumed that B was the same in both utility functions, but

clearly it shouldn’t be.

40



e Thus we have:

Pr(Y,=1) = Pr(Drive,)
= Pr(ug > uy)
= Pr(og+ ZuB + Xy + €n > oo + Zyo B + Xyyo0 + €w)
= Pr(eo—en < (o — o) + (Zu — Zyo) B + Xe(71 — 7))
if €40 — €11 ~ N(p,0?)

e — — an — B _
_ pr( (6;1 p_ Zéo ”)+(Zﬂ—Zto);+Xt(%U%))

= Pr(w < b+ (Zy — Z)B* + X;")
= F(bo+ (Zn — Zw)B* + Xv")
e A note on stochastic utility models. As above, we can write:
Uty = U(Xu Ztiy Hyis €1),

where Hy; are either unknown or more likely, we know about them but do not have
data. The other variables have been described before. Thus we view H has random
and condition on X and Z:

Eluy| Xy, Zys) = u( Xy, Zis, Ni),
where we observe X and Z. Then a first order polynomial expansion yields:
WXty Ziiy, Ni) = (M) + Xey(Ni) + ZuB(Ns),

or,
u(Xt, Ziiy Ni) = o + Xyyi + 24y Bi,

and note the B is indexed by i!! So we assumed this away before but it should have
been different in each case.

Estimation of Probits and Logits

e Proofs for consistency, efficiency, and asymptotic normality are assumed though un-
available.

e Note if Y; = 1 with probability F; and Y; = 0 with probability 1 — F}, we can write:

f(¥) = B (1 - By

e We can estimate the model several ways, but the first and most common is maximum
likelihood.
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— (1) Maximum Likelihood Estimation. Consider the likelihood function:
T
=R a-R),
=1

or often written:

c=J[rR]]1-F.

teTy teTo

where T; is the set where the Y,’s are 1 and Ty is the set where the Y,’s are 0.
This induces small sample guidance:

Buyie = N(B,R_l);

where,
po _FlogL))
0BOB' &

Following Amemya, we can show that the ML estimator is consistent. See notes.
The objective function will be uniquely maximized at the true parameter.

— (2) Non-Linear Least Squares. Write the model as:
Y, = F(X,B) + ¢,

with Ele;] = 0 and,
var(e) = Fy(1 — F).

Thus,
Yt — F(XtB) = €4,
Y;g — F(XtB) o €t
VEA-F) JE1-F)
gt Ut

Thus v, ~ (0,1). If we then minimize the sum of the squared v,’s, we get:

s ~(2 (5 (3], )
where G' = (g1, ..., 97).

— (3) GMM. See notes. This isn’t as good as ML.

— (4) NLLS without Heteroskedasticity Correction. See notes. This isn’t as
good as ML but would be computationally simpler.

e S0 in sum, unless you're having trouble, do maximum likelihood.

o We'll next move to measures of fit and model selection. Which should we use, probit
or logit? How do we assess if our model is doing a good job at prediction ?
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11 Lecture 11: March 2, 2006

11.1 More Qualitative Models

e Suppose we have our data on Y; which are zeros and ones and we estimate (by logit or
probit), E[Y;] = P, = X;B. We might create something like:

And then compute:
N
1 .
(IP/N) =+ > (Yi=Y))?,

which is the proportion of incorrect predictions (scaled by N). The lower the value,
the better is our model.

e Note the MINIMUM MSE predictor of Y is E[Y;|X;] = P,. For any other predictor,
say the one above, P, is must be:

E(Y; - Y,)? > E(Y, - P,)*,

ie the conditional mean is the best we can do. But it still might seem intuitive to say
that Y; = 1 if our estimate of the probability was 0.99. This is easily verified for a
simple example in the notes.

e Another way to access our model’s worth is the Error Sum of Squares:

N
1 ~
ESS/N = ~ E (Y, — P>

t=1

e A third way to measure fit is the square of the sample correlation coefficient between
Y; and the estimated probability P,. Specifically:

PN A e 9050 )
D ARG LD AN RS

Clearly the higher is this correlation, the better our model does.

Sample Development of k% = p? in the Logit Model

e This is important so review before exams.
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e Consider a bernoulli variable, Y;, with f(Y; = 1) = P, and f(Y; =0) = 1 — F,. Thus
ElY)] = P, and Var(Y;) = P(1 — P,). Write:

}/;:-Pt—i_Eta CtN(O,Pt(l—_Pt))

Note,

SO,
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e Then the correlation between Y; and P, is:

. o, (Y = Y)(P = P)P?
Zt:l(ift __ ) 251(3 - )2
(Y, = V)(P,— P)/N]?
> (Y, - Y)*3(P, - P)?
N N
(P — P+ &) (P, — P)/NP?
(P,— P +¢,) Z(Pt —P)?
2 N N
>o(P — P)*/N + (P )/N]
S IR~ P2+ 20(P ~ ) +ezlﬁ S - Py
since N~!>°(P, — P)e; — 0 and
Elef] = R(1 - P)
P : Do(F —1_3)21/1\7]2
X yl(P =P+l 3P = P)”
e : [Z(ft — P)*/NP?
X P =PRI E(R =P+ Zet]
P > (P —P)? /N
—Z(Pt P+ — Zet
) 1Z(Pt Py’
NlZ( P2+ N-13 P(1-P)
P (R - P)
N-1 Z[PE —2PP+P + P, — P
2 N~ 3P~ P)?
9PN P+ P + NP,
2 NS (P~ P)?
9P+ P+ P
-2 N~'Y(P - P)?
g PP

So p? depends on the sample variace of P,, P and iz
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A Probit Model in a Panel Data Framework - Random Effects

Suppose we have a latent variable, ¥, which we do not observe such as the expected
value of an investment. What we do observe is y;; which is either 1 or 0 if the individual
7 in period t chooses to invest or not invest. Thus,

yy =z +er, t=1,....7;, i=1,...,N.
yie = Lif y; >0,
yie = 04f y; < 0.
Assume we have the following error component structure:
€t = Vit + U, vy ~ 1id N(0,1), u; ~ iid N(0,02),

and the {v;;} and {u;} processes are independent. Since u is only independent over the
1’s and not the t’s, the €’s are not iid over both ¢ and ¢ so we're going to have problems.
Note since v is N(0,1), then,

eit|ui ~ N(Uz, ].)

If all was well behaved and the €’s were iid over both ¢ and ¢, we could do a probit:

Pr(yy =1) = Pr(zyf+ € > 0) = Pr(eg < xuf) = F(xyf).

So consider the likelihood for the sample:

N
L= H Li7
=1
Upini Upia
LZ:/ / f(eily--'aeiTi)deil'..dEiTH
LO’LUi,Ti Lowi,l

where,
if y;; = 0,then Lowy; = —oo,and Upy = —x;3

if y;; = 1,then Lowy; = —x4,and Upy = 00

This is clearly a mess. We have for each equation, ¢, T; integrals over a joint density
which doesn’t factor. So consider the following simplification:

f(Gila e 7€iTi7 UZ) = f(€i17 ey €1T1|Uz)f(uz>

So,
[o¢]
f(eilw“aeiTi):/ f(eih"'ueiTi
—00

Uz)f(uz)duz,
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if we integrate out the u;’s. By independent of the €’s across time:

flei, .. &) / Hf (€it|ui)] f (u;)du;.

0 t=1

Now substitute this into the above likelihood:

Upi,1; Upi T
L, = / / / Hf €it|ui)) f(u;)du;de;y - - - de;r, .
L L —00 17

ow;, T, ow;,1

And rearrange:

Upz t
Li— / / Fleslus)den] f(us)dus
00 41 Low; ¢

So note the density in this last equation is f(e;|u;) and we have already noted that
€it|u; ~ N(u;,1). Thus let z; = €; — u; via a change of variables to get z; ~ N(0,1)
and our likelihood becomes:

[e'e] T;
= / [H O(Upy — 1) — ®(Lowy — w;)]exp[—(u2/(202))(2m) Y207, Ldu,.
o0 =1
where ®(-) is the CDF of the N(0,1). Finally let h; = u;/v/20,,

T

Li:ﬂ'l/z/ HQD Upi — V20,h hi) — ®(Lowy — ﬂauhi)]exp[—hf]dhi.

0 =1

So that’s clearly trivial (!) We can then use numerical techniques to maximize this
likelihood.

So if we have a Random Effects model, we pretty much have to do a Probit Model due
to the complexity of the problem. If we have a Fixed Effects model (next), then we
have to do a Logit.

A Logit Model in a Panel Data Framework - Fixed Effects

Consider the model:

exp(yit[c; + it 3])
1+ exp(a; + xyf3)’

Prob(Yy = yi) = vy = (0,1); t=1,...,T;, i=1,...,N.

Thus, as in the standard logit:

1
1+ exp(a; + xy0)’

Prob(y; =0) =
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exp(oy + x;3)
rob(yir ) 1+ exp(ey + x4 5)

Because of the a’s, we have too many parameters to estimate so again we’ll have to
do something special to our likelihood. Consider the case where T; is small and N is
large. Denote:

Jo exp(a; + z3)
T exp(a; + x4 )

And note we can write:
Prob(Yis = yir) = Ezim(l - Fit)l_yit-
Thus we can express the likelihood function as:

N T;
L=]]1]Fu—Fao)e

i=1 t=1

Note the number of parameters is k+N — oo as N — oo. This is called the “Incidental
Parameter Problem.”

So we need a way to eliminate the fixed effects! Let,

T;
Si = Z Yit
t=1

be the sum of the realized “ones” in the i*" unit. Now consider the CONDITIONAL
likelihood:

L., = Prob(Yil =Y, Yin, = Y,

T;

Z Y;t = SZ) )
t=1

which we will show is equal to:

L. exp[Y 2" Yuutul]

- T; 7dit — 0, 1.
HZt diy=S; €xp(2t;1 ditxitﬁ)

So the product in the denominator is over all sequences d;1, . .., d;, such that the sum
is S;. As long as T; is small, this maximization is feasible.

ILLUSTRATION. Suppose T; = 2 so that S; = 0,1, or 2. Then the possible probability
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statements underlying L.; are:
2
P(0,00) = Prob(Ys =0,Yip=0/) ¥;=0)=1
i=1

2
P(1,1]2) = Prob(Yn =1Yp=1]Y YV;=2)=1

i=1

2
P(0,1]1) = Prob(Yy =0,Yp=1|> Yy =1)=?

i=1

2
P(1,1]1) = Prob(Yy =1,Yp=0]Y Yy =1)=?

i=1

Note for P(0,0[0), then y; =y = S; = djg = diz = 0, so, our equation for L,; reduces

to:
ep[, L (O] exp(0) _

Hztdz‘t=(0)exp(Zzil(O)xitﬂ) exp(0)

exp(o; + xi3)

e So finally, what about the 3"¢ and 4" probabilities above? Recall Fj, = .
1+ exp(o; + x4 )
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Consider the 3" equation:
= P(0,1]1)

2
= Prob(Yy =0,Yp=1]> Yy =1)

i=1

2 2
= Prob(Yn =0,Yp=1,> Yy =1)/Prob(}_Yj =1)
i=1 i=1

2
= Prob(Yy =0,Yp =1)/Prob(}_Yi = 1)
i=1
1 =0)Prob(Y, = 1)/[Prob(Y;; = 0)Prob(Y;s = 1) + Prob(Y;; = 1)Prob(Y;s = 0)]
(1= Fiy)Fi
(1 = Fia)Fig + Fia (1 — Fo)
(1— exp(a; + xi1) exp(a; + x2)
1+ exp(a; + x4 8)" 1 + exp(ai + i)

= Prob(Y;

(1- exp(a; + 1) exp(a; + x;/3) exp(a; + 1) _exp(oi + x2p)
1+ exp(a; + 21 8)" 1+ exp(a; + 24003) 1+ exp(oy + 21 5) 1+ exp(oy + xiof
1 exp(a; + x;of3)
_ 1+ exp(ai + 1 B) 1 + exp(ai + 1:223)
B 1 exp(a; + x;2/5) exp(a; + x;1 ) 1

1+ exp(a; + 201 8) 1+ exp(a; + 14203) 1+ exp(o + 21 3)" 1+ exp(a; + x:203)
exp(a; + x4/3)
exp(a; + x208) + exp(o; + x4 5)
exp(zif)
exp(zi2f) + exp(xi13)
_9 exp(r23)
 eap(maB+ xip)

So the «a;’s cancel and we can estimate the model. This last equation is in the form of
L.; above.
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12 Lecture 12: March 7, 2006

12.1 More Qualitative Models

A Dynamic Panel Data Probit Model with Random Effects

e Here we consider a model where the initial time period is essentially exogenously deter-
mined, and we have a lagged dependent in the model for all future periods. Consider:

Yio =14f 208 + vio > 0,
and zero otherwise,
Yi=1uf xit6+7yit_1+zié+ni+vit >0,t=1,...,T,

and zero otherwise.

e Assumptions on errors:
;i ~ itd N<07 Un)a

Vio ~~ 1d N(O, O'g),
Vit = P +wi, t=1,...,T;|p| < 1; wy ~ did N(070q2u)7

over both 7 and ¢.
2

e Then normalize such that: o7 407 = 1 and oj = 1 Tw 5+ This implies:
— P
o2 o2
Var(vi) = p*Var(vi) + Var(wy) = p* 1 _“’p2 + 02 = 1 —wp2 = Var(vy).

So vy is stationary!

e So what’s our likelihood look like in this model:

N
L=]]L,
=1

Li = Pr(Yio = yio) * Pr(Yin = yu|Yio = yio) * - - - * Pr(Yir = yir|Yir—1 = vir—1),
where the small y’s are the observed data (zeros and ones).

e As an illustration, suppose we observed y;o = 1 and y;; = 0, then:

Pr(Yio=1) = Pr(vip > —z40)
Pr(Yy=1,Y3=0)
Pr(Y,=1)
Pr(vio > —x08,1m; +vi < =251 — 7 — 20)
Pr(viy > —x40)

Pr(Ys = 0lYip = 1)

51



Note for the numerator of the second probability, we need the joint density (which is
a bivariate normal).

e See notes for an example of a random effects probit where the initial value depends on

the random effect. Not responsible for exam.

Polychotomous Dependent Variable Models

e Before our dependent variable only had two possible values, zero or one, yes or no,
right or wrong, etc. Now lets relax this so that:

Y, =0,1,..., M,
so there are M + 1 possible discrete categories.

e First we consider Ordered Response Models where we order the categories in terms
of intensity. See G-12.1 and G-12.2. For the poly case, we have:

Pr(Y, = M) = F(X,B) = Py,
Pr(Yy=M—1) = F(X:B + o) — F(X,B) = Py_1y
Pr(Y,=M

— 2) = F(XtB + oq + 062) - F(XtB + 061) = PM_gﬂg

PT(YtZO): 1—F<XtB+Oé1+OZ2+"’+OZM_1) :PO,t

e Some examples.

— (1) Purchase decisions on a car: Y; = 0 if you spend less than 1000 dollars, Y; =1
if you spend between 1000 and 2000 dollars, Y; = 2 if you spend between 2000
and 5000 dollars on a car, Y; = 3 if you spend more than 5000 dollars on a car.

— (2) Smoke, smoke a little, smoke a lot.

— (3) Accidents: no injury, minor injuries, critical injuries, death.

— (4) Olympics: no medal, bronze, silver, gold.

— (5) Grad school: rejected, accepted with no help, accepted and on waitlist for

help, accepted with assistance.

The key thing is that your categories should be both Mutually Exclusive and Ex-
haustive!

e Likelihood function:

T
L= HPo(im ) ..pj\cﬁhj
t=1
where C;; = 1 if Y; = ¢ and C}; = 0 otherwise.
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e In some circumstances, we can reduce the number of parameters we need to estimate
if the underlying variable is cardinal. Ie in our car example, we can do this. We end
up only estimating B and o2.

e Next we consider Unordered Response Models where the categories are not related
to intensity.

e Some examples.
— (1) Y; = 1 if you drive when taking a trip, Y; = 2 if you travel by bus, Y; = 3 if
you travel by train, Y; = 4 otherwise.
— (2) Occupational choice.
— (3) Corporate form - tax structure.
— (4) Voting choices.
Suppose in general there are K categories.

e Denote:
Pjt:Pr(Yt:j), j=1,..., K.

If we assume Pg; # 0V t, then we utilize the following mechanical method to generate
our probabilities (which we plug into our likelihood).

Plt
— = F(X\B))=F
Bt P (XiB1) = Fu
P2t
— = F(X;By)=F
Pyt P (XiBa) = Fy
Pr_14
——— = F(XBx_1) = Fk_
PK—]_7t+PKt ( tPK 1) K 17t

K
Sh =
j=1

Note that our probabilities are all between zero and one.

e Consider some manipulations:

B 5
Pji + Pry !
Py = Fu(Pj+ Pky)
P _ F.Pﬁ+PKt
- J
Py Py
D _ _Fe _ 4
Pt 1—F,
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Also,

So:

And since Pj; = G4 Pr,

e So if we assume a logit model, with:

Then,

And thus,

And,

e
P, = =
T4 Zsz_ll Gy 1+ Z]K:_ll eXtB;j

Pj 1
—Jt P
— Py P Zl g
j= j=
= (1 Pu)
- P
Prey
K-1 K-1
P
G, = Lt
20 = 2y
j= j=
Prey
Now rearrange:
1
Prp = ——F—
1+ G
1 G
P.t — it — — ]7 R j = 1, 7]:( - 1
’ 1Y e 1+ G
oXeB;
F(XtB]) = Fjjt = m’
Gyt = e eXtPi /(1 4 e*iPi) _ XiB;

[=F,  1/(L+c%B)

X B,

Gy

L j=1,...,K—1.

Py =1—Py—--— Pr1g

o4



e These are our probabilities which we would plug into our likelihood:
e~ (I ) (I1%) (I ).
teTy teTs teTk

e More next time on variations of the polychotomous model.
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13 Lecture 13: March 9, 2006

13.1 More Qualitative Models

Variations of the Polychotomous Model
e Consider this more generalized version of the unordered model:

6tha+XtBj

ZMl eZitatXiB; ’

1=

Py =

where ¢ is the individual and j is the category (of which there are M).
e So consider a few cases:

— (a) If @ = 0, the model is called the multinomial model. This model would be
useful in determining the probability a NEW person will select a given category.

— (b) If B; =0V j, the model is called the conditional logit. In this case we could
have a variable number of categories per individual:

P erta
e
This model would be useful to predict if an existing person would choose a NEW

category.
— (¢) If @ # 0 and B; # 0, the model is called the mixed model.
— (d) Note that Zj;; cannot contain a constant term (it would cancel) but X; may.
— (f)If M =2, B; =0, B, = B, and a = 0, the model is called the binary model.

— (g) We can also derive the probability model above using a stochastic utility
approach.

— (j) In the model above, we normalize on the K or M category so everything
is relative to this omitted category. Clearly we could easily normalize on ANY
category and get the same results (though clearly the coefficients will be different).

e So how do we measure goodness of fit in a polychotomous model? Recall in a dichoto-
mous model, we just used the square of the correlation coefficient between the observed
y’s and our fitted y’s. However, now the y’s are just categories and the values are not
bounded between zero and one. So we’ll need a new measure.

e In usual OLS, we often use the ratio of the likelihoods under the null and alternative
as an estimate of R?. Consider our likelihood:

T
_ Yt Ykt
L=1]rh- P,
t=1
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and compute:

R <§0)2/T.
1

The null is that all the X’s are unimportant.

But there is a problem with this in that each Pj; is less than or equal to 1 so R? is
strictly bounded below one. Maddala’s suggested alternative:

R? = - <g(1)>2/T
1— 27

Now for some super sweet X'’s, the R? can be one.

Multinomial Interpretation

Recall the following from 623. Consider an experiment with K outcomes that is re-

peated N times. Let Y; be the number of times outcome 7 occurs across all repetitions.
So,
Yit oot Yie =N,

and the multinomial density is:

al ALY

fN(lea"wYKfl) :m 1

If N =1,
f(Y1,..., Y1) =P ... P¥.

Here P(Y; = 1) = P;. The marginal density of Y] is:
fl(yl) = PIYl(l - Pl)l_Y17 Y€ {07 1}‘

So clearly P(Y; = 1) = P; so the multinomial and “point normal” (Bernoulli) are
consistent.

Now consider the multinomal logit. In this model we specify probabilities:
PY,=i)=P;,i=1,...,K.
so Y; could be 1,2,..., K, for the K categories.

The density of Y; could be expressed as follows

)

I(V=1 I(Yi=K
f(Y;t):Ptl( )"'Ptf(< :

where [(Y, = i) = 1 if Y; = i and zero otherwise. Denote I(Y; = i) = Y};. Thus
)/ti € {07 ]-}
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Now consider the joint density of the Y;;’s:
Q(Ytl; s 7}/15,K—1) - Ptlftl T F)t)}/z'K7
which is a multinomial with NV = 1. And the marginal density of Y} is:

g1(Ya) = P (1 = Py)' 0
So this is all consistent with the multinomial formulation however we specify P;; in the

last two equations differently in practice. Unlike the 623 notes above, the estimates of
P,; would be different in the joint and marginal densities. See notes.

Red Bus / Blue Bus Problem

Consider the probability model above which can be expressed as:

et

Pir = =z

D iy €M
1=
which implies:

E .
Dy _e™
Py et

So this says that when considering the relative probabilities that individual ¢ chooses
category i compared to j, the alternatives do NOT matter! “Independence of Irrelevant
Alternatives.”

Lets use an example to show just how wrong this is. Consider an individual that can
choose from the following three categories to get to work in the morning:

Y = 1if by red bus
Y = 2 if by blue bus
Y = 3if by car

Suppose the individual is indifferent between the two buses and also indifferent between
driving a car and taking a bus. Thus:

1

PY = 11X, X,) = P(Y = 2|X,, X)) = -,

because taking a red bus given the option of both buses is just as good as taking the
blue bus given the two options.

Also,
1
PY =1|X1,X;5) = P(Y =2|X,, X;3) = 2

because he’s indifferent between buses and cars.
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However, given the option of all three, the individual would group the two buses
together as one meaningful alternative so:

1
P(Y =1[X1, X2, X3) = P(Y = 2|1X, X5, X3) = .

Why? Because the person would group the red and blue bus together and the 1/2
choice of taking a bus would be split 50/50 between red and blue buses.

So all this implies in terms of relative probabilities:

P(Y =1X;,X5)  1/2
P(Y =3|X,,X3)  1/2

And:
P(Y =1|X1, Xo, X3) B 1/4 1

P(Y =3|X1, Xy, X3)  1/2 2

So there is NOT an independence of irrelevant alternatives in this case!!

Punchline: when choosing your categories, do not choose categories that are “too
close” to each other that an individual will have trouble discerning one from another.
Categories must be mutually exclusive as we’ve said.
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14 Lecture 14: March 14, 2006

14.1 More Qualitative Models

A Note on the Omitted Category in the Unordered Model
e Suppose we normalize on category j = K:

6%5]‘
P't —
T e

7j:17"'7Ka BK:O

1
Tn e

Py

e But we could also normalize on a different category, say j = 1:

et

= jJ=2,...,. K, »1=0
ERS

Pj
1

Pyp=—
T TEen

e The relationship between the coefficients is thus:

Yi = B — b

Disturbance Terms in the Red Bus / Blue Bus Problem

e Recall we had a problem with specifying our categories too finely that an individual
would be indifferent between them. Suppose the t'* person has utility for the i
category of:

Uy = X By + Ztivee = Wiiow.

e Now suppose oy = «a; + ¢4, ie, there are two components of this coefficient. Suppose
E[¢:] =0, El¢:¢.] = 0 and E[¢:¢;] = V. Then, we could write our model as:

Uy = Wiy = Wy + Wiy = Wy + €4

e Clearly E[e;] = 0 but,
E[G?z] = WuVWy,
and,
E[etiﬁtj] == Wtsztly ?é 0.

This is especially true when W, = W, ie, the possibilities are similar. Thus the
covariance is not zero so the errors are NOT iid across categories as we need.

60



A Probit Model with Covariance

X 0, on o2
~ N .
( X ) ( 0 o012 022 )
Then:

< Xl/\/a) N ( 0, 1 012/\/m>

Recall the following.

XQ/\/UQ 0 012/\/022021 1

which is the standard bivariate normal.

0, 1 p
0 p 1

So suppose there are individuals (indexed by ¢) and 3 categories to choose from (i =
1,2,3). Thus,
Uy = Up; + €4,

so we decompose the utility into its mean and deviation. Let ¢, = (41, €12, €3) and
assume:

€t ~~ N(O, Q), Q = {(71]}

Define:
Utij = Uy — Uy,

€ij = €4 — €14
Thus the probability of selecting category 1 is:

Py = Pr(ug > ug and uy > w3)

|
S

r(ug — u > 0 and uy — ugg > 0)
1+ €1 — Up — €2 > 0 and Uy + €51 — Uyz — €13 > 0)

(
(
(@
(W2 + €12 > 0 and T3 + €13 > 0)
(€
(€

Il
s

r(u

I
S

r

I
RS

r(€n2 > —Tno and €13 > —TUps)

= Pr(€21 <Uw and €3 < Ut31)

which is a JOINT NORMAL!

So given the parameters of the joint normal, (see notes), we could write:

Ut13/\/Y22  pUt12/\/V11
Py Z/ / f1( Xy, Xo)d X dXo.

Ui21/+/Q11  [U23//022
BQ - / / fl(Xl,XQ)XmdXQ.

But then P,;/P; depends on the characteristics of case 3!! So we don’t have the
independence of irrelevant alternatives in this model.
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The Mixed Logit Model - (Random Parameter Logit)
Say the utility that person n gets from alternative j in time ¢ is:

unjt:B;Lant+€njt; nzl,...,N, t:17...,T, j21,7K

Assume X is non-stochastic and observable. B,, is a RANDOM parameter and we do
NOT estimate it. Instead we estimate the distribution of B, ie we estimate 6 in the

pdf, f(B,]0).
Assume €, is iid extreme value and independent of B,,.
Suppose that conditional on B,

eXnit By,

W = ant(Bn)

Pr(Person n chooses i in period t) =

So this is our conditional likelihood.

Integrate out B,,:
Quie(8) = / Lo (B.) f(B,]0)dB,.
So this is our UNconditional likelihood.

Now let i,; be the alternative that person n actually chooses in period ¢. The proba-
bility of person n’s observed sequence is thus:

T
Sn(Bn> = H Lm’ntt(Bn)'
t=1

Again, integrate out B,:

Which yields log-likelihood:
N
log(L) =) _log(P.(0)).
n=1

To maximize the log-likelihood above is computationally intensive. A simulated ap-
proach is often the only way to do it. Essentially its a bootstrap method and is outlined
in the notes. Under certain conditions, the simulated likelihood estimator we find will
be consistent and asymptotically normal.
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Non-Categorical Discrete Variables

Suppose our categories are actually cardinal. Maybe Y; is the number of magazine
subscriptions a person has, or how many accidents they get into. In this case we might
estimate the following Poisson model:

e\t
rn) =500 =0,
t.

Ny = ePotaeB,
A very interesting result is that this Poisson distribution results whenever the Poisson

Postulates are satisfied. Let P(j, At) be the probability of j events in a period of length
At. The Postulates are as follows:

— (1) Events are independent.
At
— (2) P(1,At) = MAt + o(At) where limAt_)OM = 0 and At is small.

At
- (3) X255, PUL AL) = o(Ab).

Count Data Model with Endogeneity

Assume we have a cardinal variable, Y;, to be explained and suppose X is some vector
of variables that we do observe. However, there are also variables, W, which we do
NOT observe that explain Y and are correlated with X. Classic omitted variables
problem.

Example. Y, is the number of cigarettes smoked, X includes income, age, location, etc,
but W contains the number of smoking friends a person has (not observed).

Assume:
E[Y|X,W,a,q] = eX*W,

where o and 7 are constant vector and E[W+] = 1 by a normalization. So this is our
assumed model though I'm not sure why it’s appropriate.

Decomposing Y, we have:
Y = e Wr +e,

where € is (conditional) mean zero.

Add and subtract:
Y =X + [e*[Wy — 1] + ¢,

which is our non-linear regression model.

Assume (!) E[W~ — 1|X] = ¢g(X) and assume we have instruments, Z, such that:
Ele|X,Z] =0, E[W~-1|Z]=0,
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so our instruments are uncorrelated with W and e.

e Thus, multiplying our model by the inverse of the exponential, we have:
Ye X =1+ Wy —1] +e %

Ye X — 1= [Wy—1] +e X%

Take expectations:

ElYeX*—1|Z] = EWry—1+ e %%|Z]
= Ele*%|Z]
= BlEle X, Z]|Z]
= Ele X Ele|X, Z]|Z]

0

I
o

Thus we can estimate a by GMM.

Sequential Models
e Now suppose we have a model which correponds to a sequence of events. Suppose:
Y, = 1 if ¢ person did not finish high school

Y, = 2 if t'* person finished HS but not college
Y, = 3 if t'* person finished college but not grad
Y, = 4 if t* person finished graduate school

e Then our probabilities become:

Py = Pr(Yi=1)= F(X,B) = Fu

Po = Pr(Y,=2)=(1 - F1)F(X,B,

Py = Pr(Yi=3) = (1— Fa)(1— Fn)F(X,Bs)
Py = Pr(Y,=4)=(1-F1)(1— Fg)(1— Fg)

Clearly Py + Pio + Pz + Py = 1.

e Our likelihood function for this model is thus:

I 7a

teT

* * *

[[-Fu)Fs

teTs

[[(-Fa)(1-Fe)Fs

teTs

[[(-Fa)(1-Fo)(1-Fs) .

teTy
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Note that B; only appears in F}; so we can separate out our likelihood as follows:

LBy =[[F: [] Q-Fn).

et teTs, 15,1,

Ly(Bo) =[] Fo [] (1- Fo).

teTs teTl3, Ty

L3(Bs3) = H Fi3 H(1 — F3).

teTs teTy

Note, eg, L1 is a probit for finish high school versus did not. And we can then write:
Max L = [Maxp, L1]* [Maxp, Ls] * [Mazxp, L3].

That is, we can estimate a sequential model by a series of simple probit models!!
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15 Lecture 15: March 16, 2006

15.1 More Qualitative Models

Generalized Sequential Model - Mobarak

e Consider a sequential probability model with students applying to graduate school.

e In stage 1, they apply and are either Accepted with Financial aid (AF), Accepted with
No Financial aid (AN F), or are Rejected (R). So:

Pr(AF) = F(X,B),

Pr(ANF) = F(X,B + oy) — F(X,B),
Pr(R)=1—- F(X,B+a).

e In stage 2, they can Accept the Offer (AO) of Decline the Offer (DO). So:
Pr(DO) = G(Xyy),
Pr(AO) =1 - G(Xyy).
e In stage 3, they either Fail their comps (F'), or they succeed (.5):
Pr(F) = H(X,C),
Pr(S)=1- H(X,C).

e Note F G, and H are all CDFs which COULD BE THE SAME! We could make the
model more general by allowing for X; to be different in each stage.

Tobit Models (James Tobit)

e A Tobit model considers a dependent variable which is equal to zero with positive
probability and otherwise is positive and continuous.

e Example might be the length of time a machine is broken down or the length of

unemployment. Need:
Pr(Y, =0) #0.

e Preliminary: If f(X) is the pdf of X, then:

f(X)

FXIX ) = 5o
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So if X ~ N(0,0?),

e—0-5072X?
X|X > —a) = :
fX ) V21?2 Pr(X > —a)
And clearly,
oo e~ 05072 X?
EIX|X > —a)= X dX.
X1 ) —a  V21a?Pr(X > —a)
And if Z = e 9% *X* Ty a change of variables:
1 ’ 1/2
FIXX >— = —— 2m) " EdZ
[ | - a) PT(X > _a/) \/6\0'5‘12‘72 J( ﬂ—)
_1 —2,.2
_ —o(2 —1/2 ,—0.50"%a
Pr(X > —a)( o(2m)"e )
- 1
_ o)~ 1/2p=0507%* =
o((2m)~e )PT’<X > —a)
1
= oI o)

where ¢,, and ®,, are the standard normal pdf and cdf.

One illustration (shown in the notes) is for home sales data. Either a person purchases
a house (for some positive amount) or they do not (in which case Y; = 0).

Tobit models are estimated by ML. If we observe the values of X; when Y, is equal
to zero, we have a censored model. If we do not observe X; when Y, is zero, we have
a truncated model. The likelihood function is a bit different in each case. The two
statistics often reported for Tobits are the conditional expectation, E[Y;|Y; > 0], and
the unconditional expectation, E[Y}].

Its is important for a Tobit model to use the Normal CDF with mean zero but variance,
0%, not 1! Restricting the variance to be one is too restrictive.
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Key Results on Conditional Means and Variances

e Suppose X ~ N(0,1). Then:

EWX2W2=ﬁ%%5=M
VCLT’[X|X Z Cl] = 1- Ml(Ml — Cl)
R -

Var[X|X < Cy] = 1— My(My—Cy)
EIX|Cy <X <0y = ggcli ¢((02) Y

C1)
mequgg]=1+W+ E

Ch) — Co(Ch)
®(Cy) — ¢(C1)

e A nice application. Suppose X ~ N (u,0?). Then,

EX|X>a = EX—p+pX—p+p>ada
X — X — -
_ pX X e
g g g o
X—p X - -
S NP o] el Eiil o oy
o o o o
= /L+0E[Z\Z>;u]
o
= wu+oE[Z|Z > (]
_ ¢(Ch)
BRI YTeA

Switching Model

e The basic structure of a switching model is you have different regimes and depending
on the levels of some unknown parameters of the model, you either observe one regime
or another.

e Consider the following standard example. Let W™ be the market wage of an individual,
W/ is their reservation wage, and W7 is the observed wage. If a person’s reservation
wage is smaller than or equal to the market wage, they work and we observe their
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market wage. Otherwise, we may not observe the individual at all! So,

Wy =w" if W™ >Ww/
WP =XuB1r+uy if  XuBi 4wy > XoiBy + uy
W =XuBr+uw;  if  wy—uy > XoBy — X1;B
WP =XuB1r +uwy if  ug > Zyy

o More next time.
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16 Lecture 16: March 28, 2006

16.1 More Qualitative Models

Heckman’s Sample Selection Model

e This is a model where you observe one regime depending on the outcome of another

relationship. Consider:
Yii = X1 B1 + uy,

Yo = Xo; By + ug;,

where we observe Y7; only if Y; > 0. Thus,

Yii = X1uB1 + u, of ug > —Xo; Bo.

e One example of this might be a model of earnings of workers who have migrated to a
certain region. You wouldn’t want to estimate that regression and then say that anyone
who migrated would earn such and such a wage. The people who didn’t migrate are
different (via the second equation) than those that did.

o We could have more than one regime of course. A 2-regime model would be:
Y; = X1B1 +wy, if ugi < Zyy,
Y; = XoiBy + ug;, if uzi > Ziy.

e How do we estimate model like these? We can either use ML or a 2-step method. The
ML estimation can be difficult but the 2-step method is less efficient.

e One way to write the likelihood is:

T Zin I; - 1-1;
L= H / g(u, u3i)du3i] * [ [ (uai, USi)dUSi] ’
i=1 [V~

oo Zi~y
where I; = 1 if uy; < Z;v and f and ¢ are joint normal densities.

e Another way to write the likelihood is to group the regime one observations into 77
and the regime two observations into T5:

Zivy o0

L= H [/ g(uliau?)i)du?)i] * H [ f(UQi,U&)dU&‘]-
€Ty LV ieTy LV %

e Thus, if A is our parameter vector, large sample theory tells us:

1)

OlogL
ONON

VT(A = ) =4 N<O,plim T[ —
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As a special case, we can assume that uy; and ug; are both independent of us;. This
is a silly assumption though because the thing that makes you switch regimes should
be related to the regime itself!? But if you did, things simplify quite a bit and the
likelihood becomes a product of a probit and two OLS maximizations. See HK notes.

For the two step method, we use the formulas from a few lectures back to write:

Zi

Eluyilus; < Ziy] = —o13 ii ;)) = —o13Wh,
Z;

E[Um‘u:si > Zi’Y] = 023% = 093Woi.

Note that W,;' is sometimes called the “Mills Ratio.” Then write uy; and uy; as mean
plus deviation from mean:
uy; = —o3Wh + €y,

Ug; = 093Wo; + €9;,

but note that €;; and ey; are NOT iid. They are heteroskedastic.

Thus we could rewrite the model as:
Y, = XB1 — oWy + €4, if I =1,
Y = X9 By + 093Wo; + €24, if 1; = 0.

Then our two-step method involves first estimating v via a probit, plugging 4 into our
W ratios and plugging the W’s into our rewritten model and estimating by OLS. This
has some nice properties but isn’t quite as efficient as MLE.

There is also a section in the notes about situations when you don’t observe your
regime. If that’s the case, you can’t use the conditional densities, but must instead
integrate out ug; and form the unconditional density of Y;. Then the likelihood is just
the product of these unconditional densities.

One Regime Case
One interesting side note is the case of one regime. Suppose:
Y, = X;B+ €, Zf u; < ZZ’}/

Thus this IS an issue that we have to address since we don’t have Yi; data if u; > Z;v.
If we just had censoring on Xy;, we would be ok since that isn’t related to the error
term. We could still just do regular OLS to estimate consistently.
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But here we might do ML using the conditional density, f(e;|u; < Z;y). Form the

likelihood:
Ziy
g€, U
ﬁZIIﬂ“W<&”:IIl/ Fﬁ%?%@mi-

2

Randomized Data Models

The final (!!) section in the qualitative notes that we will cover deals with situa-
tions where people don’t always answer questions honestly and how we can estimate
consistently in the face of these issues.

Some questions might be: do you take drugs, do you cheat on your taxes, do you cheat
on your wife, etc.

Here’s a fun example. Suppose an urn contains R red balls, B blue balls, and W white
balls. Then a person selects a ball at random and reports:

Y; = 1 if they chose a red ball

Y; = 0 if they chose a blue ball
Y; = 1 if they chose a white ball and they take drugs
Y; = 0 if they chose a white ball and they do not take drugs

So clearly,
R
Pp=—
T RyB+W’
B
Pp=——
PT R+ B+W’

Py =1— Pr— Pg.
Also, if X, are the attributes of individual ¢:

eXiB

Pr(i*" person takes drugs) = II(X;B) = 1I; = 11 oXB’

ie, a logit model.
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e So what do we have:

Pr(Y;=1) = Pr(R or (W and Drug Taker))
Pr + Pr(W and Drug Taker)
Pr + Pr(W|Drug Taker) x Pr(Drug Taker)
Pr + Py * Pr(Drug Taker)
= Pr+(1—Pr— Pg)xI]
and similarly:

PT’(Y;ZO) = PB+<1—PR—PB)*(1_H1L)

e So if we let T be the set of points where Y; = 0 and T} is the set where Y; = 1, then
we could maximize our likelihood:

L=]]|Ps+(1—Pa—Po)x(1—=TL)| [ |Pr+ (1 —Pr— Pp)*TL

S €Ty
Or,
eXiB
ﬁ:ig) PB+(1—PR—PB)W *le_T[ PR+(1—PR—PB)W ,

which we could maximize wrt B.

e So the idea is that we have given the individual a way to disguise the fact that he
takes drugs. Observing a Y; = 1 could mean that the person takes drugs OR that he
has chosen a white ball. Hopefully this will induce truthful reporting and we can then
estimate the B consistently.
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17 Lecture 17: March 30, 2006

17.1 Section 11: Rational Expectations

e Definition A Rational Expectation is an expectation that is consistent with the cor-
responding distribution implied by the model. If Y, is a variable and our information
set is A; so Y has conditional density, f(Y|A;), then,

BN = [ YAy,

e Notation:
E[Xy|A1] = X1
Example 1: Simple Exogenous Type Model

e Consider the model:
K = CYXt’tfl + €, € md(O, 0'2),

Xt,t—l = W¢—17-
e We can write the X term as mean plus deviation from mean as usual:
X = X1+ 0 = w1y + g,
where 7, is conditional mean zero.

e Thus the “empirical form of the model” is:
Yy = away + €,

X = w1y + 10y

which is clearly nonlinear in the parameters.

e Note that n; may be heteroskedastic but will not be autocorrelated.

Example 2
e Consider the model:
Y, =aY 1 + Xib+ e, e ~ iid(0, o?),
Xe=pi X1+ -+ pgXi—q + br, & ~iid(0,07).
e So our information set is:

A= (Y Yio,oo X, Xt o),
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e Then taking expectations of the Y; equation,
ED/t‘At—l] = OZE[Y;’t_ﬂAt_l] + E[th’At_l] + E[€t|At_1]

Yie1i=aY 1+ X0,

So:
1

}/t,t—l = 1—a

Xio1b.

e Now denote: o
Xt—l - (Xt—17 . 7Xt—q>7

pr= (P15 Pg)-

So:
Xipo1 = E[Xi|Moa) = E[p1 Xeq + -+ pgXi—g + | Me1] = 7tfl/)-

e Then we can rewrite the model (in empirical form):

Yi = oY+ Xib+¢

=

Xt,t—lb + th + €

l—«
o  —
= —Xt—lpb + th + €
11—«
Xi = ;X1 + pgXig + O
= Xiap+ ¢

And again there are nonlinearities, but we don’t have heteroskedasticity or autocorre-
lation.

Example 3: A model with auto, hetero, and a systems problem
e Consider the model:
Y = aYis + Xib+ €, e ~iid(0,02), |af < 1,
X, =Xap+ du, ¢~ iid(0,07).
e Now update the Y; equation one period:
Yipr = aYio i + Xepb+ €41
And take expectations conditional on A;:

Yiv1e = aE Yo 41| Ad] + Xipa4b.
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And what’s this crazy second term?

ElYi2|M] = EE(Yiqa|Ar)|A]
= E[E(Yi2|As, (A1 — M)A
because you never forget anything!
= E[Yiya2|A{]

= Yt+2,t

So we have:
Yije = aYior + Xip4b.

We could do a similar analysis to show that:
Yigjo=aY e+ Xopib, 5> 1

And by repeated substitution we could write:

Y;H—l,t = f(7t|p7 «, b)>

which is VERY nonlinear in the parameters. However it does NOT depend on Y. We
only know this by solving out the model (ie, doing repeated substitutions or solving a
difference equation).

So the empirical form of our model becomes:
Yi=aY, +Xib+e
Y; = Oéf(ytlp, «, b) + th + €&
Xy = Xt_m + .

The problem with this is estimating. The nonlinearities are huge and we might have
trouble getting the thing to converge. An alternative is available which people still do
but involves hetero, auto, and systems problems.

This model is due to McCullagh (?) and it starts by expressing Y;;; as mean plus
deviation:

Yier = Yip1 e + Mg,

S0,
Yt+1,t =Y — Mg

Replace this in our model to get:
Y=o+ Xib+e

Y, = a(Yiy1 — miy1) + Xib+ €
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Y =aYi + Xib+ v, v =6 — anpa.

This model would feature auto, hetero, and a systems problem. To see the systems
problem, note:

ElYiiiv] = E[(Yigr,e + Nesr) (0 — o)) # 0.

And similarly for the autocorrelation problem:
Elowi ] = El(e; — ampy1)(€—1 — ang)] # 0.

So to estimate the model, you would need to account for all these issues. But it is still
done.

Estimating Rational Expectations Models

We now show that many Rational Expectations (RE) models can be estimated by
NLLS, MLE, 2SLS, 3SLS, and GMM.

Recall the method of moments (MM). This is when you have exactly the same number
of parameters as you have moment conditions. Moments may be polynomial functions
like g;(z) = x'. We just take the sample counterparts and choose parameters to match
the population moments.

OLS is equivalent to the method of moments. If Y = X B + ¢, then premultiplying
everything by X',
XY =X'XB+ X'e.

So,
E[X'Y] = E[X'X]B + E[X'].

E[X'Y] = X'XB.
B=(X'X)"E[X'Y],

And we replace this last term by the same moment, X'Y, which yields:

B = (X'X)"'X'Y = By,

GLS is also the MM. See HK notes.
MLE is also the MM. See HK notes.

Generalized Method of Moments (GMM). Often times, we have more moments than
parameters, in which case we do GMM. In this situation, we just minimize some func-
tion of the difference between our sample and population moments, with appropriate
weighting. If h is a rz1 vector of population moments and g is a rx1 vector of sample
moments and 6 is a Kx1 vector of parameters of interest (with » > K), consider:

d=g—h.
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e We could minimize:

F(d) = dd,

but we could do better minimizing:
F(d) = d Ad,

where A is some positive definite matrix. Which positive definite matrix to choose?
The logical choice is the inverse of the variance/covariance matrix of d. Hence, we
minimize:
F(d) = d'Q;'d.
e Then, suppose § minimizes this last equation and let:
d = g— h(0).
Then we have a nice result which says that under Hy (ie, the model is true):

F=d0p'd -2

e So if we choose our moments, form the F'(d) quadratic form, minimize it, we can then
test to see if we're really explaining the model with a simple x? test. Brilliant.
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18 Lecture 18: April 4, 2006

18.1 More on Rational Expectations

The Hal White VC Adjustment

e Consider the model,
}Q:XtB—f—Gt, tzl,,T

Or in matrix form:
Y=XB+e.

e Assume:

— (A1) X is nonstochastic and uniformly bounded.

- (A2) T7'X'X — Q, #0.

— (A3) ¢ = g;v; with g, nonrandom but unknown.

— (A4) g; bounded away from zero and infinity and let G = diag_,(g;); G* =
diagl_,(g?); such that:

T'X'G?’X - h#0,

where h is finite.

— (A5) vy ~ 4id(0, 1), with finite fourth moment.
e Given all these assumptions, we have the following results:

— (1) Bors is consistent and VC'(Bors) = (X'X) ' X'G*X (X' X)L,

— (2) Bors is asymptotically normal:
VT(Bors — B) =" N(0,Q,'h@Q;").

e So we would like to get a consistent estimator for: @, 'hQ, ' = Q. One such estimator
1s:

Q=T(X'X)"'X' diag(é?) X (X'X)7,
where ¢, = Y; — X;Borg, the OLS residuals. This is our Hal White estimator.

e Proof that Hal White is consistent. Note Bors = B + Bors — B = B + A, where
A —P (0. Thus

& =Y, — XyBors =Y — Xy[B+ A] = ¢ — X{A.
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Thus,

X'X)HT™X diag(éf) X][T(X'X)™"]

X'X)T Y X (XX)

X'X) Ty X (e — XA [T(X'X) ]
X'X)NTY T XP (6 — 26 X,A + X7A?)|[T(X'X) ™
X'X)

O — [Q[plim T X7l — 0+ 0][Q, ]

(. J/
-~

)

But note that:

Bl = T Y X2E[) = 77 Y X2g2 = T X'GPX — b,

and:
Var[s] = T7> Y X}E(e}) — (E(¢]))*] — 0.
Thus,
0 —Q'hQ; "
QED.

Thus, our small sample guidance becomes:

Bors ~ N(B, (X' X)X’ diag(¢?) X(X'X)™).

GMM in Detail
Consider a system of M possibly nonlinear equations and a sample size of T":
Gi(B)) =uy, t=1,....,T,i=1,..., M.

Stacking the system, we have:

Suppose B! is K;x1 for the i'" equation, and the total number of distinct parameters
is:

K=K+ -+ K.
Let A be an instrument matrix of order Tzr. We will assume (strongly) that:

E[Aw]=0VYi=1,..., M.

These are our r * M moment conditions. Need r * M > K.
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Premultiply our model by T A’ yields:

T Iy @ A)g(B®) = T7 Iy @ A)u(B").

QT?E?O)

Also let:
gr(B) =T Iy @ A)u(B),

for any given parameter vector, B.

Note we can also write:

BO =T~ IZ

t=1

So our moment condition is:

E[QT(B())] =0.
Then the GMM estimator is as follows:

By = arg ming {gr(B) Crgr(B)},

where C'r is some positive semidefinite matrix. Of course it will be the inverse of the
V' C' matrix of orthgonality conditions.

Now, to get the large sample properties of our estimator, we need some (strong) as-
sumptions. Some of these are:

— (A1) gr(B) —? go(B) uniformly where gq is C*.
— (A2) go(B) = 0 is uniquely defined at B = B°.

— (A5) The matrix of first partials of gr with respect to B exists, is continuous, and
has full column rank for B in the neighborhood of B°.

Given these assumptions (and more: see HK notes), we have:
VT (Bayu — B°) =% N(0,Vp),

with:
Vo= (GBCOGO)*IGGCOAOCOGO(GgCoGo)fl,

where G() = Go(BO) and AO = AO(B())
Remark If C; — Cy = A1, then:
Vo = (GyCoGo) ™,

which is very nice. This also implies that By is efficient (in its class).
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Remark Note that Ag(B°) is the VC matrix of the orthogonality conditions. So if
Gue = uf. © @y, then,
gr(B) =T7"> g9,
t

and:
VCVTgr(B%)] =T E[(Y g% g% — Mo(BY).

Remark Small sample guidance:

Bany = N(B°, T7'V),

- _[(oer®Y . (09r(B)
V‘)_K OB ) CT( OB | .
Bayvm Banvw

So what is this C7 term? See notes on page 19 of HK for the Newey-West approach of
weighting the different moments where more weight is placed on those that are closer
together. Essentially,

Col=VCr=T7"

Z g*t<BGMM)] [Z g*t(BGMM)] .

Remark Note that CT depends on BGMM and in turn, the GMM estimator depends
on Cr. Thus, an iterative approach is recommended. First estimate B with any
consistent method (like IV), use this to estimate CT, re-estimate EGM M, and repeat
until convergence.
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Makeup Lecture Notes: April 16, 2006

Finishing Rational Expectations

More on GMM

e Remark If F[u,u,] = 0 for all ¢ # s, so that there is NO autocorrelation in the
disturbance terms, then:

T
Crl =T a.;.
t=1
e Remark If there is no autocorrelation OR heteroskedasticity in the disturbances, then:
T
Crl=%,T" Z ay.ay.
t=1

with,

An Interpretation of the VC Formula for the GMM Estimator

e Suppose:
Y =XB"+¢ V.=0Q.

Then:
Tgr(B) = A’(Y — XB).

e The objective function is:

Q = (Y —XBYAC;A'(Y — XB)
= Y'ACrA'Y —2Y'AC;A'XB + B'X'ACyA'X B

g—g =0 — B=(X'ACTA'X)"'X'ACrA'Y
VC(B) = (X'ACrA'X) 'X'ACTAQACTA'X(X'ACTA'X)™

e In the notation above, we have, due the linearity of the model:

dgr(B°)

OB = A/XTil — Go(BO),

and,
T~'Elgr(B°)gr(B°)'] — Ao.
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Note that OLS, IV, and 3SLS are all special cases of GMM. See page 23 of the HK
notes. See page 25 for an application of GMM to a 2SLS problem with autocorrelation
and /or hetero. Review this before final.

A Test of the Model

Also called a test of an over-identifying restriction. The GMM estimator is defined as:
Ming {Q = ¢7(B)Crgr(B)}, Cp' — Ao.

Suppose B is Kzl and gr(B) is rMx1. Then under H, (the model is correct):

~

Q= QIT(B)CTQT(B> — X?MfK’

If the model is not correct, we expect E[gr(B%)] # 0 so that there is a violation of the
orthogonality conditions. Thus the test:

Reject Hy if: Q > 2y, ;(0.95) at the 5% level.
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19 Lecture 19: April 18, 2006

19.1 Spatial Econometrics (Section 13)

Background and Introduction

e Some examples of economic models where space is important:

— (1) Gas tax issues: when DC sets their gas tax, they must consider the taxes set
in VA and MD.

— (2) Police expenditures: knowing the crime rates and expenditures in neighboring
communities will influence your own rates and needed funding.

— (3) Infrastructure productivity: roads transverse various states.

— (4) Volatility of GDP: if there is a jump in German GDP, France might also
experience some effects due to spillovers, trade, etc.

— (5) Welfare benefits: in order to not attract the lowest income earners to your
state, you may want to have welfare benefits just below your neighbors.

e In general, anytime we have spill-overs, externalities, geographic proximity issues, etc,
we have spatial interaction and models like the ones we will present become essential.

e Example of geographic neighbors:

NN NN NN NN NN
NN N N N NN
NN N 1 N NN
NN N N N NN
NN NN NN NN NN

The pattern with just the close neighbors (N’s) is called a Queen and with the NN’s
is called a Double Queen.

e Definition Neighboring Units: units that interact in a meaningful way.

e Definition Weighting Matrix: a matrix that selects neighbors. Suppose Y = (Y;,...,Y5)
are observations on the GDP of the UK, France, Germany, China and Russia. W is
a Hrb weighting matrix that chooses each countries "neighbors.” The weights for the
neighbors will be non-zero and those that are not neighbors will be zero. Suppose X
is a vector of unemployment rates in each of the 5 countries, then WX will be in our
regression and W might look like:

0 W12 W13 0 0

W1 0 W13 0 0

W= ws wyp 0 wy 0O
0 0 W43 0 W45

0 0 0 wsy O
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So the UK interacts with France and Germany, China interacts with Germany and
Russia, etc. Note the w;; terms are ALWAYS zero! We include the individual effects
separately. So the sum of the rows might be normalized to one though not always and
sometimes we’ll show that it’s not appropriate to normalize.

e Simple example:
Yi=bo + 01 X + bW X + ¢,

where X = (X1,...,X,). So X; is the within unit effect. Note we can also write the
model:

Y; = bo + lez + b2 Z’U}inj + €,
7=1
or,

Y; = by + 01 Xi + 0o X, + €,
where X is called the Spatial Lag of X.
e So how do we specify the weighting matrix.
— (1) Row normalized. If ¥; has 5 neighbors, set all non-zero weights in row i equal
to = by becomes the average effect of your neighbors.

— (2) Distance measures. Let d;; be the distance between ¢ and j. So let w;; = 1/d;;
which implies the weight goes to zero as the distance increases. We can also
normalize the distance weight as:

1/d;
> (L/di)

— (3) Economic distance. If ); is the income per capita on cross-sectional unit j,
then form weights as:

wij =

wi = Qi — Q17
So if our incomes are similar, the weights are larger. Other )’s might be “av-

erage level of education,” “ethnic group composition,” or “trade shares between
countries.”

— (4) Euclidean distance. Suppose we actually had several (r) different variables
that we thought were important for our weights. We could form:

1
L[z — )2 (2 — 2P

wij

Note that if you normalize here, be sure to “scale-normalize” because you don’t
want one variable that has large units to wipe out another that has small units.
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CIliff and Ord Models

Consider the following spatial model:
Yi=a+ X, B +p1( W, Y >+ (W X )Bg—l—ui,
1zK Kzl 1zN Nzl NzK

u; = poWou+ €, |p1] <1, |po] < 1, & ~ iid(0, 0?).

So note we have a spatial lag of the dependent variable and the independent variables.
We use the SAME weighting matrix in both case and also in our residuals which we
say are “Spatial AR(1)” or just SAR(1).

Write the model in matrix form:

Y =ae,+XB1+p WY +WXBs+u, u=pWu-+e.

Solve the model:
Y = (I —p W) Hae, + XBy + WXBy+ul, u=(I—pW) e

And we assume both of these inverses exist. Note because the inverses depend on N,
the vectors Y and u are really triangular arrays. See notes.

Remark If W is row-normalized then (I — aW) is singular at a = 1.

Remark If W is row-normalized, then (I — aW)~! exists for all |a| < 1. See proof in
HK notes by Gershgorin.
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20 Lecture 20: April 20, 2006

20.1 More Spatial Econometrics

More Cliff/Ord

e Consider a weighting matrix, W, with w;; = 0 for all 7. Let:
r = Max; Z’wiﬂ'” ¢ = Max, Z|wij’7
j i

so r and ¢ are the largest row and column sums respectively. Let:
a = min(r,c).

Then, assuming that the elements of W are nonnegative, (I —aW) will be nonsingular

for all:
1
la| < —.
«

This result is forthcoming in the JoE and it says that instead of always row normalizing
your weighting matrix (even when the economics says you shouldn’t do so), you can
use the parameter space defined by this condition instead.

e Consider the following model:
|44
Y=XB+pWY +e=XB+pa—Y +e
a
Then if p; = pya and W* = W/a, we have:
Y =XB+piW*Y +e

Note « is defined above as the minimum of the maximal row and column sums. Then,
using the above result, if we estimate the starred model, with pj as the parameter, the
inverse, (I —aW)™!, will exist for all |p}] < 1. We could then form:

Ak

. P
1 =1
(0%

Estimation of Cliff/Ord Models
e Consider the following model:

Y=XB +p WY +WXBy+u, u=pWu+e, |pi|<1, |p2] <1.

o If p; = ps = 0, the model just has spatial lags on X and the disturbances are good
ones. We can just do OLS.
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What if p; =0, p2 # 0, and |ps| < 1. Our model becomes:

Y =ZB+u, u=pWu+e

Properties of u. Since € ~ (0,021),
wn~ (0,021 = peW)THT = pW') ™) = (0,02).
So the elements of u are heteroskedastic and spatially correlated.
One estimation idea is GLS:
Bars = (Z2'Q0 1 2) 71 2'Q; Y,

but this is NOT feasible since p, is generally not known. We'll turn to ML and a
Cochrane-Orcutt procedure next.

Aside on Elasticities

Consider the following model:

N
Y = X1br + Xoibs + )\szjy} + €.

Jj=1

Or,
Y =Xb0+ AMWVY +e.

Solving the model:
Y = (I — AW)HXb+ €.

Thus, E[Y] = (I — A\W)7' X0, or,

E[YJ] = (I - )‘W)j_-le = Gj~Xb = Z Gji [Xlibl + XQin]-

i=1

So we have for j =2,... N,
OEY;]
0X11
Thus, due to spillovers, the average Y in ALL countries is effected by the X in country
1. We could then calculate:

- Gjlbl-

X1
N1 = Gj1b17j7

as our elasticity.

Clearly if A = 0, these spillovers disappear.
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Estimating with Maximum Likelihood

e So we're still in the case where there is no spatial lag on Y, there is one on X, and the
disturbances are spatially correlated.

e Since typically, u ~ N(0,02Q,),

Y ~ N(ZB,o?,).
e Now we’ll write our likelihood, take logs, and simplify:

wgﬂwefrw%m{—oagﬂY—ZBMEWY—ZBD
17— p W

InlL = ——lin(o

Y —0.50%Y — ZB)Q, Y — ZB] + In|I — paW |4
L= pW) ™I = W)Y = ZB] + In|I — p,W |,

[ ]
= ¢ —0502[Y — ZB]|(
= =050 Y — ZB)'(I — p,W)(I — p,W)[Y — ZB] + In|I — p,W |,
= =050 "[(I = pW)(Y = ZB)'[(I = paW)(Y = ZB)] + In|l — pyW|,
= =050V (p2) = Z"(p2) BY[Y"(p2) — Z"(p2) B] + In|I — psW |,

So how did we get that last line? Note:
(I —p W)WY —ZB)=(1—p W)Y — (I — pW)ZB=Y"—-Z"B,
which is our Spatial Cochrane Orcutt Transformation.

e So is this a possible maximization? The only troublesome term is the In|I — ps W]
term. This is the log of the absolute value of the determinant of an Nz /N matrix! It’s a
huge mess because it depends on p, which we don’t know! Often times, for reasonably
sized N, we won’t be able to do maximum likelihood.

Estimating with Feasible GLS - Using Cochrane Orcutt
e So where are we heading? Recall our model:
Y =7B+u, u=pWu+e,

so we still don’t have a spatial lag on Y. We'll get a consistent estimate of B, use it
to obtain some 4’s, then use u to get a py, then use py to do a spatial C-O procedure,
and then reestimate B via OLS (which overall is a FGLS procedure).

e Some preliminaries.
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— (1) An NzN matrix, A, is absolutely summable if, FOR ALL N > 1, the row
and column sums are all finite.

— (2) If A and B, both Nx N, are absolutely summable, then D = AB is too.
Proof:

N

dij = Z Qirbrj

r=1

N N N
Doldyl < Y lallbsl
7=1

j=1 r=1

N N
= 3D Jaullbn

r=1 j=1
N N

= 3 lal Y lb
r=1 j=1

< GGy

where ¢, and ¢, are the respective maximal column sums of A and B. A similar
analysis shows that the columns of D will have finite sums. Thus D is absolutely
summable. QED.

— (3) If A is absolutely summable, its elements are bounded.
— (4) If A is absolutely summable, and Zy,x has bounded elements, then the ele-
ments of Z'AZ are at most of order N. See notes.

e Some assumptions:

(1) ¢ ~ iid(0, 0?), finite fourth moment.

(2)

(3)
— (4) wy; =0V 1.
- ()

(6)

(7)

(8)

(

|p2| < 1.
P = (I — po, W) is nonsingular at the true value of ps.

W and P! are absolutely summable.

6) Z is nonstochastic, bounded, and full column rank (K).

7) lim N7'Z'Z = (@, nonsingular.

8) lim N=1Z'Q),Z = @1, nonsingular.

9) lim N~'Z'Q'Z = Q,, nonsingular.

e Note that assumption (5) means that your weighting matrix must not have elements
that do NOT trail off to zero at some point. As you add neighbors, say, these new

observations must not ALL be significant for everyone already in the model. For
instance, if you had a central unit in your model where all things were neighbors to
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it, your W matrix may not be absolutely summable because the weights for everyone
would not trail off to zero at some point.

e More next time.
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21 Lecture 21: April 25, 2006

21.1 Spatial Econometrics - Cliff/Ord

Feasible GLS

e Recall our model:
Y =/B+u, u=pWu-+e,

so we don’t have a spatial lag on Y, only on X (included in the ZB term).
e Basic Results:
(R1) VC(u) = 02Qy, Q=1 — psW) I —pW")

(R2) B=(Z'Z)"'Z'Y is consistent!.

So we can just do OLS on our model to get a consistent (and unbiased) estimator for
B.

e Note that we can write B = B+ (Z2'Z)"'Z'u, so E[B] = B and:
VC(B) =0%(Z2'2)" 20, 2(2'2)™ — 0,
so by Chebychev, B is consistent.
e Consider our OLS residuals:
W=Y -ZB=Y —ZB—-ZB+ZB=u+ Z(B—-B) =u+ ZAy — u.

So we now assume that we know the disturbances, u, and we will now find a Generalized
Moments Estimator (GME) for p,.

e Consider our disturbances:
u = poWu+ e,

or,
u— poWu =e.

Thus,
Wu — poW?u = We.

e Denote @ = Wu, u = W?u, and € = We. Then consider again the two equations:
u—pWu=ce. (1)
u—pu=c. (2)

e We consider now three algebraic exercises on (1) and (2):
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— (1) Square (1), sum, and divide by N:

NS uf + N7'p3) i —2N o Y Juii =N el (3)

— (2) Square (2), sum, and divide by NV:

NI @+ N3 T — 2Ny wt; =NY @ (4)

— (3) Multiply (1) by (2), sum, and divide by N:

N_l Zuﬂz + N_lpg Zﬂziz - N_lpg[Zﬂiii + Zﬂ?] = ]\[_1 ZQEZ'. (5)

Note the RHS of (3):
Nt Z e =P g2,
by Chebychev.

Note the RHS of (4):
NN & = N'e¢W'We —? o2 limN~'Tr(W'W),
by the usual trace and expected value rules.

Note the RHS of (5):
Nt Z €6 = N"HWe —P 0.

So we can write the RHS terms as:
N_lze? = 052 + 01,
NN & =02 N'Tr(W'W) + 6,
Nﬁlzﬁigi = 0+53,
where all the ¢ terms plim to zero.

Ignoring the fact that we know one of the unknown parameters is p3, let » = p3 and
denote our parameter vector:

)‘I = [Tv p27062]'

Thus write the system of 3 equations and three unknowns in matrix form as:

N1 Zﬂg —2N1 Zuﬂz -1 r —N1 Zu? 51
NI T —2N"' Y3, SN (WW) | | pe | = | N @ |+ 6
N1 Zﬂziz —Nﬁl[z U,,il + Zﬂ?] 0 0'62 —N—1 Zuﬂz 53
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Or more compactly:
A=Ay + 0.

Thus,
(plim A1)\ = plim Ay + plim § = plim As.

Thus if u were observed, a consistent estimator of A would be the (over parameterized)
OLS estimator:

~

A= A7t As.
It’s over parameterized because we don’t recognize that r = p2.

A better approach than OLS would be to recognize that r = p3 and do NLLS, ie:

M'l'np%o-g [Al)\ — Az]/[AlA — AQ]

But through all of this, we have assumed we know u, so this clearly is NOT feasible.
To make it FGLS, we replace u by the OLS residuals @. Or, better yet, do NLLS above
to get and estimator for A, which includes the ps term which we are really interested
in. We can then show that:

5\ = Al_lfig —P .
See page 16 - 18 of the HK notes for the consistency proof.

Remark How could we estimate in TSP? Given some u’s, form the A matrices, and

use the LSQ command on: ) )
AQ == Al)\ - (S

So overall, what do we have. Given a consistent estimator for p,, let:
Q= (I = paW) (I = W)
Then our True and Feasible estimators are:
Bears = (201 2) 7 2/Q; Y,
Brars = (200 2) 1 Z2'Q0 Y.
Asymptotics:
V'N(Brars — B) =% N(0,02 plim N(Z'Q;'2)™Y),

VN(Brars — Bars) =7 0,

which is nice. True and Feasible GLS estimators are asymptotically equivalent (see
notes for a simple proof). To show the asymptotic distribution of the FGLS estimator,
you need a CLT for triangular arrays which is not so nice.

An TV/2SLS method to estimate this type of model is also outlined in the HK notes
but it is not consistent and should be avoided.
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Spatial Lags on Y

So now we finally relax the assumption that we only have a spatial lag on the X's.
Consider the model:

Y =XB+p WY +WXBs+u, u=pWu+e, |p1] <1, |p2| <1
If p1 # 0 and py # 0, write the model:

Y=ZB+p WY +u, u=pWu-+e

The WY term is now endogenous, so we’ll need instruments. Possible instruments
include Z,WZ W?Z W3Z, etc.

More next time.
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22 Lecture 22: April 27, 2006

22.1 Spatial Econometrics - Cliff/Ord

More on Spatial Lags on Y

e Recall our model:
Y =ZB+p WY +u, u=pWu-+e.

If W is row-normalized then (I — p;W)~! exists for |p;| < 1. If it is NOT row-
normalized, then do the transformation above deflating by «.
e Solve for Y
Y = (I —pW) N ZB + u).
So,
EWY] = WU —pW)'ZB

W +pW+piW?+--)ZB
WZB +pW?ZB + pPW3ZB + - -

So since we need instruments for WY, clearly the best ones would be: Z, W Z W?2?Z W3Z,
etc. We usually can stop after the W2Z term. The gains from using the others are
small.

e But we cannot just do 2SLS using the instruments just listed. The u’s are still bad
disturbances. Thus we need to do a Spatial Cochrane Orcutt procedure (spatial C-O).

e Consider premultiplying by (I — psW):

Y = ZB + 01WY +u
(I = p W)Y = (I—pW)ZB+ (I —psW)ptWY + (I — paW)u
~—— ——
Y —ppWY = (Z—=pWZ)B+pW(Y —pWY) +e¢
Y (p2) Z*(p2) B+ piWY"(p2) + €

e So do 2SLS of Y* on Z* and WY using the instruments above for WY*. See notes
for some confusing notation on the top of page 24. The usual asymptotic distribution
results.
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Weighting Matrix Selection

e Suppose we had two weighting matrices that we thought might be correct. We could
write the model:

Y =XB + )\1W1Y + /\QWQY + €,

and test:

H()i )\2:0, ’USHll )\2#0
We still need to do 2SLS but we might use instruments: X, W X, W2X, W)X, and
W2X.

e What about having parameters in a weighting matrix that need to be estimated?

Suppose:
-N —Tr
14j "'dm‘j )

w;j = 7od

so we have r measures of distance between two cities (say geographic, income, housing
ownership, unemployment, etc), and we need to estimate the gammas. There are NO
formal parametic results on this. We’ll turn soon to non-parametric estimation.

— Case (1): What if our model was:
Y=XB+u, u=pWu+e W=W(y).

So we have a parameterized weighting matrix but the problem is that v is not
identified if po = 0! One thing that is often done is to assume that ps # 0 and
then do OLS to get B, and u. Then do a GM procedure to estimate py and ~.
The GM procedure would involve 6 equations instead of the 3 we had last time
because of the additional parameter we need to estimate. See notes.

— Case (2): What if our model was:
Y=XB + WXBy+u, u=pWu-+e W=W().

Here since the W also hits the X, we would need to do ML. If N is large, this
won’t work because we would have to invert a huge matrix. So avoid this if your
dataset is large.

Other Spatial Autocorrelation Models
e Consider a SAR(q):
u=nrWiu+roWou+---+r,Wu+e

So Wi might be the matrix that selects the nearest neighbors, W5 selects the next
nearest neighbors, etc. See G-22.1.

e There are also SARM A(p, q) models which are not very common.
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Moran [ Test for Spatial Correlation

Use this test ONLY for models with NO spatial lag on Y.

Consider the model:
Y =7ZB+u, u=pWu+e.

We would like to test if po = 0 or not.

Consider the following statistic:

with s =3, > wy, =Y — ZB, and B=(Z'2)7'Z'Y .
Then, given W, =1 — R, =1—Z(Z'Z)"'Z', under Hy : u ~ N(0,0%I),

_ —NTr(R.W)
s N-K

N2[Tr(W.WW.W') + Tr(W.W)? + [Tr(W.W)]2]
2(N—EK)(N - K —2)

El]

— B

o} =

So our test becomes, under Hy : py = 0,

I—-E[l
n:——JJ—JNmJy
or

So reject the null in favor of spatial corrleation at the five percent level if || > 1.96.
Note I, E[I], and o; do NOT depend on any unknown parameters.

Theorem: If ¢; ~ iid N(0,1) and h(ey,...,ex) is a scale free (homo(0)) function,
then h and Q) = Ziil ¢? are independent. See notes for proof.

The Kelejian/Prucha Generalization of the Moran [/ Test for Limited De-
pendent Variable Models

Consider the (possibly) nonlinear model:
Y = f(.l’i,ﬁ)—FEi, 1= 1,...,N, € ~ (0,0'12)
So our errors are possibly heteroskedastic with o7 = h(z;, ).

We would like the test the hypothesis:
Hy : €; are independently distributed

H, : ¢; are spatially correlated
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Suppose we are considering a weighting matrix, W, which is absolutely summable.

Form:

I = é/Wéu
oQ
with: {
0 = 2 DD (wiy +wy)eiar,

(]

6% = h(w:, B)
Then under Hy,

I —%N(0,1).

So in the notes, we have examples of the KP test applied to a tobit model, a di-
chotomous dependent variable model, a sample selection model, and a polychotomous
model. We'll consider the second and see the notes for the rest.

The Kelejian/Prucha Test Applied to a Dichotomous Dependent Variable
Model

Suppose:
yi =z 0+mn,i=1,...,N,

yi=1if y; >0,

and zero else.
Under Hy, n; is iid with zero mean and CDF, F.
So write y; as mean plus deviation:
yi = F(z:8) + €, € ~ (0,07),

where,

o = F(z;8)[1 — F(z:3)).

Then let B be the MLE of 3 and form:

Then given our weighting matrix under consideration, calculate:

éWe
I =—
9Q

~ N(0,1),

and reject iid disturbances in favor of spatially correlated errors if || > 1.96.
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e Next we’ll move to non-parametric estimation.
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23 Lecture 23: May 2, 2006

23.1 Spatial Econometrics - Non-Parametric Estimation

HAC Estimation

e Here we consider the nonparametric estimation of a Heteroskedastic Autocorrelation
estimator, or HAC estimator.

e Consider the model:

e So the y, equation is from economic theory but formulating u,, as a SAR(1) process
is unfounded.

e If we assume ¢, ~ (0,%,), then,
Up ~ (07 En) = (O, 02([71 - an)il([n - pWA)il)a
and u, generally suffers from auto and hetero.

e To estimate the model, we do 2SLS using IV matrix, H, and the second stage regressor
matrix is:

Z = H,(H,H,) *H' Z,.

e Thus,
nt?(5 —~) = (n'2'2) Y (n" 2. H, )(n’lHan)’ljn’l/QH,’Lun.

!

n n
N

~\~

-~

—PM —dN(0,0)

Where,
Q=lim[n 'H S, H).

e So we want to estimate {2 and if we assume a SAR(1), we're fine. But what if we don’t
specify a specific form for the errors?

e We'll show our HAC estimator of € is consistent and positive semi-definite. We also
will allow for multiple distance measures and measurement error for our weighting
matrix.

Basic Model of a HAC Estimator
e Consider the model:
Yn = any + Up, Uy, = Rnena €n ™~ (07In)

Thus,
VC(u,) = R,R, =X,.
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We assume R, is nonstochastic but unknown and is absolutely summable. A subset of
this type of model is the SAR(1), as well as more complicated SARM A(p, q¢) models.

e So, as above, the IV estimator will involve a term in the VC matrix like:
U, =n""H Y, H,,
and we need to estimate the n(n+1)/2 unknowns in ¥,,. So we need some assumptions.

e Assumptions.

— (0) Distances between locations satisfy d;;, = dj;,, > 0, which the researcher
measures possibly with error as:

d:.,=d:.,. >0.

ij,m ji,n

(1) € ~ 4id(0, 0%) with finite fourth moments (at least).
— (2) R, and R, non singular and absolutely summable.
(3) H, is uniformly bounded.

— (4) So this one is important. For each location, the reseacher specifies a cut-off
distance d,, > 0 such that if d;;,, < d,, then j is a neighbor to i, and otherwise,
¢t and j are not neighbors. [, is the maximum number of neighbors any location
has. Then we must have:

l, < n'/?,

ie any location can’t have too many neighbors.

— (5) The distances observed:

dz'j,n = dijn + Vijn,

have bounded errors, ie |v;;,| < c.
— (6) Complicated. See HK notes. Involves something similar to the OLS trick of
writing: A
;= u; — z;(B — B).
— (7) Kernels. So we have a kernel, K : ® — [—1,1] with K(0) =1, K(x) = K(—x),
and K(z) =0 for || > 1. One might be:

dij,n
dy,

dij,n
dy

KTy =1 -

e HAC ESTIMATOR. So the (r,s) element of ¥,, looks like:

n n
—1
wrs,n =n E E hir,nhjs,naij,na

i=1 j=1
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which we estimate with the (r,s) element of ¥,, which looks like:

n n

&rs,n = n_l Z Z hir,nhjs,nai,n/&j,nK(d;‘m/dn)'

i=1 j=1

Theorem 1: \Tln — V,, —P 0, consistent.

The paper goes on to do a slight variation of all of this based on multiple distance
measures. This technique has never been implemented (hell, this paper isn’t even
published yet), so it might be something to return to later. The idea is that you might
have several ways to measuring distance between unit and you’re not quite sure which
to use. Income per capita, geographic, etc. So you define them all and if the distance
between ¢ and j for ANY of the distances falls below some cut off, then count ¢ and j
as neighbors.

Similar assumptions as before reflecting the multiple distance measures but we again
get a consistent HAC estimator out of all of this which looks like:

n n
R . o _ .
Yron =17 Y Y hirnhjantiintyn K (ming, {d5; . /dmn}),
i=1 j=1
where we have m measures of distance.

Application to a general linear spatial model:
YUn = Xnﬁo + )\OWnyn + Yn70 + Up, Up = Rn€n> €n ™~ (07 In)
Write, y, = Z,00 + Uy,.

To estimate this, we need instruments for both W, y,, and the endogenous (non-spatially
lagged) Y,’s. So we have: )
Z, =H,(H H,)"'H Z,,

and, ) R R
5QSLS,n - (Z;Zn)_lzyllyn
Then let: R
an = Yn — Zn525LS,n7

and use these to form our HAC estimator of ¥,, = n='H/ X, H,,.

Given our model, we have:
n'’2(6, — 8y) =% N(0, MUM),

which we estimate with ¥,, as above (using the residuals and the Kernel) and:

~

M, =n(Z! Z,)"*Z! H,(H! H,)™".
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24 Lecture 24: May 4, 2006

24.1 Time Series Econometrics

ARCH/GARCH

e (Generalized) Auto Regressive Conditional Heteroskedasticity models or (G)ARCH
models allow for variances to depend on the values of a lagged disturbances (and
possibly lagged variances). Perfect for financial instruments.

o See G-24.1. Consider the ARCH model:
Y;:XtB"—Et, t:]_,,T

Assume X; non-stochastic, T'X'X — Q.. with Q] exists. Then the disturbances
are assumed to be condional mean zero and:

El|e;_1,€-9,...] = h(er_1) > 0,
where the last holds for an ARCH(1) model.
e The usual specificiation is:
€ = wlag + arer ]V g >0, oy €[0,1), uy ~ iid N(0,1).

Note we can assume that u; has variance 1 because making it more general would leave
the variance unidentified anyway, so we might as well work with a N(0, 1).

e The a; term is the so called “ARCH effect.” We will be primarily interested in seeing
if it is nonzero.
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e Properties of the error term:

Conditional Mean: Ele/|ei_1] = Elug[og + aqe? ]2
=0
Unconditional Mean: Ele,] = Elu]E[[ag + ane? ]V
= 0
Conditional Variance: E[eZ|e, 1] = FElu}][ag + arer ]

2

Unconditional Variance: Ele}] = E[u?]E[ag+ aje ]
= ag+ a1 Bl
let d; = E[e?]
dy = ap+ adiq
di(l—a1L) = ap

d = Qo .
R A
e So unconditionally,
(7)) o 2
€ 0, = O, g, ),
e~ (0170) = (0,7
homoskedastic!
e But conditionally,
etlAi—1 ~ (0,00 + 1€} ),
heteroskedastic!

e Unfortunately for us, we need use the conditional form of the errors if we want to
see what the o parameters look like. Otherwise they are not identified. Using the
unconditonal form means that OLS is BLUE.

e Note also the covariance, E|e;es] = 0 for t # s.

e So to model things using the conditional errors, we need to do a nonlinear estimation
so we'll use ML.

Non-Linear Estimation of an ARCH(1) with Maximum Likelihood

e Given the joint density of the errors as f(ey, ..., er|e), write our likelihood:

L = fi(eileo) fa(ealeo, €1) - - - fr(erleo, €x,. .., er_1),
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where ¢, = Y; — X; B and we observe the initial values, Yy and Xj.

Given that €]A;_1 ~ N(0, a9 + aq€7_,), the likelihood becomes:

2

2
L= [(2%(040—}-04163)_1/263019(—0.56—12>] * [(2W(ag+a16%)_1/2exp(—0.56—2)]

o + a€ ag + a6

2
2 2 12 <_0‘5E—T> )
ook [( (g + arep_y) ' exp 0T

Or in slightly more compact notation:

L = L(ay, a1, Bldata).

So just do ML on that beast (which is already canned in all statistical software) and
you get your ML estimates of B along with the o terms in the ARCH disturbances.
You could then test for ARCH effects by testing if a; = 0 versus a; > 0.

Non-Linear Estimation of an ARCH(p) with Maximum Likelihood
Suppose the errors looked like:
2

e = won +onef_y + -+ aper ]V ag >0, a; €[0,1) i =2,...,p, u ~ iid N(0,1).

Once again we have the following properties:

E[6t|At—1] 0
E[Gt] = O
E[€?|At—1] = ot @163_1 +ooe At apef_p
Qo
Bl =
[Et] 1—C¥1—'”—Ozp

We again estimate by ML and test for ARCH effects using a Wald test under the null
of NO ARCH effects:

Hy:ap=ay=---=0a,=0.

GARCH(1,1) Model

Consider the model:
}/;:XtB—FEt, tzl,,T
€| A1 ~ N(O,gtz),

where,

of = Py(L)o? + Py(L)é?.
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The usual specification:

2 2 2
o, = o+ 010y 4 + g€y, ag € [0,1),

a GARCH(1,1) model. So we’ve added a dependence on past variances.

If we iteratively substitute and solve for o2 just in terms of €;’s, we’ll still be left with
a 02 term. There are several ways to deal with this (view it as a parameter to be
estimated, use the unconditional variance, etc), but asymptotically it really doesn’t
matter.

Estimate the GARCH model also with ML.

The ARCH-M Model: ARCH in the Mean

Consider the model:
yt:x;ﬂ—i—htqﬁ—i—et, t= ].,...,T,
et|Ai—1 ~ N(0,h7),

2 _ 2 2
hi = o+ ai6_q + -+ ape_

In this model the standard deviation, h;, enters the mean of the regression function
and so noise effects both the mean and variance of the dependent variable.

See notes for the Bera-Ra LM test which allows one to test for ARCH effects under
this specification. The problem is that under the null of no ARCH effects, there are
two constants in the model (one in 5 and ag) and so ¢ is not identified.

Done.
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25 Lecture 25: May 9, 2006

25.1 Time Series Econometrics

General Introduction

e Consider the series:

Y, = pYi1 4+, |p| <1, up ~ iid(0,02).

e Properties of this stationary time series:

(1) EY] =0,

0_2

2 U
3) Series can be written: Y; = u; + pus_1 + p*us_o + - -
4) Cov(Yy, Y, p) = pfot — 0 as k — oo.
)

5) Corr(Ys,Yi_p) = p* — 0 as k — occ.

(
= (
= (

(6) The expected length of time between crossing the mean (0) is finite (see Engle
and Granger, Econometrica (1987)).

e What if p = 17 We have a random walk:

Zy=Zp 1+ uy, up ~ (0,02).

e Properties of a non-stationary times series:

ElZ)] =

1)
2)az—ta — 00 as t — o0.
)
)

3) Series can be written: Z; = uy + wp—q1 + - - + uq.

(
= (
= (

(4) Cov(Zy, Zy—y) = (t — k)o? — oo as t — k — oo.
Vt—k

Vi

— (6) The expected length of time between crossing the mean (0) is infinite (see
Engle and Granger, Econometrica (1987)).

— (5) Corr(Zy, Zy—x) = — 1 ast — oo for all k.

e To test for a unit root, use a Dickey Fuller test. The standard large sample theory
does NOT apply to unit root processes.

e Other problems with unit roots.

— (1) If Y} is a random walk, it can be written:

n:€t+"'+€1:Et-
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If you regress Y; on a constant, a time trend, and €, you’ll get significance for the
constant and time trend fairly often due to spurious correlation. R?’s will also be
large.

— (2) If Y, is regressed on a constant, time trend, and an exogeneous X, the coeffi-
cient on X will also come out significant.

So clearly unit roots are a problem. Check your series first for unit roots and proceed
once you have eliminated them (via next section).

Suppose your model is:
Y = av + bz + &,

where v; ~ iid, z; is a unit root process, and ¢; ~ iid. If we just run OLS on this model,
our large sample distribution of a will NOT depend on z; so we don’t need to worry
about the presence of z; in the model.

Integrated Variables

If you take a non-stationary series, Y;, and difference it d times and end up with a
stationary series, then Y; is said to be integrated of order d, or Y; ~ I(d).

Example. Y; = Y, | + ¢, Yy = 0, and ¢ ~ iid(0,0?), then AY; = ¢, stationary. So
Y; ~ I(1). Note ¢ ~ 1(0).

Example. If Y; = f(Z;) where Z; ~ I(2), then Y; ~ I(2). Te A%Y; ~ I(0).

It is possible for a non-stationary process to NOT be intergrated of ANY order! Eg,
Y, =Y 1+ €, but ¢ ~ (0,0?2), heteroskedastic.

In general if the RHS of an equation is I(d), then so is the LHS.
If X; ~ I(d) and Z; ~ I(d + «), then
Yi=X,+ 7~ I(d+ «),
ie, the big term dominates.
Consider the following model:
Y, = Bus + vz + €,

where v; ~ I(0), 2 ~ I(1) and ¢ ~ I(0), then we can still estimate § consistently via
OLS for the same reason as above. The I(1) process does not affect the 1(0).

Cointegration

Typically economists deal with /(1) variables (GDP, income, prices, interest rates, etc).
Suppose X; is an Nx1 vector of I(1) variables.
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e If there is a vector, o, Nx1, such that:
o' Xy ~ 1(0),
then the variables in X; are said to be “cointegrated” and « is the cointegrating vector.
e We can write o/ X; = ¢, ~ I(0), where ¢, reflects deviations from equilibrium at time t.

o More next time.
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26 Lecture 26: May 11, 2006

26.1 Time Series Econometrics
More on Cointegration

e The following is material beyond the final and also beyond comprehension.
e Some examples of economic variables that are cointegrated:

— (1) Consumption, Cy, and income, Y;, are suggested to be I(1). Thus,

Cy =AY+ ¢, ¢~ 1(0),
where o = [1, — ] is our cointegrating vector.

— (2) Interest rates of various time horizons tend to be cointegrated.

e Remarks

— (a) Variables integrated of higher orders than one can be cointegrated, but usually
we only work with I(1)’s.

— (b) If C} and Y; in our example above are cointegrated, then the non-stationary
components must cancel if \Y; is subtracted from C}. See notes.

— (c) In the literature, non-stationary and unit root are used interchangably.

— (d) More than one cointegrating vector is possible and linear combinations of
cointegrating vectors are cointegrating vectors.

— (e) If X is a Nzl vector of I(1) elements, there are AT MOST N —1 cointegrating
vectors.

A Test for Cointegration

e Suppose you suspect that Y; and C; are cointegrated. le, there exists a A such that:

Ct—)\)/tZGtNI(O)

e Hypotheses:

Hy : e ~ I(1) (No Cointegration) vs Hy : €, ~ I(0) (Cointegration).

e To run this, just do OLS of C; on Y; to get an estimate for A. Then do a DF type test
on the residuals to test for a unit root. If the resids are I(0), reject the null.
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The Error Correction Model
Suppose Y; ~ I(1) and Y; is Nxl.
Suppose Y; satisfies:
Yi=¢1Yia + @Yo+ @3V 3+ a+e, &~ (0,Q),
where €, ~ 1(0).
Add and subtract ¢3Y;_s:

Yi = 01V + Yo+ @3Yig+a+ e+ @30 — P30
1Yo+ (P2 + ¢3)Yieo — P3AY o +a+ ¢

Add and subtract (¢o + ¢3)Y;_1:

Y, = 1Yo+ (d2+¢3)Yimo — d3sAY, o+ a+ e+ (92 + ¢3)Yi1 — (92 + ¢3)Yiy
= (1 + 2+ ¢3)Yim1 — (P2 + 93)AY, 1 — p3AY, s +a+ ¢

Subtract Y;_; from both sides:

Y=Y = (g1 + 2+ ¢3)Yi1 — (pa+ 93)AY, 1 — @AY, s+ a+e — Y
AY; (014 P2+ 3 — 1)Yio1 — (2 + ¢3)AY, 1 — p3AY, s +a+ ¢
boYio1 + a1 AY;_1 + aAY, o +a+ ¢

So now everything is 7(0), as long as byY;—; ~ I(0). But this means that by is a
cointegrating vector for Y; ;!

The notes go on to show that you can rewrite that by term to involve fewer parameters
making use of the fact that by is non-singular (due to remark (e) above). A two variable
system is shown on page 27 and an estimation procedure by Engle-Granger is laid out
on page 28. OLS can be applied in two stages to estimate the model in error correction
form.

See Hamilton.
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