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Lecture 1: January 27, 2005

The Nature of Econometric Modelling

3 input streams:
Economic Theory = Economic Model = Econometric Model.

Facts = Data = Refined Data.

Statistical Theory = Econometric Techniques.

Then we estimate the econometric model with refined data using econometric tech-
niques. Out of this we can do structural analysis, forecasting, and policy analysis.

Example. Factor demand for labor and capital of a competitive firm. The problem
might look like:
Max F(Kt, Lt) - tht - Cth.

FOCs:
oF 0
— —w; = 0.
oL,
oF
— —¢ =0.
oK,
Assume a quadratic form with no cross product term:
1 2 1 2
F(Kt, Lt) = + OéKKt + OéLLt —+ §OéKKKt -+ iOéLLLt.

FOCs become:
o +ar Ly —w, = 0.

ap + OéKKKt — C = 0.

Solve for L and K:

L= CMLLL(wt —ap). (1)
Ki= ——(ei~ax). (2

So the economic theory gives us these two equations along with our quadratic produc-
tion function. But to do econometric testing, the data almost surely will not fit these
equations exactly so we need to introduce some error terms. Suppose we interpret ary,
as ar — nF, so labor’s share of production is reduced (or increased) by productivity
shocks. Suppose i} is known to the firm but unknown to us, the researchers. Suppose
we have a similar adjustment to ax. Equations 1 and 2 become:

1
L = _(wt —ap + 77L)' (1/)
arp



1
K, = (¢t —ak +1™). (2)
OKK

So these n terms become our error terms in our regressions.

1.2 Classical Linear Regression Model

e Suppose we have the regression relation:

y=xub+ -+l +uw, t=1,...,T.

e [f we take the X'’s as given constants and make the following three assumptions:
Elus] =0, Mean Zero,

E[u?] = 0, Constant Variance,
Eluixs] = 0, No Correlation.

Then we are working with the “Classical” linear regression model.

e In matrix form:

y=XG+u,
where y and u are Tz1, X is TxK and f3 is kx1.

e The OLS estimator becomes:

B=(X'X)"'X"y.

e We will also study the nonlinear regression model in the later part of the course which
will involve a regression equation:

v = f(X4, B) + wy.

Here we won'’t be able to solve directly for the parameters but will utilitize asymptotic
theory to determine our best estimate of the true parameters.



2 Lecture 2: February 1, 2005

2.1 Classical Linear Regression Model
Specification

e We start with a simple 2 variable regression:

e The specification might be:
Ct =a+ bY;g + Ut,

E[Ct‘yt] =a+ bY;,

The expected value of consumption given income is the value of the average relationship
(or fitted value).

e We also might assume:
E[u?Y;] = h(Y;) = 0*, constant.

This is an assumption of the classical model. We say the error terms are homoskedastic
(versus heteroskedastic).

e In general, the relationship between two variables will NOT be deterministic, ie ob-
servations will not lie exactly on the regression line. We still do a linear regression
sometimes if we think there might be error coming into the model from some unknown
source. Reasons this might happen could be missing explanatory variables on the
RHS of the regression, measurement error in the independent variable, or stochastic

coeflicients:
Cr=a;+bYs, s =a+v, by=b+w, Elv] = FEw]=0.
Substituting:
¢ =a-+bY, + v +wY;.
—_————
Note Efu;] = 0.

e Typical regression notation is:
Y = a + bxy + uy.

Where x; is the regressor, u; is the disturbance or error term, and y; is the independent
variable or regressand.

e Assumptions of the classical model:



— (a.1) Elug|zy] =0V ¢.
— (a.2a) E[u?|zy] = o? V t.
— (a.2b) Covuus|zy, xs) =0V t # s.
— (a.3) x4 # x4 for some t # s.
e Note that a.l is not very strong but a.2 gives us a lot. If the variance was different for
different observations, then it would not make sense to weight all the observations the

same in the regression. With a.2, we treat all observations equally. Assumption a.3 is
equivalent to saying that the X matrix of regressors is of full column rank, (rank K).

e We usually impose STRICT exogeneity of the X’s as follows:
— (a.1”) Eluglzy,...,xzp] =0V t.
— (a.2a’) E[u?|xy,...,x7] = 0 V t.
— (a.2b”) Covlupus|xy, . .., 27| = Elugug|xy, . ..,xp) =0V t # s.

e Example. Consider the simple regression equation with no intercept:
Y = bﬂ?t + Uy

One estimator of b might be:
h— D Til
EA

b— DTy _ o (bry + wy) _ thut
dox; > Zfﬁt

Now lets try to show that the expected value of our estimator is the true parameter:

Z LUy
> a7

Substituting:

Ell=b+E

Suppose we could separate the expectation operator (we can’t):
~ E[Z $tut]
Eb] = b+ —=——
E[Y ]
Ey B[} x|z
ER. x?]

Ext:pt Zut|xt
B[y xf]

— b+




And thus b is unbiased. But since we cannot separate the expectations operator, we
have to try something different:

Ell] = b+ E

Z LUy
>ap |

Z LUy

:zajuﬂin...wbjlth2

.171"'567“].
E LUt l’l"'I'T].

1
= b"— Exl...sz Zﬂft E[Ut|1’1 N 'IT] .
0

1

= b

So we needed strict exogeneity to get unbiasedness. This is the same as saying that
the X’s are non-stochastic constants.



3 Lecture 3: February 3, 2005

3.1 Classical Linear Model - Multiple Variables

Notation

e Denote a matrix A with elements a;;, a; the i column of A.
e Denote the inverse matrix of A, A=, with elements a¥, a’ the " column of A~!.

e Denote E[A] = (Ela;j]), the expectation of a matrix is the matrix of expected values
of each element.

Preliminaries
e Consider the following regression model:
yt:61$t1+"'+ﬁKItK+ut, t= 1,...,T.
Or in matrix form:
y=XB+u,
Where y and u are Tx1, §is Kx1, and X is Tx K.

e Assumptions:
— (A1) Eu|X] =0.
— (A.2) Eluw/|X] = o*I7.
— (A.3) Rank(X) = K, full rank.

To simplify the notation, WLOG, we can assume the X’s are nonstochastic so our
assumptions become:

— (A1) Efu] = 0.
— (A.2) Eluu'] = o?I7.
— (A.3) Rank(X) = K, X’s nonstochastic.

e Note that A.2 says that the variance/covariance matrix has a constant variance down
the diagonal and 0 covariances off the diagonal. This comes from:

Eluv] = E@E@%—Cov(u, v) = Cov(u,v).

0 0

e The full rank assumption means that we cannot have an explanatory variable that is a
linear combination of one or more of the other explanatory variables. We might even
have a case where x; = axs 4 bxs, and we call this perfect multicollinearity. In this
situation, we can really only estimate the effects of say x; and x5 or of x; and x3,
assuming that there wasn’t collinearity in these two variable regressions.
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e Another way of saying that the X matrix must have full rank is to say that the

3.2

parameters in the model must be fully identified.

The algebra of OLS with no parameter restrictions

Model:
y= X0+ u.

We will forgo the assumption about the full rank of X for now.

Note the following about sample and population means of y. Take the simple regression
model:

Y = a + bxy + uy.

This implies:
Ely] = a + bxy.

But as usual:
1
T

the sample mean. The expectation of y is actually a mean vector which may change
over time depending on the value of z. In this situation, clearly the sample mean is
not an estimator of the population mean.

Back to our model. Let 3 be *some* estimator of 3. The following implications follow:

u=y— Xp.
Ely] = Xp.
j=Xp.

ut=y—Xpf=y—y.
See G-3.1. Consider a true relationship, y; = a+bx;+u;, and our estimated relationship:
Gy = a + bay.

From the graph it is clear that the vertical distance between the point and the line
represents some sort of residual in our fit.



e Define the OLS estimator, B, as the vector that minimizes:

(y—XP)(y—X0B)
= Yy -2/ X3+ X'X3.

Or in the simple case:

T
Min&j) Z Y — a — bxt

e Note we could also use the sum of absolute deviations (LAD estimator) but this will
have issues which we will talk about later. In general, the OLS estimator is much more
sensitive to outliers than the LAD estimator.

e Two final notes: Given random n-vectors, z and v,

= ()"

(2

1/2
=l = (S —wp) "
This way of representing the OLS estimation procedure, minimizing ||a||?, follows from
the interpretation that the OLS technique can also be interpreted as an orthogonal
projection of the y vector onto the space spanned by the X vectors. Because we are
minimizing the distance, we end up with an orthogonal relationship between the X’s
and the residuals.



4 Lecture 4: February 8, 2005

4.1 Classical Linear Model - Estimator
OLS Estimation, No Restrictions

e Recall we seek to minimize:
S(3) = Min {(y — XB)'(y - X5)}.

e Note that when you have a multidimensional variable and you want to take a derivative,
the results are almost the same as with scalars. Specifically if y is px1, A is pxs, and
x is sxl with y = Az, then:

dy
—= =A.
Ox
Suppose now that y = 2’ Ax, a quadratic form. Then if A is symmetric:
dy
— =21'A.
Ox .
If A is not symmetric:
9y _
—~ =2 (A+ A).
5 = LA+ A)
The second result follows from the fact that since @’ Az is a scalar, 2’Azr = (2'Az)' =
x’A'z. So: )
o /
y=32 (A+A )z
Symmetric
So,
dy 1
— = 2"(A+A)=2'(A+ A").

e So minimizing over § gives FOC:
—2/X +23'X'X = 0.

Or,
X'X3=X"y.

e This is the normal equation for OLS. In fact it is a set of K equations. If X'X was
non-singular, we could invert and solve for B. If X'X was singular, we would have a
whole manifold of solutions. When is X’X non-singular? When X has full rank (K in
this case). Thus, if X has rank K,

B _ (X’X)_IX'y,

the OLS estimator. Note that X’ X must be positive semi-definite, ie if A = X’ X, then
?Ar >0V x #£0.

10



e Note that if Ab = a, then b = A 'a if A can be inverted. If not, we denote the
generalize inverse, or Moor-Penrose Inverse as AT such that:

AATA = A,
ATAAT = AT,
AAT symmetric,
AT A symmetric.

Moreover the Moor-Penrose inverse is unique, and if A is square and non-singular, then
AT = A1,

e In scalar notation, the LHS and RHS of the normal equations become:

1 1
7 XXy =7 > i,
t

1 1
L)y = A3
t

But these are just the non-central sample moments so:

Mmm@ - Mmy'
e Now suppose that:

X = [eTviL

ﬁ = (Bl)é)/'

Where er is a vector of ones. Thus we are including an intercept in our regression, (3,
and the slope parameters are all in 3. Then:

e erer erX
X/X:{KT,}*[@T X]:|:XT/€T XTX}

And,

ro elT o elTy
Xy‘[x}*y‘[xy}'

Plugging these values into our normal equation and simplifying yields:

1 ~ 1
X' (I - ?eTe'T)X@ = X'(I - TeTe'T)y.

TV
Subtracts the Mean

11



1
Note also that I — TeTe’T is idempotent, so,

1 1 ~ 1 1
X'(I - TeTe’T) (I — TeTe'T)X@ = X'(I - ?eTef[) (I — ?eTe’T)y.
Or, .
Then,
Lyvix B = Ly
1
Sz] = ?K;y*;

Where S;; are the central sample moments.
Example. Suppose we have the following regression model:
Y = a + bxy + uy.
So X contains a column of ones and then the single z; variable. Thus our normal

equations are:

X'X x [ } = X'y.

S Q1

Multiplying out, we have:

TONH'Z%B = Z?/t,
thfz + Zw?g = thyt.

Divide the first through by 7"

and,

a-+7zh=T7,
So this shows that if you have an intercept, the regression line will always go through
the point (7, 7).
Multiplying the first through by T and subtracting the second yields:

[ 2@~ D)y —7)
2 (z =)

And from above:

Q
Il
<
|
8|
S

So these are our OLS estimators.

12



e Proposition 1 If X has full column rank, then the OLS estimator is unique and given
by: )
G = (X'X) Xy,
If you include an intercept, we can pull out the column of ones from the X matrix and
write:

f=X.X)" Xy,
Bl :g—fzﬁz —"'—fKBK-

e Proposition 2 Any solution of the normal equations minimizes the sum of the squared
residuals. For any other vector of coefficients, b, (y—Xb)'(y—Xb) > (y—XB)'(y—X ).
See notes for proof.

13



5 Lecture 5: February 10, 2005

5.1 More on OLS with no restrictions

e Proposition 3 If B and B are any two solutions to the normal equations, then,
Ely] = X = X0

Proof: By assumption:

X'X3=X"y,
X'X3=X"y.
So, o
X'X(B-p)=0.
(5= 0)X' X(5 - ) =0.
7 7
7Z7=0e=) 27=0=2Z=0.
So,

X(—-0) =0+ X5=Xp.

QED. This says that though the estimator need not be unique (as is the case when
X'X is singular), the systematic component of the relationship between y and X will
be unque!

e Suppose X does not have full column rank. Thus,

Xy=0,v#0.
Suppose B and (= B + ¢y are both solutions to the normal equations. Then
X'XB=XXB+cX' Xv=XX3=Xy.
0

Thus [ is not necessarily unique.
e Lemma 1 If X does not have full rank then:
6= (X'X)" X'y,
has NO economic meaning; the coefficient is NOT unique.

e Proposition 4 R
7=Xp=XX'X)"X"y

is a UNIQUE estimator for X no matter if X has full rank or not. Then:

u=y—Xp

14



5.2

is also UNIQUE regardless whether or not ( is identified. Further more, if X has full
column rank, then the OLS estimators for 3, X3, and u are:

/é — (X/X)_IX,y,
X3 =XX'X)"'X"y,

jQ:
G=y—XB=[-X(XX)'Xy.

M

Note that X (X’'X)~1X’ is a projection matrix and M, above, will be defined next.

Lemma 2 M = [ — X(X'X)™'X’. M is idempotent, symmetric, and M X = X'M' =
X'M =0.
Proof: M is clearly symmetric since (M')" = (M™T). MM = M just by multiplying
out. Finally,

MX =X —X(X’X)_lX'X =X-X=0.

Proposition 5 X't = ¢'u = 0. So the estimated residuals are orthogonal to X and
the fitted values.
Proof:

0

Remark Regardless of whether or not X has full rank:
y=y+u,

where ¢ and 4 are orthogonal to each other.

Coefficient of Determination (Goodness of Fit)
First some notation. Define the following two Tx1 vectors:
v=(vg,...,vp),
w = (wy,...,wr).

Let the sample mean and variance be denoted:

_ 1 _
v:?;vt:T Lelhw.

Spy = 1 Z(vt —0)2=T""'(I - eTe,T)v.
T - T

15



Denote the non-central second order sample moments between v and w:
Moy = 1 Z vaw, = T W' w.
T t

Denote the central second order sample moments between v and w:

1 /
e = Et:@t ~ ) (wy — W) = T~ (I — eTTeT>w

Proposition 6
y’y = Z)/ZQ -+ a/ﬂ < Myy = Mgy + My

Proof:

because gt = 0.

Proposition 7 If X = ey, X*|, ie there is an intercept, then:
X't=0= (p, XV o = (eit, X*') = 0.

Thus,
T 'ea =0,

S
I

from above. And, since y = § + 1,

T ey =T ehg+ T e
0
7=1.
So if we have an intercept in our regression, the regression line goes through the point

of sample averages. Both the mean residual is zero and the mean of the y’s equals the
mean of the fitted values. Finally,

y'y = §'y+aa
T—lyly — T—lg/g +T—1ala
T—ly/y . y2 _ T—lgl@ - yQ —|—T_11l/ft o 5
\ ; \ - ; \0,-/
Syy 9
Sy = T'99—9 +T 0 —a
—
S99
Syy = Sy +T A -1
Syy = Sygt Saa

16



Definition Coefficient of Determination. Denote:

2 _ .2
R* =1,
the square of the simple correlation coefficent between the y’s and the fitted values.

This can be written:

82

R2 _ yy

Syysﬁil'
So0< R*?< 1.

Proposition 8 Suppose X = [er, X*]. Note:

N !~
yy=9vyy
Thus,
1, = 1., =
Syg = Tyy—yy: ?yy—y = Spy
So,
52 52
R vi _ S _ Sep _ Sy~ San _ | Sad
SyySgg  SyySig Sy Syy Syy
Or,

, T
B=lsw o

Note that using this second definition and then not including an intercept would be
problemsome since the coefficient would no longer be bounded between zero and one.
The first definition works always.

Important remark:

ESS = Error (Residual) Sum of Squares: Z a7,

RSS = Regression (Explained) Sum of Squares: Z(gjt — 92
TSS = Total Sum of Squares: Z(yt —7)%
E’s and R’s can sometimes be switched.

In this notation,
Syy = Sgy + Saa = TSS =RSS+ ESS.

So if we have an intercept,

RSS ESS

2
=2 =122,
R =7gs TSS

17



e Note that R? will always be increasing in the number of parameters you include in the
model. Thus, define the adjusted coefficient of determination:

K—-1

T—-—K

-2

R =R —(

)(1 — R?).

This form of the coefficient penalizes the addition of K'’s.

5.3 OLS Estimation with Parameter Restrictions

e Consider the set of G “linear” restrictions on 3. Suppose K = 5 and we have restric-
tions:

/62 + 64 = 5a
B1+302+ 05 =T.
Then write RG = r or:

A

)

{0
1 .
Bs

So Ris GzK, fis Kzl and r is Gzl. Assume rank(R) = K. More next time.

10
3 0

18



6.1

Lecture 6: February 15, 2005

More on OLS with Parameter Restrictions

Recall we wrote our linear restrictions in the form:
RB =,

where R is Gz K and r is Gx1l. R must have full row rank and r must be in the range
space of R, but otherwise, we do not impose anything else.

To determine our optimal estimator for (3, call it 5*, we minimize the following:
Ming. > ui® = Min (y — XB)(y — XB) = Min y'y — 28" X'y + 8 X' X 3,
such that:
RO =r.

So we write out our lagrangian:
L=yy—20"X"y+ B X'Xp —2X(RG* —r).

FOCs imply: R R
B =+ (X'X)'R[RX'X) 'R Hr — RB}.

So (3* is the constrained estimator which you can see is equal to the unconstrained
estimator, 3, plus this other term which is multiplied by r — RB3. Soif r — R3 = 0,
b = B and the restriction is already satisfied. The further away we are, ie, the more
we restrict, the larger is the second term in the expression.

In practice, we probably wouldn’t use the above equation but rather just impose the
restriction right in the regression equation and then run an unrestricted regression on
the new variables.

Proposition 10 Denote the unrestricted residuals as u = y — X B and the restricted
residuals as:

=y—XF =y—- X +X3-XB=u+X(- 5.

Thus, / R R
utut = [u+ X (6= 8)'[a+ X (8- 67)).
U*/u* _ @4‘ (RB . T)/[R(X/X)flR/]fl(RB . 7") )
BESSp  ESSy >0

Thus (following intuition), the Restricted Error Sum of Squares is at least as big as
the Unrestricted Error Sum of Squares.

19



6.2

6.3

Statistical Background

A few facts from EC623. If X is an nxl vector ~ N(u,X), then Z = AX +C ~
N(Au+ C,AXA").

The marginals of a multivariate normal are also normal.
For normally distributed random variables, independence < zero-covariance.

Quadratic forms of standard normals are chi-squared. Thus, if Z is standard normal,

7'AZ
—— = 1A~ (),

with n = Z/o ~ N(0,1).

Linear forms and quadratic forms in X are stochastically independent. Two quadratic
forms in X are also stochastically independent if BA = 0.

Unbiasedness and Efficiency

Consider a random sample, 21, ..., z,, with distribution F(z1,...,2,;60). Consider an
estimator:

0=0(z,...,2).
Where 0 € O.

Then we say that 6 is unbiased if:

Eg[é]:/é(zl,...,zn) dF(z1,...,230) =60V 6 €O.

f(z1,....2n,0)dz1dz2a...dzn

What about efficiency? One thing we could do is compare the efficiency between two
estimators. Consider the variance/covariance matrices of two unbiased estimators:

~ ~ ~ ~ ~

%y = E[(6 — E[9))(6 — E[9))] = E[(9 — 6)(6 — ).

%5 = E[(0 - E[0)(0 — E[0))') = E[(0 - 0)(0 - 0)'].

We say that § is efficient relative to 6 if and only if 35—, is a POSITIVE semidefinite
matrix for all § € ©.

If 6 is simply one parameter, we are just saying that the estimator with the lowest
variance is the most efficient. For many parameters, we also include this criteria but
make considerations about the covariance terms as well.

Suppose we want to estimate a linear combination of the #’s. So,

d=c70=ci0+ -+ cnbpn.

20



6.4

Two estimators might be:

)
b =c4.
So,
Var(d) = El o))
= E[(CIQA— 6)?]
— Bl(¢(0-0))]
lar
= E[(d(0- ))(Cf 0))]
= E[(¢(0- 0))((0 = 0)c)]
= CE[(0-0)(0-0))c
= d¥e
Similarly,

Var(¢) = ¢ e
So, QAS is efficient relative to ¢ if:
Var(¢) — Var(p) = ¢Szc — dSye = (S5 — Sg)e > 0.

Definition: ( = (X'X)"'X'y = Ay is BLUE, Best Linear Unbiased Estimator, if it
is efficient for all A.

Cramer-Rao Lower Bound

Is there a lower bound to the variance of an unbiased estimator 7 Yes.

Suppose z = (21,...,2,) . Consider some parameter that is a function of the z’s with:

Ell(2)] = /é(z) L(z,0)dz=0VY 0 € O,
——
density
so f is unbiased.
Assume [ L(z,0)dz =

More next time.

21



7 Lecture 7: February 17, 2005

7.1 Cramer-Rao Inequality

e Cramer-Rao provides a lower bound on the variance of an unbiased estimator.

e Consider an estimator, § = §(Z), with likelihood, L(Z,6). If integration and differen-
tiation are interchangable, we have three results:

— (1) The gradiant of the likelihood function is zero:

E lalog L(Z,0) _0

00

— (2) Fisher information matrix, J:

0600’ '

(& /
-~

J(0)

5 D?log L(Z,0)
00’ 00

e [8l0g L(Z,0) dlog L(Z,6)

So on the right we have the variance/covariance matrix of the gradiant of the
likelihood function which must be positive semidefinite, and on the left we have
the negative of the hessian. Since when we do ML estimation, we maximize, it
makes sense the matrix of SOC’s should be negative semidefinite, so clearly the
negative of the Hessian should be positive semidefinite.

— (3) The covariance between 0 and the gradiant is equal to the identity matrix:

/é(Z)de - /é(Z)ML(Z, 0)az = E |6(2)2109 LZ:.0)

6(2)——, = I

00 00

This follows because:

/é(Z)L(Z, 0)dZ =0,

because 0 is unbiased. And then differentiate with respect to 6 to get the result
in (3).

e Proposition So Cramer-Rao says that suppose f is unbiased and suppose the three
conditions above hold (since differentiability and integration are interchangable). Also
assume that L(Z,0) is C?. Let $;(6) be the variance/covariance matrix of 0. Assuming
J(0) is non-singular:

¥4(0) — J7H(0) > 0, Positive Semidefinite.

So the inverse of J, the Fisher information matrix, is a lower bound on the vari-
ance/covariance matrix of ¢, an unbiased estimator.

22



e Proposition Assume the model is y = X3 + u with u ~ N(0,0%I). Assume X has
full rank. Then the ML estimators are given by:

B=(X'X)"'X"y.
o 1

0 = —u'u.

T
Note we are now assuming NORMALITY! The OLS estimator for the variance is
@'0. We will show that 62 is unbiased while the ML estimate

is biased. We also know that both the ML estimator and the OLS estimator for
the variance does NOT attain the Cramer-Rao lower bound, while the OLS and ML
estimator for 3, both 3, does attain the lower bound. What is the lower bound? It’s

going to be 62 =

this:
O'Q(X,X)_l 0
J = 0 20*
T

e Under normality, we have the model:
y=XB+u, u~ N(0,0%).

Then:
Y ~ N(XB,UQI).

To find the J inverse matrix above, right out the likelihood function (multivariate
normal) and differentiate twice!

e Proof that the J matrix is a lower bound. Consider the following variance/covariance

matrix:
. A ~ Olog L
6 V(o) Cov(l), ——) S,(0) I
©=VC| dlog L(Z,0) | = Cov(d dlog L Ve alogaeL - [ 9] J] =
o0’ vt 55 o)

Where the last matrix comes from our three results above and since the variance/covariance
matrix positive semidefinite, © is positive semidefinite. Now consider:

I —J'-e- I —JY=x0)-J"9) >0.

Again since © is positive semidefinite, this signs our result. Since the result is posi-
tive or 0, we have shown that the J inverse matrix clearly is a lower bound for the
variance/covariance matrix of our unbiased estimator. Well, maybe not clearly!

7.2 Small Sample Properties of the OLS Estimators

e Here, we do not necessarily assume normality. We do assume the following:
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— (A1) E(u) =0.
— (A2) Eluu/] = o?1I.

— (A3) X is non-stochastic and has full column rank.

e Our model is y = X3 + u where the distribution of u is not necessarily normal.

Properties of B

e Proposition 1 B is an unbiased estimate for (.
Proof: R
B[] = E[(X'X)"'X"y] = (X'X) "' X'E[XB+u] = 5.

Note we need that the X’s are non-stochastic and that the EFfu] = 0 to complete this
proof.

e Proposition 2 Let B be any solution to the normal equations. Then X B is an unbiased
estimator for X3 even if the Rank(X) is less than K. Thus the systematic component
is unbiased.

e Proposition 3 The variance/covariance matrix of 3. Note that 3— 3 = (X' X)X u.
So,
VC(B) = E[(B - B)(B —B)] = BI(X'X)" X uu/X(X'X)™] =

= Blud|(X'X) ' = (X'X) L.
So this depended crucially on A2. If we didn’t have A2, we would get:

VO(B) = (X' X)) X'QX(X'X)7,
where 2 = Euu/].
e Corollary So if u ~ N(0,0%I), then:
y ~ N(XB,0°I),
B~ N(B,o* (X' X)),

e Proposition 4 The Gauss Markov theorem. Given A1-A3 are satisfied, the OLS
estimator, 3 is the best linear unbiased estimator (BLUE) for S.
Proof: Suppose 3 = Cy is some linear unbiased estimator. Note that for OLS, C' =
(X’X)7'X’. Let D be the difference between C' and the OLS “C” term:

D=(X'X)'X'-C.

Or,
C=(X'X)'X"-D.

Thus,
E[3) = E[Cy] = CEly = CXB = [(X'X)™'X' = D]X3 = 3 — DX}.
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Thus since B is unbiased, DX = 0. 3
Now consider the variance/covariance matrix of 3. Note that:

f=Cy=CXB+ul=CXB+Cu=[X'X)"'X'—D|XB+ Cu=p+ Cu.

X'X)'X' - D)(X'X)'X' — D)

X'X)'X' - D)(X(X'X)™' —= D)

X'X)T'X'X(X'X) '+ DD+ (X'X) ' X'D - DX (X'X)™]
0 0

= [(X'X)"t + DD
— VC(B)+o*DD'

Thus, ) )
VO(B) - VC(B) =ao*DD’ > 0.

Thus B satisfies the 'best’ part of BLUE. It has a lower variance than any other linear
unbiased estimator.
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8 Lecture 8: February 22, 2005

8.1 Small Sample Properties of the OLS Estimators
Properties of 62
e Denote:

Eu}] = o2

e How should we estimate 02? If we know the u’s, then:

&Zz%Zuf

1
E[6%) == Elu] = ?Ta2 = o>

And,
4

R 1 T(pa—0") pa—o
Var(6?) = 7 ZVar(uf) = T =—F

Where does this last equality come from? Denote E[u}] = p4. Then:

Var(ui) = E|(uf — B(«}))’] = Elu}] = [E@))]* = pa — [0°]* = pua — o™,
e If we do NOT know the u’s, then:

S2:T—1KZ€L?

is our natural estimator. The reason we divide by T'— K will be apparent soon. We
can rewrite u as follows:

G=y—XB=T—-X(X'X)"'X")y=My=MX3+u)=MX3+ Mu= Mu.
0
So,

s uu u'Mu
" T-K T-K

S

e Proposition 5 E[s?] = o2

Proof:
E[u'Mu) = Eltr(u'Mu)] = E[tr(Muu')] = tr[E(Muu)] = tr[M E(uu')] =

= tr[Mo*I] = o*tr[M] = o*(T — K).
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8.2

So,
u' Mu 9

E[s?] :E[T_K] =0,

unbiased.

Proposition 6 Given u ~ N(0,02I). Then,

w'h 9
— ~x (T - K).

g

Proof:

Wa _u'Mu _ (g) M (E) ~ (T - K).

o2 o2

{5

N~
Std Norm Std Norm

This follows since a quadratic form in standard normals with M, a symmetric, idem-
potent matrix, results in a chi-squared with degrees of freedom equal to: rank(M) =
tr(M) =T - K.

Prediction

Suppose we have the following model:
yt=a+bxt+ut, t=1,...,T.

And suppose we have S future (out of sample) values of z; that we would like to look
at and determine both the expected value of y and the estimate of y itself. Thus our
future relationship might be:

Yo = Xof3 + uo.
Then,
Elyo] = Xof.
Then a natural estimator for E[y,] of course is:
Yo = Xof3.
So clearly,
Elyg] = Xop.

Our guess for yo = Xof + up would also be XOB but only if we can make the following
assumptions:

Elu] =0, E[uy] =0, Eluv'] = oIy, Eluguy] = 0*Is, Eluuj) = 0.

Thus,
E[yo] = ?Jg = Xof3.
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e So now consider properties of yj. We have shown E[y)] = Xf. Also,

VC(ys) = Ellys — EW)) (o — E(wp)]
= E[(Xof — XoB)(Xof — XoB)]
- E[Xo(ﬁ—ﬁ)(Xo(ﬂ—ﬁ))]

e How about the error in our prediction? Consider:

Uo:yo—yg:yo—XOB:X05+U0—XOB:U0—XO(B—@)-

So,

Elvo] = Elug — Xo(8 — B)] =
Also, since ug are the errors from the out of sample observations and B is estimated
using the original sample, uy and Xo(8 — ) are independent. Thus,

VC(vo) = VC(uo)+VC(Xo(5~P))
= o+ X VOB — B)X}
= oI, + Xoo? (X' X)X}
= (I, + Xo(X'X) ' X))

So the variance of the prediction error comes from the variance of the out of sample
observation as well as the error in estimating the original coefficient.

Consider the simple regression:
Y = a + bxy + uy,

and consider estimating a single out of sample observation zy. Then, it can be shown
— I tried and failed — that:

1 xo — T2

2 0

o T4 = =
vo o’ T > (z,—7)?
See G-8.1. It is clear from the formula that more observations in sample will reduce
the variability of our prediction error. Also, the further x is from Z, the worse we do,
ie the more out of sample we try to predict, the more possibility of error.

7)

e Proposition 9 The estimator of 42 = X3 is BLUE. Ie,

= Xof = Xo(X'X) ' X'y = Py,
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is linear in y and P = Xy(X'X)" ' X" is the best (smalled variance) estimator.

Hypothesis Testing
Assume A1-A3 holds plus:
(A4): u~ N(0,0%).
Lemma Given A1-A4, y ~ N(Xf,02I) and § ~ N(3,0%(X'X)™1).

Hypothesis:
Hy: R3=r, versus Hy: R{ #r.

Recall: A )
ESSg = ESSy + (R3 —r)'[R(X'X)"'R|™Y(RG —r).

Proposition F-Test. Suppose R is GzK and rank(R) = G. r is Gzl and 3 is our
OLS estimator. Then under the null that R3 = r,

(ESSk — ESSy)/G (RS —r)[R(X'X)"'R]"'(R3—1)/G

PTUESSIT-K) T (- XDy XA —K)

F(G,T - K).

Proof: Under the null,

RG—r = RX'X)'X'y—r
= RX'X)'X'(XB+u)—r
= RB+RX'X)"'X'u
= RX'X)'X'u+ RB-7
N——
=0 under Hy

= RX'X)'X'u

So consider the numerator of our test statistic:

ESSp— ESSy = (RB—r)[R(X'X) R RS —r)
= (RIX'X) ' X'u)[RX'X) 'R N R(X'X) " X u)
=« X(X'X)'"RIRX'X)' R R(X'X) ' X u

-~

A

= 4 Au
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It is clear that A is idempotent and symmetric with tr(A) = rank(A) = G. Now
consider the denominator:

ESSy = d'd

So our test statistic is:

B wAu/G
~ w'Mu/(T - K)

Further note that:
MA = MX(X'X)”R’[R(X’X)”R’]*1R(X’X)*1X’ =0,

because M X = 0. Thus, rewriting our statistic:

u Au
- e 5 (<)
F= UIMU/(T—K) -5 F(G,T - K).

o2

So we have a quadratic form in standard normals on top (divided by the rank of A)
which gives us a x*(G) and on the bottom is a quadratic form in standard normals
(divided by the rank of M) which gives us a x*(T — K). Since M A = 0, the ratio of
these chi-squares is F'(G,T — K). Nice.
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9 Lecture 9: March 1, 2005

9.1 More on Hypothesis Testing
F-tests and t-tests

e Recall, under the null of the restricted model:

ESSk — ESSy)/G

_
F =58, = k)

~ F(G,T - K).
See G-9.1. If F is large, maybe the restriction is NOT valid so we should reject the
null.

e Note that the F-statistic corresponds to other tests of model restrictions including the
likelihood ratio test, the Lagrange mulitplier test, and the Wald test.

e Proposition 3 Test of significance of ;. Under Hy : 3; = 37, the so called “t-ratio”
is:

A oo
I s Aoy
56,
Or,
5 oo
t= & ~t(T - K),
SZ(X/X)u

where s? = @/'a/(T — K).
e Note that F' = t? where F is the F-stat for 3; = 5?. Why?

Bi = 5
2(X/X)i
Bi = B /o /(X'X)"
s/o
N(0,1)
s/o
N(0,1)
Vi'a/(o(T — K))
N(0,1)
VuMu/(o?(T — K))
N(0,1)

- er-n TR

The last line follows from the fact that the numerator and denominator are indepen-
dent. Thus t? = F(1,T — K).
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e See G-9.2. Given the hypothesis Hy : 3; = Y versus Hy : 3; # 37, we reject at the 5%
level if:
t| > to.g7s,

or,

~

|Bi — Bil > to.grs * 54,5

or,

B ¢ (Bz + 750.9758@).

Definition: The p-value is defined as:

p = Prob{|t| > tops}-

Rule of thumb. Accept if ¢ > 2. Note for N > 30, t & Z so tggrw = Zggr5 = 1.96.

Only do one-sided tests if you know for sure the coefficient should be positive, negative,
or on some side of a constant. One-sided tests are more efficient.

Proposition 4 Test of the existence of a relationship. Consider the model:
Yr = 1+ oy + - - + Br T + wy.
Hypotheses:
Hy:pBy=---=0rg =0, versus Hj : at least one coefficient not zero.
Thus the restricted model would be:
Yo =B +w = Bir =7, up =y — ery.
Thus the restricted sum of squared error:
ESSp =upur =Y (4 —7)> =TSS.
And the unrestricted sum of squared error:

ESSy =4'u= ESS.

32



Note T'SS = RSS + ESS. So consider the following statistic:

(ESSp — ESSy)/G
ESSy /(T — K)

ESSy /(TSS * (T — K))
(TSS — ESS)/(TSS  G)
ESS/(TSS + (T — K))
ESS
T39S (T — K)

R*/G

(1-R)/(T - K)

F =

And this is the F-test for a regression relationship.

Proposition 5 Chow Test for a Structural Break. Suppose we think there might be
a break in the data such that the coefficients might change in the two subsets. (Say
pre-war and post-war time series data). Consider two regressions:

y' = X'B+u', (T, observations).
y* = X?3* +u?, (T, observations).

So Ty + Ty, =T and T1,T5 > K. So we are testing the following hypothesis:
Hy: (6 =p3" wversus Hy: 3 # ("

We can write the unrestricted regressions as:

L0 e o]

These two regressions yield £SS; and ESS; such that £SSy = ESS; + ESS,. The
restricted regression could be written:

Lo ]

This regression yields E.SSg. Given these two regressions, consider the following test:

[ESSR — (ESS, + ESS,)|/ K
[ESS, + ESS,]/(T — 2K)

F = ~ F(K,T — 2K).

So if F' is large, reject Hy and conclude there must be a structural break.
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e A note on the Chow test when 7, < K. In this case, our second restricted regression is
NOT identified. Thus £SS5 = 0. Essentially, we are only estimating 75> parameters in
the second regression so there should be only 75 constraints. Also, for the unrestricted
ESS, we have T observations less K parameters in the first regression and 75 para-
meters in the second, thus, we should be dividing by T'— K — T, = T} — K. So the
statistic becomes:

[ESSR — ESSI]/TQ

F* =
ESS /(T — K)

~ F(TQ,Tl —K)
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10 Lecture 10: March 3, 2005

10.1 Asymptotic Theory

e So far, we have been assuming normality of the disturbances to do hypothesis testing.
Is it necessary? Consider an estimator:

0=h(yy,....Y,),

where h(-) is a non-linear function. To determine properties of é, we need to know
something about the distribution of the Y’s. We would like to have a distribution free
way of considering properties of our estimators.

e Two ideas will be considered: Consistency and Asymptotic normality. It is unani-
mously accepted that consistency is a fairly minimal restriction to place on our esti-
mator.

e Suppose:

- 1
0, = =SV, Y ~iid (6,07).
nZ iid (6,0°)

Thus, X
E[6,] = 6...consistent.
2

- o
Var(6,) = —.
ar(6,) -
e We also might consider the distribution function of our estimator:
Gn(y) = Pr{0, < y}.

Since the variance of our estimator goes to zero as n — oo, the distribution G, (y) will
become degenerate at 6. See G-10.1.

e Denote:

Thus:
E[Z,) =0, Var|Z,] = o>

By scaling our estimator by just the right amount, we can get a new random variable
(estimator) that will have a non-zero and non-explosive variance in the limit.

e Now consider the distribution of Z,,:
F.(Z)=Pr(Z,< 2).

F,.(Z) will NOT collapse as n gets large and it will be shown (via the Central Limit
Theorem):
Fo(Z) — F(Z) where, F(Z) e~ N(0,0%).
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e Thus, for finite n, (since in the limit, it is exactly normal)
Zn = N(0,0?).

Solving Z,, for 0,:

N 1
0,=0+—2,.
+\/ﬁ
Thus,
2

- o
0, ~ N0, —

0. %)

2

Finally, if Y; ~ did N(0,02), then 6, ~ N(0, ) exactly.
n
Modes of Convergence

e Note that estimators are always random variables so we will usually talk about random
variables (or vectors) but the analysis also applies to estimators. Let Z,, be a sequence
of real numbers such that:

limy,_ooZn = Z.

What does this mean? Precisely,

Ve>0,3N 3|Z,—Z| <e¥Vn>N.,.
e For random variables, we say that the random variable converges if some sequence of
reals converge.

e Definition: Convergence in Probability. A sequence of random variables, Z,,, (weakly)
converges in probability to a random variable, 7, iff:

limy oo Pri{|Z, — Z] <€} =1V e> 0.

Also denoted:
plimy, oo Zp = 4.

Z, =t Z.

e Definition: Almost Sure Convergence. A sequence of random variables, Z,,, almost
surely converges to a random variable, 7, iff:

Pr({w € Q :lim,—oZn(w) = Z(w)}) = 1.

Also denoted:
Zy —Y 7.

e Theorem: A sequence of random variables, Z,,, almost surely converges to a random

variable, Z, iff:
limp—ooPr{|Z; = Z| < eVi>n}=1Ve>0.
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So this is an alternate definition for almost sure convergence and from this you can see
that it is a stronger condition than convergence in probability.

Definition: Convergence in the r* Mean. A sequence of random variables, Z,,, con-
verges in the r* mean to a random variable, Z, iff:

litn—ooE[|Z, — Z|"] = 0.

Also denoted:
Z, ="t 7.

If r = 2, we say that the sequence converges in the quadratic mean.

Theorem: If Z, —"~*" Z for some r > 0, then Z,, —? Z.
Proof: Consider the following:

El(Z, — 7))

ET‘

0<Pr(|Z,—Z|>¢€)=Pr(|Z,— Z|" > €") <

Take limits:

_ lim E[(Z, ~ 2)]

0 <lim Pr(|Z, — Z| > €) =lim Pr(|Z, — Z|" > €") 0
m €"

(.

~
0 by ass.

0<lim Pr(|Z,—Z| >¢€) <0.

Thus,
Pr(|Z,—Z|>¢)=0= Z, =V Z.

Corollary If E[Z,] — ¢ and Var(Z,) — 0, then Z, —?" c.
Proof: Note that we can write E[(Z, — ¢)?] = E[(Z, — E[Z,))*] + (E[Z,] — ¢)?, or the
MSE equals variance plus square of the bias. This must go to zero by assumption.

Thus,
E[(Z, — 6)2] '

2

0< Pr(|Z,—c|>¢)=Pr(|Z,—c|* > ) <

€
Taking limits:
Pr(|Z,—c|>€¢=0= Z, =" c.

So, we have the following implications:
Ly = 7 = 7, =P 7.

Z, ="t g — 7 P 7
Zy —P 2+ Z, ="t 7.

Zy =% 7 5 7, =" 7

So far, we have been dealing with a single random variable. Suppose now that Z, is a
k dimensional random vector and Z is k dimensional. Then convergence in probability
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could be written one of two ways:

Pr(|Z,—Z| <e)=1Ve>D0.
———
euclidean dist
Pr(|Z9 —ZO <n)=1VYn>0,i=1,...,k

Where the euclidean distance is as usual:

Convergence of OLS Estimators
e To do this example, we need some results which will be studied later in the course:
— (1) plim (W,, + V,) = plim W,, + plim V,,.
— (2) plim (W, x V,,) = plim W,, x plim V/,.
— (3) plim (W,,/V,,) = plim W,,/plim V,, if plim V,, # 0.

— (4) plim g(W,,, V,,) = g(plim W, plim V,,) if g(-) is continuous at the probability
limilts. Note how this is different from the expectations operator which you can’t
bring inside. A nice advantage of plims.

e Consider the regression model:
Y, = axy + uy, up ~ 1id(0,0%).

Assume the z’s are non-stochastic and:

3wt

Thus, the OLS estimator for a is:

4= T _ > w(ax, + uy) —at > Ty —adt LTy v
doap > doxp /Ty xf

Take the probability limit:

l/Tthut
1/T > x?
plim 1T xyuy
plim 1/T Y a2
lim 1/T
o + Phim JT > xpuy
q

plima = plim a+ plim
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Now let ¢, = 1/T > xyu;. Thus, Ef,] = 0 and:

1 1
Var(y,) = T2 Z Var(xyu) = il Zx?UQ -2 xf

So as T — oo,

. T g 2
limr_oVar(vy,) = limr_s T T th =0
v
q
Thus, by our previous corollary, plim v, = 0. So,
. 0
plim a =a+ — = a.
q

So we say that a is a consistent estimator for a.

39



11 Lecture 11: March 8, 2005

11.1 Convergence in Distribution

e Motivation. Suppose 0, —? 0. Let G,(z) = Pr(f, < z), the cumulative distribution
function of 6,. Then if 6, converges in probability to 6, we can think of the CDF and
PDF acting as shown in G-11.1. The density will peak at § and the cumulative density
will become a degenerate step function at #. Thus the limiting distribution is:

0 z<@0
G(Z):{ 1 2>0

Thus, lim,—.Gr(2) = G(z) for z > 0 and z < . However,
lim G, (2) # G(z) for z=16.

Why? Because, at this point, G(z) jumps from 0 to 1 and we can can’t say anything
about what happens to G(6).

e So whenever 6, —? 6, looking at G, (z) doesn’t gives us much because the distribution
is degenerate.

e Now consider a transformed random variable:
Z, = /n(0, — 0).
Suppose Z, has distribution function F,,(z) and suppose:
F.(z) — F(z) = ®(z), normal.

Then we have a scaled version of our estimator that does NOT degenerate! Trick is
choosing the right scaling factor.

e Definition: Let Fi, F5,... and F' denote CDFs on . Then F,, weakly converges to
Fif:
limy,—ooFn(2) = F(z), V z € R that are continuity points of F'.

Note that this qualifier about continuity points deals with the situation of degenerate
distributions. So if Z;, Z,,... and Z are random variables with distribution functions
Fi,F,, ..., and F then we say that Z, converges in distribution to Z if F,,(z) — F(z).
Also written:

Zy 7.

e Results:
Convergence in Probability = Convergence in Distribution.

Convergence in Probability <= Convergence in Distribution.
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e Consider an example. (uy, x;) are iid sequences, mutually independent. FEfu;] = 0.
E[u?] = 0% E[z}] < cc. Denote:

A ziCtUt
0, =106 )
SRR S

1 1
Let V, = T S zpuy and Wy = T S" a2 Thus,

E 2] +2
E[Vj] =0, and Var[Vj] = [”;2]" —0asT — oo.
V 2
E[W,] = E[z?], and Var[W,] = % —0asT — oc.
So, from previous results,
VT —P 0.
WT —P E[l’?]

Now consider a transformed estimator:
Zt == \/T(ét — 9)

This can be written:

_ 1/\/72%57%.

VA
: 1Ty o}
It can be shown that: )
d 0-
Zt - N(07 m_g)a
where m2 = E[z?]. Thus,
2
o
Zim N0, 75)

Now rewrite Z; for ét:
b= 0+ ——27, ~ N(6, 02)
t — ﬁ t ~~ ) ng .
What is a good estimator for m2? Answer: 1/T Y 2? = 1/T2'x. Thus,
0, ~ N(0,0(z'z)™").
So we say that 6, is a consistent estimator for 6.
e Theorem: Let ¢ € R, a constant. Then,

Z, =% c = Z, P c.

So convergence in distribution to a constant is equivalent to convergence in probability
to a constant.
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Proof (partial). Assume convergence in distribution and show convergence in proba-
bility. Write:

P(|Z,—c|>¢) = P(Z,—c<—€)+P(Z,—c>c¢)

(
= PZ,—c<—e)+(1-P(Z,—c<e))
= P(Z,<c—e)+1—P(Z,<c+e)
< PZ,<c—€)+1—-P(Z,<c+e)

= F(c—¢)—F,(c+e)+1

Where F,(z) is the CDF of Z,,, which equals:

0 z<c
e ={ ] 50

Thus ¢ + € are continuity points of F. Since Z, —% c,
F.(c—¢€) — F(c—¢)=0.
F.(c+¢e)— F(c+e) =1
Thus,
0<P(|Z,—c|>€) <F,(c—€)—F(cte)+1—-0—-14+1=0.
So P(|Z, —¢c| >¢€) =0 and Z,, =P ¢. QED.
Definition: Let Fy, F, ... and F denote CDFs on ®*. Then F), converges weakly to

Fif:
iy 0o Fn(2) = F(2) ¥ 2 € R* that are continuity points of F.

Theorem: Weak convergence of F, to F' implies weak convergence of FW to FO and
Z, —% Z implies Zr(f) —@ 7 8o convergence of the multivariate distributions impiles
convergence of the marginals. The opposite is NOT true!

Theorem: Cramer-Wold Device. Let Z;, Z5,... and Z denote random vectors taking
their values in %**. The following are equivalent statements:

- (1) z, = Z.
—(2)dZ, =1 Z, ¥V a e R~
— (3) dZ, =1’ Z, ¥V a € R* with ||a]| = 1.
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12 Lecture 12: March 10, 2005

12.1 Cramer-Wold Example

1
e Consider a; non-stochastic with lim — > a? = ¢ > 0. Let u; ~ 4id(0,0?). Then by the
n

central limit theorem:
1 « p
—— Z a;u; — N(O, 0'2(]).
vn i=1

e Given this, consider X,,, a sequence of non-stochastic nxzk matrices with,
. 1 , . . .
lim —X'X = @, positive definite.
n

Let u = (uy,...,u,) with u; ~ 7id(0,0?). Then,

%X’u — N(0,0%Q).

e Proof: Consider: )
Zy,=—=X'
N
a kxl vector, and:
Z ~ N(0,0%Q).

Want to show that Z,, — Z. Pick an arbitrary a. Thus,

o Z, = o' X u.

1
NG

Note that Xa = a is nxl Thus,

1 1
o7, = %a/u = % Zaiui.
Note that: ] 1 1 1
—_ Za? = —a/a, = —O/XIXa = Oé/—X/XOé.
n n n n
So,

1
lim ~ 3" a? = o' Q.
m Z a; =o' Qo
We need to use Cramer-Wold to show that:
oZ, =1 ZN o= Z, - Z.
If a = 0, this holds trivially. If o # 0,
lim lZaz =d'Qa>0
n ¢ ’
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So the condition on the a;’s is satisfied. Thus, since u; ~ iid(0, 0?),

1 1
o7z, = %a'u ~ N(0, Ea,O'QCL) = N(0, 0% Qaq).

Also,
o' Z ~ N(0,0%Qa).

Thus,
oZ, = ZN o= Z, > 7.

This establishes the result. Note that most CLT’s are written in scalar form, but we
can scale up to any vector or matrix using the Cramer-Wold Device.

12.2 Properties of Limits

o Let W,, V,, and U, be random vectors that converge in probability to W, V', and U.
We have the following results:

W, =P W and V, —? V then Z, = [Wy, V]! —7 [W, V]’
- W,£V, =PW V.

WV, =P WV

— W, /V,, =P W/V if V 2 0 with probability 1.

e Theorem: Slutsky’s theorem. Suppose Z,, —P Z. Then,
9(Z,) =P g(Z) provided g(+) is continuous at Z.
Or written another way,
plim g(Z,) = g(plim(Z,,)) provided g(-) is continuous at Z.

This a pretty important result since you usually can’t interchange the operators like
this. It comes from the calculus result:

limy,—o0g(ay,) = g(plim a,,) provided g¢(-) is continuous at a.
—_———

So if Z,, = (W,,,V,,,Uy,) and Z = (W, V,U)" with Z,, —P Z, then:

9(Z,) = 3W2 42U, /V,, =P 3W? + 2U/V, provided V # 0.
e Slutsky’s theorem also holds for Almost Sure Convergence and Convergence in Distribu-

tion. A note on convergence in distribution though. Suppose Z,, = [W,,, V,,,U,| —? Z.
Then,

9(Zy) = 9(2).
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But!! :
W, =W, V,, =4 V.U, -1 U » Z, — Z.

So even though the marginals converge, the multivariate distribution of Z,, need not
converge! For 7.p. and a.s. convergence, we're ok, the causation goes both ways, but
for convergence in distribution, we can’t go from marginals to multivariate.

It W,, V,, and U, all converge in distribution to constants, then Z, does necessarily
converge in distribution to Z.

All of these properties apply to random matrices as well as random vectors.

Corollary Important result:
plim W, ' = (plim W)™,
only if W,, is non-singular.
Corollary Let W,,, V,, be sequenes of kx1 and [z1 random vectors and let:
W, —¢W,

V., =P c.

Then,
W, +V, =4 W +¢, and WV, =4 W'e,

and specifically for ¢ = 0,
W'V, =P 0.

Example. Consider:
1 1
B+ (=X'X)"=Xu.
-~ N n
Y A W,

Bn:

1

Suppose —X'X —P @, positive definite. Then A,, —? Q. Under typical assumptions,
n

W,, —P 0. Thus,

plim B, = plim(V,, + A,W,) =V + AW =6+ Q ' %0 = 6.
Corollary Quadratic form convergence. Suppose:
W, —=*W, B, —" B.

Then,
W' B,W, —* W'BW.
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Thus, as an example,

1 1 1

U X (X' X)X = —=u'X (- X'X) —=X"u— ZQ7'Z
NZD n NLD
h,_/\—/—/

—dz/ —rQ~! —dz

12.3 Laws of Large Numbers

e Consider a random vector Z; with E[Z;] = p;. Then under what conditions does:
1< »
= (Z— ) =" 0.
[

These conditions are called the Law of Large Numbers (LLNs). We could also write
the question as follows. Suppose:

1 _
- E He — [
n

When does: )
n

Many consistency results involve sample averages so these laws give us a lot of infor-
mation.

e Theorem: Kolmogorov Strong Law of Large Numbers. Given:
Zy ~iid with E[Z;] = p < 0.
Then,
1 - a.s
—Z(Zt—u) =470,
n
t=1
Or,

1 - a.s.

So for 72d random variables, we just need a finite mean to get this LLN result.

e Corollary Suppose:
E[|Yi]] = Ellg(Z)]] < oo
le, Y; = g(Z;) = Z?, where Y; is iid since Z; is #id. Then:

1 n
=Y, - B[y,
n t=1
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Or,
1 n
=N 72 e B2
n p t [ t]?

Thus if the second non-central moment is finite, then we can show the average second
sample moment converges to the population moment. We could extend this to higher
moments as well.
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13 Lecture 13: March 15, 2005

13.1 More Laws of Large Numbers

e Theorem: Chebychev’s LLN. Consider random variables, Z;, with E[Z;] = p, and
Var(Z;) = o?. Assume:

1 2 2 1 2
ﬁZO‘t — 0" = EZ@ — 0,
or the average variance converges. Then:
1
2 (Ze= ) =0

13.2 Central Limit Theorems
e Consider Z; independent with Var(Z;) = o2. Define:

Y, = % Z(Zt - Nt)‘

Then E[Y,] = 0 and Var[Y,] = ¢%. So clearly Y,, ~ (0,02). What is the probability
law of Y,,?7 We appeal to the following CLT.

e Theorem: Lindeberg-Levy CLT. Consider Z; iid with E[Z;] = 0 and Var(Z;) = 0% <
oo. (Note if the mean was not zero, we could just demean). It follows that:

1
= Z Zt _)d N(OaUQ)a
ﬁ t

regardless of the distribution of Z; !! Z; just has to be 7id.

e Corollary Suppose Z; is kxzl ~ iid (0,%) with ¥ finite. Then,
1
Y,=—Y Z =Y ~ N(0,%).
>
Proof (Via Cramer-Wold). Consider o'Y,, and o'Y".
A S
n \/ﬁ t ~ t-

Then,
Vi ~ tid (0, a'Sa).
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And by the CLT above,
1

/
Yy
a N

ZVt -2 N(0,a'Sa).
t

Also,
'Y ~ N(0,d'Sa).

Thus, by Cramer-Wold,
Y, »4dY =Y, =Y.

e Theorem: Lindeberg-Feller CLT. Consider Z;, an independent random variable with
E[Z)) = 0 and Var(Z;) = 6 < oo (so not necessarily identical). Denote:

n
2 . 2
Tn) = Z Tt
t=1

and,

Then if the Lindeberg condition holds (below),

1
— Y 7, -" N(0,1).

U(n) t

The Lindeberg condtion states:

1
[ TE[|Zt|2]1(|Zt| > ea(n))} —0Ve>0.
Tn)

So this is a pretty strange condition. Consider the case when Z; is iid. The condition
becomes: .
limy, o —5n % E [\Z\?MZ\ > eﬂa)] —0Ve>0.
no’ NG g

-~

Q
And when is the indicator function equal to 1?7 Only when |Z|? > ey/no. Or,

BlQl =2 [ |2Pf(2)az

no

So this is saying that this expectation cannot be too large! It means that the tails of
the distribution cannot contain too much mass for this condition to hold. A better
condition follows.

e Definition: Lyapounov Condition. This is stronger than the Lindeberg condition but
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easier to verify:
1
2196 Z |Zt’2+5 — 0, for some § > 0.

%(n)

e Finally, we can write the condition as the following two sufficient conditions:

1

1
2 2 :
Ol = E o, — 1, with 0 < < o0.
n ™ - e, Wi v

1 n
Supy - E E[|Z*"] < ¢ < .
=1

If these two conditions are satisfied, then the Lindeberg-Feller CLT holds. Basically
we need the average variance to be finite and a “bit more” (delta) than the second
moments to exist.

e Theorem: Consider Z, as independent random variables with E[Z,] = 0 and Var(Z,) =

1. Denote some constants: o, 03, .... Denote:

7y =012, = E[Z] =0, Var|Z] = o}.
Make the following assumption:

Maxi<i<n {07}

Z?:l 0t2

This means that one variance cannot dominate the others. The distribution must not
be too skewed. Then it follows:

— 0, as n — oo.

1 n
Nz, I N(0,1).
(203)1/2; '

e Example. Consider the regression model:
Y, = 248 + uy, uy ~ id(0,0%), x, nonstochastic.

Then,
> xu

Make the following assumption:

Mazy<i<n {27}

Z?:1 :L‘%

— 0, as n — oo.
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Note, that even with this restriction (that none of the z’s dominate), we still can have
growing regressors: let 2, = v/t. Then,

Maz<i<, {22} n n
7—1 — — n = —
Db T >t n(n+1)/2

So what happens to > zyu; 7 Denote:

Z, =2 ~id(0,1).
o
And,
Ot = OX¢.
Thus,

Uy
Zt = O—tZt = O'I't; = TUg.

Notice that E[Z,) = 0, Var(Z,) = 1 and E[Z;] = 0,Var[Z,] = ¢?. We also have the
assumption that none of the x’s dominate. Thus, using the above result with Z; = x;u,
and 02 = x?0%, we have the result:

1

s L e~ N

Now consider,

A o Z Ty

Rewrite: .
PPN b oF Lokl
Covrraa
Or,
1
PPN o oF: Lokuilind

(th)l/z

Moving the term on the RHS over:

(Z I?>1/2(Bn —f)=o0 W thut _d N(0,02).

s

~
—4N(0,1)
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1
e Thus, without any assumptions on — Y zZ, we have:
n

Co = (3" a2)' (B, — B) = N(0,0%),
or,
C, =~ N(0,0%).
Solving for Bn,
. 1 1

Bn =B+ ch ~ N(B,UQW)'

1
e Consider the special case where — > 27 — ¢. Then consider:
n

_ L 22 1200 _ gy _d
An_(nzaﬁ)”nl 2(B, — B) =% N(0,02).

—ql/2
Rearrange:
1 .
A, (= 2-1/2 _ p1/2(3 _ g).
(=D a2 =n'2(5, - )

—q—1/2

So, call this new expression D,,:

P 1

D, =n'2(B, —3)= A, (= 2-1/2 _d N(0 g-1o2).

w23, - B) (A Sy i N0
—N(0,02)

—g—1/2

1
A good, consistent estimate of ¢ is — > z?. So,
n

1

D, ~ N(0, 0> 1
2
EZ%

).

So finally,
n~\2D, = n V223, — B) = B, — B ~ N(0,

Hence,

~ 1

L~ N3, 0% =—).
So our assumption on the convergence of n‘lag’x didn’t matter because of the CLT.
We get the same result for the distribution of j3,.
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14 Lecture 14: March 17, 2005

14.1 More on Central Limit Theorems

e Theorem: Suppose X is nzk, non-stochastic, and u; ~ 4id(0,0?%). Note we do not
assume normality. The OLS estimator as usual:

B — (X/X>71X/y’

or, )
B—B=(X'X)"X"u.
Scaling:
V(B - B) = (1/nX'X)1%X'u.
Assume:

1
~X'X — @, positive definite.
n

Then, the theorem says:

. 1

V(B = 8) = (1/nX'X)" —=X'u — N(0,Q'0’QQ™") = N(0,5°Q7").
~—_—— \/ﬁ

—Q1 N——

—N(0,0°Q)

e From this result, we an go further. Denote:

Th = \/E(B - ﬁ)

We have just shown that 7, converges in distribution to a random variable. Thus,

A 1
n — +— n —>p .
b=t =0
~~ —R.V.
—0

Thus Bn is consistent for . Since we scaled by y/n, we say that Bn is y/n-consistent.

14.2 Large Sample Properties of Estimators

e Suppose we have random variables, Y7, ..., Y,,, with joint CDF and PDF: F(yy,...,y,; )
and f(y1,...,yn;0). Suppose we have an estimator of 6:

én = én(yvla S 7Yn)

We say that 6, is unbiased if E[6,] = 6, or:

Eg[én] = /én(yl,...,yn)f(yl,...,yn;ﬁ)dyl...dyn:9, VOeo, Vn.
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e Definition: Let plim,,_.. ¢ denote the limit based on convergence in probability and

pllim,,_~ ¢ denote the limit based on almost sure convergence. Then we say 6,, for 0
is:

~

— (1) asymptotically consistent iff lim,, ... Ey[0,] =0V 0 € ©.
— (2) weakly consistent iff plimyf, =V 0 € O.
— (3) strongly consistent iff pllimgh, =0V 6 € O.

Weak constistency of an estimator is often just refered to as consistency.

e Note that none of the above definitions imply each other. All we do know is that if an
estimator is unbiased in the limit and its variance goes to zero in the limit, then the
estimator is (weakly) consistent.

14.3 Small Sample Efficiency

e Theorem: Cramer-Rao (again). Consider random variables, Y7,...,Y,, with joint
PDF, fn(yl,...,yn;H)L 0 € ©. Assume f, is C? with respect to 6. Consider an
estimator ¢, with E[f,] = 0 and variance/covariance matrix, ¥; (6). Denote the

Fisher information matrix as:

B O?Ln L(O;y1,. .., Yn)
0000

In<9) =

Then,
-1
24, (0) — (1n(0))
is positive semi-definite. That is, the inverse of the Fisher information matrix is a
lower bound for the variance/covariance matrix of ANY estimator of 6.

e Recall that the C-R lower bound need NOT be attained! You might get an efficient
estimator which does not attain the lower bound. For example, the OLS (and ML)
estimator for 8 does attain the C-R lower bound. However, the estimate of o2 does
not attain the lower bound (either OLS or ML), though it can be shown that they are
both efficient (or at least OLS is?). So we can’t do any better but we never reach the
lower bound.

e Definition: Asymptotic Normality and Asymptotic Efficiency. Suppose:

(0, — ) =% N(0,%).

Thus,

Then we say,



or that our estimator is distributed asymptotically normal with mean 6 and an “as-
ymptotic variance/covariance matrix” of 3 /n.

Definition: An estimator, 6, for @ € © C RE is said to be Consistently Asymptotically
Normal (CAN) with mean 0 and variance/covariance, 3 if:

Vb, — 6) = N(0,%).

Also, the estimator is said to be Consistently Uniformly Asymptotically Normal (CUAN)
if this convergence is uniform over any compact subset of the parameter space. Usually
all our estimators we deal with are CUAN.
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15 Lecture 15: March 29, 2005

15.1 More on the Asymptotic Distribution

e Suppose we have:

V8, — ) =% N(0,%).
Then, the asymptotic distribution of 6, is :

- 1
0, ~ N(0,=%;).
6, -5,)

e Now consider a different estimator:
Vn(6, — ) =4 N(0,%;).
Then we say that 6 is more asymptotically efficient if:

Eé-EéZO.

e Theorem Rao-Cramer. In the limit, the ML estimator attains the R-C lower bound.
Let 6,, be the MLE for 6. Then 6,, is a consistent estimator for 6§ and:

Vb, — 6) —* N(0,®),

with,
1
O = limy,_oo|—1,(0)] L.
i oe 1, (0)]

Where I, is the fisher information matrix. This implies:
6, ~ N(O,®/n).
Which we could estimate with:
6, ~ N(9,/n).

But note also that: )
b/n e [ L0 fn = 1O

Thus, )
0, =~ N(0,[L,(0)]".

e Theorem Suppose /n(f, — 6) —* N(0,%(6)). Then,
1
»(0) — zzmnﬁm[ﬁln(e)}—l >0V0eo.

Thus, if the errors are normal, the ML estimator is the best we can do. It may not be
the best under other distributions however.
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15.2 Limiting Distributions of the OLS estimators

e Consider the following model:
y= X0+ u.

Also consider the following assumptions:

— (Al) Efu] = 0.
— (A2) VC(u) = Eluv] = o*I,0% > 0.

— (A3) X is non-stochastic an full column rank and:
li ! X'X=qQ
M7 00755 = )
T—oo Q)
nonsingular, finite.
Assume A1-A4 hold in all that follows.
e Consider our OLS estimator:
Br = (X'X)'Xy.
And estimated variance:
't
T—-K
Thus @ =y — X = Mu with M =1 — X(X'X)"1X".

2=

e Prelimary results:

E[1/TX"u] = 0,
1 1, 11 1 o2
VO/TX') = Bl X'wi'X 7] = — = X' X Elun] = %X’X — 0.
—-Q

Thus, we have:
%X’u —P 0. (%).

Since the expectation and the variance both go to zero (this has been shown via
Chebychev in previous lectures).

e Another result: ]
—X'u =% N(0,02Q). (x%).

This is by the CLT 4.7. Note we could have used this second result to attain the first:

1 1 1
—X'u=——X'u—-"?0.
T VT VT

—_——
—dry
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e Thus (*) and (**) are the two key conditions that we need. In fact any set of assump-
tions (including A1-A4 above) that generates equations (*) and (**) are sufficient for
examining the limiting distributions of the OLS estimators. Consider an alternative
set of assumptions.

e Replace (A3) with the following:

— (a): regressors x;. = [xy1 -~ wyg| ~ did with E[z}x,] = Q, finite and nonsingular.

— (b) (z.) and (u;) independent.

Then, by Khinchines LLN, we have (*) and by Lindeberg-Levy CLT for iid RVs, we
have (*¥).
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16 Lecture 16: March 31, 2005

16.1 Asymptotic Properties of OLS

e Recall that our four assumptions from last time imply two key results:

1
?X’X — @, non-singular.

1
—X'u =% N(0,0%Q).
7 0.0°Q)

Regression Coefficient:
— Theorem B is consistent for #. Consider:
Br=(X'X)"'X'y = B+ (X'X) " X u.
Thus,

plim Br = plim |8+ (X'X) "' X"y
= B4 plim (X' X) 'plim X'u
1 1
= [+ plim (?X'X)’lplim TX’u
B Q 0= 0

Note this relied on Slutsky’s theorem a bunch of times including the fact that the
plim of the inverse of a matrix is the inverse of the plim, provided that plim of
the matrix is non-singular. So we say:

Br —P BV 3 € RE.

— Theorem Limiting distribution of Br. Consider:

1 1

Qo (! -1 = v/
Thus,
R 1 1
VT(r — ) = (=X'X)"" —X'u .
T JT
—>in1 dN 2
% —4N(0,02Q)
So,

VT (Br — 8) =* N(0,Q '0*QQ™") = N(0,0°Q ™),
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because Q=1 = Q~!, symmetric. Thus, we can solve for 3; and say that:
A L 51
Br ~ N(B, fU Q ).

However, 02Q ™! is unknown. But we can estimate o2 with s

1
?, and Q with fX’X,

S0,
A 1 1
Br m N(8, 72 (:X'X) ™) = N(8, 2(X'X) ).
We also call this the asymptotic distribution of BT.
Regression Variance: o
— Theorem s? is consistent for o2. Consider:
/\//\
s 't
TT ToK
T 1
= —u'M
T—rxr"' "
T 1
= —u'(I - X(X'X) X'
rrr (T = X(X'X) X
1
= T — T[u u—u' X (X' X)X ul
T Ju 1,1, . ,1_,
B S i
—1 —>o'2 —0 _,Q—l —0

1
Note that v'u/T = T S~ u? —% ¢% by Khinchine’s LLN because E[u?]

we say:
7P’V eR
Sp —" 0" Voo eJt

— Theorem Limiting distribution of s?. Consider:

VT (s2 V(52 — L1

20'2.

So

— 2 — P — _
T—0°) T Z—i-\ T =0
Wie Vi Vi
Where,
W, = VT (55 — o?),
/
‘/t_ﬁ(%—oj).
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We want to show that V; converges in distribution to some random variable and
W; — V; converges in probability to zero. Thus,

V= VI o) = V(1 Y w0 = VT Y ik~ o).

T
Or,
1
V, = ﬁZ[u? — o).
1
By a CLT, z = Nia S (u? — 0%) — N(0,Var(z)). Thus,

V, =4 N(0,Var(z)) = N0, pg — o).
It can also be shown that W; — V; — 0. (See handout). Thus,
VT (s% — 0?) =% N(0, g — o).

This is the asymptotic distribution of s.

Test Statistic: ¢

— Theorem Asymptotic distibution of the ¢-statistic. Consider, under Hy : §; = [}

t= Pir = 57 —1 N(0,1).
S/\
Bi,T
Proof: Note we have:

VT (Br — 57) =4 N(0,5°Q 7).

Therefore, for an individual coefficient:
\/T(@T — 37) =4 N(0, a2gii).
And we can write the estimated variance of the estimator as:

s%_T = s*(X'X)",
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[Note the s? terms on either side of the equation are different.] So we can write
our statistic:

Bir — B
82<X/X)ii
Bir — B
1 1 3
\/TSQ(TX X)
VT (Bir — B7)
SQ(lX/X)ii

T
1 A
= 1 * \/T(ﬁi,:r - 57)
L N——
SZ(fXIX)” —dN(0,02¢7)

.

TV
—1/4/0%q"

1 o1
N N(O, O_Qqu )
O'\/? - 0\/?

Note that (T — K) —4 N(0,1) as T — oo.

= N(0,1)

Test Statistic: I

— Theorem Asymptotic distibution of the F-statistic. Consider, under Hy : RS =
T’
(r— REY[R(X'X)"'R]"'(r — RP)/G
wu/(T — K)

F = —4\*(G))G as T — oo.
Proof: Under Hy,

RB—r=RB—RG=R(—p)=RX'X)"X"u.
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Move over the G to the other side and consider G * F':

XX X)TIRRX'X)TIR)TIR(X X)) X

GF =
i
_ W X(X'X)" 1R [R(X,X)_lR/]_l R(X'X)"1x'u
ST ST
1 1 ) 1 X 1
—u'X(—=x'x)"1R' R(=X'X)"1—=x"u
— T [R(X/X)—IR/]—I T
ST ST
1 / 1 Ixy—1/2 1 Isy—1/2 pt 1 Ixy—1/2 ’xy—1/2 ’
_ Tu X(TX X) (TX X) R [R(X/X>71R/]71R( X' X) (—=x'x) TXu
ST ST
\/]__u’X(lX’X)_1/2(—X’X)_1/2R’ 1 R(—X’X)_l/Q(—X’X)_l/z
T T / —1 pn-1 T
— RE(XX) R —
= Wt/BtWt
With 11 1
W - _X/X —1/2_X/
t ST(T ) ﬁ u,
and ) ] ]
B, = (=X'X)""?RR=(X'X)R]'R(=X'X)"Y2.
= (X X) PRIRL(XX)R]  R(ZX'X)
So,
1 1
W, =" N(0,-Q7?5*°Q—-Q"?) = N(0, ).
g— — 0
And,
By —? B, symmetric, idempotent with rank G.
Thus,

G F =W/BW, - x*(G) = F =% x*G)/G.

This is because we have a quadratic form in standard normals which gives us
a chi-squared where the degrees of freedom equal the rank of the matrix in the

middle. Note that F'(G,T — K) =% x*(G)/G as T — oo.
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17 Lecture 17: April 5, 2005

17.1 Nonlinear Econometric Modeling

e In all that follows, we assume that the data is iid. Denote the exogenous data as z;, a
lap, vector. Then our objective function is:

Qn(21y -y 20y Ty B).
Where 7, is our estimated nuisance parameter. Thus,
B, = arg mingeg Q(z1, .- -, Zn, Tns ).
This is called an M-estimator for j.
e What is Q7 There are two major classes of the objective function, Q:

— (1) Least mean Distance Estimators.

— (2) Generalized Method of Moments Estimators.

Example 1: Nonlinear Least Squares (NLS)

e Let g: X x A — R be a borel measurable function with X C RP=, A C RP+ as borel
sets. Assume y;’s are generated according to:

Y = g(zi, a0) + €, i € N.

Here the x;’s are exogenous and oy € A is the true parameter vector, so in the special
case of a linear function, g(z;, ) = apx;.

e Thus the objective function of the NLS estimator is:

1 & 1
Qn(zla cee 7Zn7ﬁ) = E ZQ(ZZaﬁ) = EZ[:U’L - g(xiva)]27
i=1 ;
with z; = [y, z;] and 8 = «a.

Example 2: Simultaneous Equations Estimation
e Suppose (y;) are generated as:
Yim = Yibm + ZiCm + €im,

a linear function. Where:
Yi = [yila e 7yipy]a

X = [xila" : axipk]a
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€ = [Eih T 7€ipy]-

Note we have the y’s on both sides of the equation. The element of b corresponding to
Yim would be zero.

Consider the simple example:

0 by Ci1 C21
i1, viz) = [yi1, via] [ by 0 } + [Ti1 T2 mi3] | c12 con | +[ea €]
C12 Ca3

Multiply out and we have two simultaneous equations.

Thus we could also write:
Py Pz
Yim = Zyijbjm + ink‘ckm 4+ €im, m=1.. - Dy-
J=1 k=1

So we have p, simultaneous equations. We could also write this as:

[yih T 7yipy] - yi[bl) o 7b~py] +ZE2‘[C.1, s 7C~py] + [Eib T Eipy -

Or,
Yi = yiB+ 2,0 + .

All along, we have been assuming the simultaneous equations are linear but they could
be nonlinear. In this case we could write in general:

[y, zi, ) = €.
Thus we could solve this equation to get:

Yi = g(wi, o, €),
our data generating function.

Now assume €; ~ iid N(0,%). Then the density of ¢; is fc(¢;) and by the transformation
technique, the pdf of y is:
af Yis Tiy &
foi) = fe(f (yi, w3, @) ’%

where the f(-) function inside the jacobian is the regression function, not a density
function.

So the objective function of the ML estimator (or the Normal Full Information Max-
imium Likelihood (NFIML) estimator) is the normal log-likelihood function of f,(y)
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(above):
Qulets o B) = 3 al ) =+ S n10f:/0yl]) +0.50m(det(5) + 0557 1),

with 8 = («, ). We have the jacobian term and then the rest is the log-likelihood of
the normal. So we are just maximizing the log-likelihood function of .

e Note this estimator and the NLS estimator are of the “least mean distance” type of
estimator.
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18 Lecture 18: April 18, 2005

18.1 More on Nonlinear Estimation

e Recall our objective function will be one of two forms:

1

Q(zla"'vzn7%n7ﬂ) = 1 n n /L 1 "
S0 8)] B X a1 9)

Where g : ZxB +— RP.

e Note the first type of objective function is called the class of least mean distance
estimators, and ¢ is 1z1. In the second class we have generalized method of moments
estimators where ¢ is pzl.

e Consider our usual linear model:
Yi = TiQg + €,

where y; is 1zl and x; is 1z K. Then to run OLS we would:
Min,, Z:(yZ — 3002

This is equivalent to:

where q(, 8) = (y — 7)%, 2 = [y, a], and 8 = a.
o Now consider a nonlinear model:
vi = g(z, ) + €,

where y; is 121 and x; is 1z /K. Then to run OLS we would:

Ming =3 g, ),

where Q<Z7ﬁ) = (y - g(l’,Oé))Z, z = [yam]v and § = a.

e Suppose f(y;,x;, ap) = €; where y; is lap,, z; is lxp,, ap is lap,, and €; is 1xp,. Then
f(+) is a vector valued function so:

=00k

Thus we have a system of p, equations.
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Example. Suppose we have the supply and demand equations for wheat.
Demand: ¢; = a + bp, + es; + €2,

Supply: ¢ =c+dp + fri+ €.

So s; is income and r; is rainfall. In this setup, we have two endogenous variables,

Yi = [, pil,
and two exogenous,

x; = [84, 74,
with,

& = [}, €],
and,

Qg = [a,b,c,d,e,f].

In general we can write:
f(yi>$i, ao) = €;.

Assume:

To do maximum likelihood, we need the distribution of the y;’s. Thus write:
yi = g(ei, 4, ),
and let h.(€;) denote the density of the ¢;’s. Then by the change of variables technique:

af(y’w Ty, O{())

hy(yi) = he(f (yi> zi; o)) - || e

I
If we compute this using the normal pdf and take logs, we get:
1 1
q(2:, B) = —In|det(df;/dy)| + §l”|2| + §fi/2_1fz‘-

And thus our objective function becomes:

where z; = [y;, 2;] and 3 = {elements of « and X}.

Consider another example. Suppose y; = {0,1} and,
P’I“(yZ = ]‘|’:CZ) = G(xiva0)7
Pr(y; = 0lz;) = 1 — G(zi, o).
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So G(+) is a CDF that could be either logit or probit if the distribution is logistic or
normal respectively. Then,

f(yz) - G(;’L’z, Oé(])yi(]_ — G(x“ ao))l—yi'
Then the log likelihood function would be:
In L = yilnG (7, ap) + (1 — y;)InG (z, ap).

And our objective function is:

n

Qn(z1, .. 20, 0) = % Zln L; = % Z[yilnG(xi, ag) + (1 — y;)InG(x;, )]
i=1

=1

Note that when we do OLS, the model is y; = x;a0 + ¢ with €]z; ~ iid (0,0?). We
then minimize: > (y; —z;a)?. We know in OLS that the population moment condition

1s:
E[l’;ﬁz] = 0,

which is actually K moment conditions, one for each of the K regressors: E[z;€;] =
0,..., Elrye] = 0. So inserting the model we have:

Elx\(y; — xia)] = Elq(z;, )] = 0 at a = ay.

When we run OLS, we could achieve the same estimator as usual using the sample

moments:
n E 1 y% 1 .
KA

If we pick a to get this as close to zero as possible, we have found our usual OLS
estimator:
N > Ty

Qols = ;-

> T
As long as we have as many moment conditions as we have unknown parameters, we
can set the sample moment equal to zero and find our estimator. This is the least

mean distance type of estimator. When we have more moments than parameters, we
use GMM.

In an even more general setting, we consider a set of instruments, a;, for the z’s. So if
the model is y; — z;a0 = €; or:

f(yi, Ly, Oéo) = €,

there might be endogenous variables (inside x;) that are correlated with €; that we need
to find instruments for. We can use the x’s from the ENTIRE system as instruments
(and possibly other exogenous variables outside the system). So a; is a p,z1 vector of
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x;’s that are uncorrelated with €;. We need the number of uncorrelated instruments to
be at least as big as the number of parameters we choose to estimate.

e So our population moment condition might be:
E[CL;E] = E[a;f(yla s, CW])] = 07
noting that we have substituted in the true parameter vector, «y.

e In this case our objective function would become (and this is somehow equivalent to
2-stage least squares):

n -1 n
Qn(zb vy 2, 6) = [% Z a;f(yla L, CY)]/ (% Z a;ai> [% Z &;f(yla X, Oé)]
i=1 =1
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19 Lecture 19: April 19, 2005

19.1 More on Nonlinear Estimation

e Suppose we have data, © = (z1,...,2,) and:

1 1 1
ﬁ.ﬁE,E = E[l'/l, . ,l';l][ﬁl, . 7€n]/ = E Zl‘;ez

e Assume we have the least squares moment conditions:

1 1
El=2'd = =S E[+¢] = 0.
[nxe] nz [z}e;] =0

This is actually a set of M moment conditions, one for each regressor:

1 n
n i=1

1 n
= E[Xe] =0
n i=1

e In the linear case, €¢; = y; — x;3, we would have empirical moments:
1 /
- > Xiyi — XiB),

and we would choose [ to make this as close to zero as possible.

e In general, we have:
€ = Yi — 9(zi, Bo),

with empirical moments:

%Zx;(yz — g(z;,8)) = 0 only if dim(3) = dim(z;).

If the dimensions do not match, ie we have more moments than parameters, we will
use some quadratic form with a positive semi-definite matrix in the middle.

e Now consider the case were we have a bunch of instruments, a;, for the z;’s. If there
is one equation, then the population moment condition is:

Elaie;] = 0.
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Now assume there are M equations so €; = [€;1, . .., €;37]. Thus our population moments

are:
E[CL;EH] =0

E[CLQEZ'M] =0

Consider an example of an s equation system with G 4+ 1 endogenous variables and K
exogenous variables. Thus the system is:

0 0
v =Y1 0 + X1 7 + &
nxl nxGl Glzl neK1 K1x1 nxl

0 0
Ys = }/:9 55 + Xs Vs + €
nrl nxGs Gsxl nrKs Ksrl nxl

So the Y’s are the endogenous variables (plus y) makes G + 1 of them. And the X’s
are exogenous. Now suppose we want to estimate the first equation and we use the

moment condition:
E[X{El] = 0.

This is only K1 conditions and we have K1+ G1 parameters to estimate so we need

more moments. Thus use:
E[X ! €] =0

E[X'e,] =0

for each of the s equations. Note that X matrix is ALL the exogenous variables (nzK)
in the system, not just those in each equation separately. Thus, to get identification,
we need K > Gi + Ki for i = 1...s. So what are empirical moments? They are:

% Z X{[yl - Y3 — Xl’Yl]
Q(Ziaﬂ> =
1

E Z Xz/[ys - szﬁs - Xs’)/s}

Where 5 = (81,71, --,0s7s) and z = (y1,. .., ys, X).
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19.2 Consistency of an Estimator

Recall the two forms of our objective function (Least Mean Distance and Generalized
Method of Moments):

<L
Qn(zlv"'uznuf-n?ﬁ) = 1 " Lol /A 1 n
ﬁ zizl q (Zi, ﬁ)] =n |:ﬁ Zz:1 q <Z1> ﬁ)
pxl pxl
Denote:

Qn(zb s JZ'nJﬁ) = R(w7ﬂ>7

where z; = z;(w).

Thus, our M-estimator, ﬁAn solves:
Qn(zla cee 7Zn7ﬁn) = minﬁEB Qn(zla cee 7Zn7ﬁ)‘

Denote the limiting distribution of the objective function as Q(B). Let By be the
minimizer of ().

So to show consistency, we will try to show that @, — @ and if the convergence is
uniform, then the minimizer of each function should also converge.

But what form does @ take ? Consider least squares:
yi = xifo + €, Elelai] =0, Elefla] = 0.

Note that as with everything we do in nonlinear analysis, the y’s and x’s are both iid.
Then the objective function is:

Qn(z1, ... 20, B) = %Z(@/i —;8)*.

Define the limiting distribution as:

QB = ElQn(z1,--, 2, P)]
- E[%Z( i—xzﬂ)z]

= El(yi — :0)%]

= El(xifo+e — mzﬁ)Q]

= El(& — (8 — Bo))?]

= El¢ ] E2¢;x4(8 — Bo)] + E[(8 — fo) zjxs(8 — Bo)]

2+ + (B = Bo) Elzix](8 — Bo)

|
Q
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Thus Q() is minimized at the true parameter value, ie 3 = f3.

See G-19.1. We can see here that the ), function might be minimized at a different
value than @) is minimized. If Q), — @) and this convergence happens uniformly, then
we will get consistency of our estimator.

See G-19.2 for a picture of what non-uniform convergence might look like. Note that
Q1o is closer to @ than Q¢ at most points except for the dip where the convergence
is NOT uniform. You might get divergence of the minimizer away from [, as shown
in the graph.
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20 Lecture 20: April 21, 2005

20.1 More on Nonlinear Estimation
Consistency of the Nonlinear Estimator

e Recall our finite and limiting objective functions:

Qn(z1,. ..y 2n) = R(w, B),

Which we can write as:

where the final equality follows because z; is iid.

e We also have the vector valued objective function (as with GMM estimators),

n

1 & L1
Qn == (= Bl D _alziB))
=1 =1
and,

Q = [Ela(z, B)])EnlEla(z, 8)])-

e See G-20.1. We can see that () is uniquely identified at the true 3,. We say that 3, is
identifiably unique if:

Lim in f oo |10 f3515-a12¢ Qn(B) — @n(Bn)| >0V e>0.

Note we put the subscripts on the 3’s because it’s possible that we could have different
estimators (minimizers) for different n’s. Thus the distance between the value of our
limiting objective function at the estimator must be smaller than the value of the
limiting objective function at any other parameter value in the parameter range outside
any closed ball around the estimator. This is a long and complicated way of saying
the objective function has a true min.

e Remark A sufficient set of conditions for an estimator to be identifiably unique is:

— (1) Q continuous.
— (2) B compact (the parameter space).

— (3) B must be a unique minimizer.
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So we need to have an objective function which has a unique minimum and this ex-
pression above guarantees that for any n, (particularly for large n), the minimizer
converges (ie, we can identify it).

e Theorem This seems like the key theorem so far. Recall our notation:
Rn(wa 6) = Qn(zl, s 7Z7Z75)7
R(B) = Q(B).

Note we are assuming there is no nuisance parameter. Note also that both of these
functions are REAL valued. No matter if we have to do some sort of quadratic form
to get there, what comes out is just one number. Now assume:

SupﬁeB |Rn(w>ﬁ) - R(ﬁ)’ —P0asn — oo.

Thus the biggest difference between these two functions goes to zero (uniform conver-
gence). Suppose also that B is compact, R is continuous, and [ is a unique minimizer.
Then for our minimizer, (3,, such that:

~

R(wvﬁn> = ]nfﬂEB R(w7ﬁ)7

we have:
B = By as n — oo.

So Bn is consistent for (3y. See notes for proof.

e Remark. Consider the case of Least Mean Distance Estimators. We have:

Ruw) = 3 a(as. ),

R(B) = Ela(2:, 8))-
Then, .
R~ Rl =1 3" a0, 0) — Ela(zi, 9] 7 0

for EACH g € B. This is exactly a Law of Large Numbers result. But since we

consider all parameters at once, the result above simplifies really to a Uniform Law of
Large Numbers or ULLN.

e Note the same thing can be shown for GMM estimators. We really need a ULLN result
to show consistency.

e Theorem Uniform Law of Large Numbers. Assume the following holds:

— (1) 2 are iid.
— (2) ¢ can be either scalar or vector valued.
— (3) ¢(+, ) is measurable for each § € B.
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— (4) q(z,-) is continuous for each z € Z.
— (5) B is compact.
— (6) Domination Condition: |q(z, )| < h(z) with E[h(2)] < oo.

Then we have:
1
Uniform Convergence: Supgep |— g q(zi, B) — Elq(z;, 8)]] =P 0 as n — oo,
n

and,
El[q(z;, )] if finite and continuous in f.

Finally, we can switch things around and have another useful result. Suppose Bn — G-
When does: ) B
R(w, Bn) — R(Bo) 77

The answer is when the following two conditions are satisfied:

— (1) A ULLN is satisfied: Supgeg|R(w,3) — R(B)| —F 0.

— (2) R is continuous.

You might use a result like this to check to see if the elements of the hessian converge to
their expected value in order to attain an estimator for the variance/covariance matrix
of your estimator, (3,.

7



21 Lecture 21: April 21, 2005

21.1 Consistency - Catalogues of Assumptions
Least Mean Distance Estimators - General

e Consider the objective function for LMD estimators:

Qn(zb R Znaﬁ) = %Zq(zmﬁ%

where ¢ is 1x1.
e Assumptions 4.1
a) q: ZxB — R. q is real valued.
b)

(a) g:
(b) B is compact.
— (¢) q(+, B) is measurable for each 5 € B. ¢(z,-) is continuous for each z € Z.
(
(

d) z; is iid.

e) Domination: Supgep|q(zi, 5)] < co.

o [f assumptions 4.1 are satisfied then we have the following ULLN:

SupﬁeB% Zq(zz,ﬁ) — Elq(z,0)]] =" 0 as n — oo,

and,
E[q(z;, 8)] is continuous.

o If we add to assumptions 4.1 the assumption that Gy is a UNIQUE minimizer of R,
then we get a consistent estimator:

ﬁAn —* By as n — oo.
Least Mean Distance Estimators - Nonlinear Least Squares
e Consider iid data processes, (y;, x;). Suppose we think that the following holds:
Elyi|xi] = g(xi, Bo)-

e Define a residual:
€ =Yi — g(%‘;ﬁo) — E[Ez] =0.

e Thus the nonlinear model becomes:

vi = g(x;, Bo) + €.
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Why did we do this in such a strange way? Because it allows for E[e?|z;] = h(x;), ie,
conditional heteroskedasticity. If we start with the model, we wouldn’t be allowing for
this.

Thus, our objective function is then:
1

And the limiting distribution is:

R(B) = El(yi — g9(z:, )%

Note that usually the limiting distribution involves taking a limit as n goes to infinity,
but since we assume iid data, this is equivalent to taking expectations.

Consider rewriting the limiting distribution:

R(B) = El(yi—g(z:,3))’]
= El(g(zi, Bo) + € — gz, B))%]
= B[]+ E[(g(i, Bo) — glai, B)]

So the second term is minimized when 3 = y. If we assume E[(g(z;, B0) — 9(z:, 8))?] >
0V 3 # By, we should get a unique minimizer. See theorem below.

Assumptions 4.2

a)

g
b) B is compact.

c)
d) z; = [yi, x;] is iid.

e) Elyilzi] = g(@i, 6o).
f) Domination: E[(y; — g(x;, 3))?] < oo and Supgepg(z:, 5)? < oo.

is real valued.

(+, ) is measurable for each 8 € B. g(z,-) is continuous for each = € p,.

Q

(
(
= (
= (
(
(

Theorem If assumptions 4.2 are satisified and E[(g(z;, Bo) — g(z:,8))?*] > 0V 3 # B,
then: A
Bn —* By as n — oo.

Note the equivalent condition to assumption 4.2.f in the linear case is for X’'X to
be non-singular. Assumptions 4.2 focus on the g(-,-) function rather than the g(-,-)
function mostly for convenience. You could work with either.
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Least Mean Distance Estimators - Maximum Likelihood

e Suppose we have a conditional density function:

f(ylz; ),

where y and x could be scalar or vector valued.

e Consider our objective function:

Rn(“?ﬁ) = Qn('zb . 'aznvﬁ) = %ZQ(Zhﬁ) = %Z_log[f(yzpjwﬁ)]

e Assumptions 4.3

2)

is real valued.

q
b) B is compact.

= (
= (
— (c) ¢(-, B) is measurable for each 3 € B. ¢(z,-) is continuous for each z € Z.
= (d) 2 = [ys, =] s iid.

= (

e) Domination: E[Supgep|q(z:;, 0)|] < oo.

e Theorem If assumptions 4.3 are satisified and [ is a unique minimizer for E{q(z;, 5)],
then: A
B, —* By as n — oo.

e Remark Final point. When is (; unique when we’re doing maximum likelihood?
Consider the Kullback-Leibler Divergence:

In f(y Go)

T

= FElq(2;, B)] — Elq(zi, B0)] = 0

Thus [ is always going to be a minimizer when we do MLE. However, we still have to
assume that it’s UNIQUE!
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22 Lecture 22: April 26, 2005

22.1 Consistency - Catalogues of Assumptions
General Method of Moments Estimators - General

e Example 1. We are seeking moment conditions of the form: E[q(z;,6)] = 0. Suppose
we have a model of production:

Q=FK,L), L=G(K,Q,b).
So we might want to minimize:
Min ElwL + c¢K],

expected cost. A FOC would then be:

OL;

+ Ci} = E[f(ZZ,Q)] = O, Zi = [wi,cl-, Kz]

So these would be our moment conditions.

e Example 2. Suppose our model was the general nonlinear model: y; = g(z;, Bo) + €;.
We might use moments:

Elrie;] = 0 <= Elx;(y; — g(v3, )] = 0 <= Elq(z, 8)] =0

Now, what should we do with these moments? We have k of them, so calculate:

Q= Min > Y gl A EL- 3 ale A,

7 %

where =, is a positive semi-definite matrix. It could be the identity matrix, but we
will show that the most efficient matrix to put in there is the inverse of the vari-
ance/covariance matrix of the moments.

e Example 3. Consider the ordinary linear model: y; = x;0y + €;. Assume E[z¢;] = 0,
our £k moment conditions. Then construct a GMM type objective function:

:[%ng(yz‘— i80)]' I~ ZI — zif))-

Clearly, in this case, minimizing the quadratic form yields the same estimator as min-
imizing the first term which means setting it equal to zero:

1, 1 .
—Z —z3) =0= X’ X’Xﬁ:O.
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So the OLS estimator, B, can be viewed as a GMM estimator when we utilitize the
moment condition that the x’s and the errors are orthogonal.

So consider the objective function of the GMM estimator:
1 A
Rn ) = &n PR Rt () == %) ,En_ (3 .
(@, 3) = Qu(= zﬂ)[ngh@xm [ngh@xm
With =, —” Z,. Thus, the limiting distribution (non-stocastic analogue) is:
Assumptions 4.4

a)

ZxB +— FPe is a real vector valued function.

q:
b) B is compact.

d) z; is iid.

= (

= (

— (¢) q(+, B) is measurable for each 5 € B. ¢(z,-) is continuous for each z € Z.
= (

— (e) Domination: E[Supgep||q(zi, B)||]] < co. where || - || is the euclidean norm.

Theorem If assumptions 4.4 are satisified and,

R(9) = [l S =alatzm{ 20 1070

Then:
B, —* By as n — oo.

Proof. Given assumptions 4.4, we get a ULLN:
1
Supg||— g q(zi, B) — Elq(z;, B)]|| = 0 = Uniform Convergence,
n

and,
E[q(z;, 8)] continuous.

It follows that:
Sups|Ru(w, ) = R(B)| —** 0 as n — oo.

Since R(B) = 0 only at the true parameter value and Z is positive semidefinite, then
the quadratic form above defines a unique minimizer.
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23 Lecture 23: April 28, 2005

23.1 Asymptotic Normality of an Estimator
Least Mean Distance Estimators

e [irst some notation:

of of of,
or [8951 8xp] B w
lzp
0 f
ordr w
pap

e We now assume that we have a consistent estimator and we seek conditions such that it
is asympototically normal. Consider the objective function of the Least Mean Distance

estimator:
1 n
Q(Zb <oy 2y ﬂ) = E ZCI(«Zwﬁ)
i=1
Normalize: .
n1/2Q(217 AR Z'ﬂ) ﬁ) - n71/2 Z Q(Z’L7 ﬁ)'
i=1
Differentiate:

~

0Q(Bn)  _1ja~= q(2i, Bn)
1/2 _ 1/2
n (95’ =n Z 86'

(Setting this equal to zero gives us our estimator, Bn)

= 0.

i=1

e Now, consider a function g(Bn), and consider a first order taylor series expansion around
the true parameter value [y:

AN 69

~

(ﬁn - 60)

B=po

For this to hold with equality, we would need an infinite number of terms on the RHS.
We can also exploit the mean value theorem which says:

o g .
9(Bn) = 9(Bo) + 98 ~(6n — o).

B=p

where B € [@n, Bo]- So there is some value of the parameter that if we evaluate just this
first term at that parameter, we get the exact value of the function. So applying this
idea to the LHS of our equation:

0— n1/28Q<B”) _ n1/zaQ(5o) n 120°Q(B) (B, — Bo).

BXe ag " 9pag
83



e Assuming invertibility, we can solve for Bn — Bo:

N
. 2
Bn — Bo = — (nlﬂaag—a(g/)> 1/28%(;/0).

Or in summation notation (equivalent to doing the expansion on the RHS of our
equation above):

—1
. B Pq(z:,0) 2,3 e x— 9q(zi, Bo)
. n~1/2 n~1/?2 A\ MY

i=1

Normalize:
R B 1<~ ¢z, 0) / 9q(zi, Bo)
V(P = o) = = (E Zi: RERE] ) - Z op

e So consider the gradiant term. At the true parameter:

9q(2i, Bo) 9q(zi, o) . 9q(zi, Bo)
aﬁ/ aﬁl aﬁp

= [ ],:Wu"'l/in],:\?ﬁ;.

pxl

Since z; are iid, 1); are also iid (being functions of iid random variables). So, if ¥; ~

i1d(0, X)), then by a CLT,
1 n
— Z Y =4 N(0,%).
\/ﬁ =1

In our case, we typically have:

at the true parameter value. Hence,

n71/2 Z aq(g’glﬁo) _)d 5 ~ N(O, AO)
=1

e So consider the hessian term. At the true parameter:

Pq(zi, Bo) I 32‘61(22‘,50)
Z s | = omon
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So element by element we have iid random variables which by Khinchines LLN:

L~ Pq(z,00)  , |z, 50)

BUT we are not evaluating at the true parameter but rather our “mean value”, 3.
Well, since we have assumed consistency:

Bn - 50 and B € [Bm ﬁ(]]; then Bn - 60-

But this isn’t quite enough. See the end of lecture 20, which says that if we have a
consistent estimator, then we can get the objective function to converge if we have a
ULLN. So if things converge nicely here, we get:

82(](%‘, Bo)

L

(2
’L? E
e So, we have our result:

~ -1
A 1 - a2Q(ZZ‘,ﬁ) - - aQ(Zzuﬁ ) — _
ﬁ(ﬁn_ﬁo) = _<E ;:1 —86(96’ ) n 1/2 i:EI T/O —d N(O,AO 1A0A01>.

—>PA_1 —>d§NN(0,A0)

Asymptotic Normality Result for LMD Estimators
e Assumptions 5.1

— (a) Parameter Spaces are compact
— (b) Q, is C*.
— (¢ Bn —P By asn — oo and By € B. We need the true parameter to be in the

the strict interior so we can do a taylor expansion around it. Also, n'/2(%, — 1) =
O,(1), a random variable.

— (d) n'?V3Q(B,) = 0,(1). This means that our estimator, 3, satisifes our FOC
up to an error of magnitude o,(1).

— () V33Qn(8,) —? Ay. This we have shown above.

— (£) V:Qu (7, Bn) —P 0, s0 the cross derivative terms are 0. 7 is truely a nuisance.
This was clear before we started ...

— (g) There exists a real matrix Dy, such that:
—nl/QVﬁ/Qn(zl, ey Zns T0s Bo) = Doy + 0p(1).
e Theorem If assumptions 5.1 hold, then
V(B = o) =" A7 Doé.
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And if £ ~ N(0,Ag), then as above,
V(B — Bo) = N(0, A7 DoAg DL AZY) = N(0, Ay ' BoAg ),
with By = DoyAoDy,.
e Note for least mean distance estimators, Dy = I, so,

\/E(Bn - 50) _>d N(O7 AalADAgl)

e So if assumptions 5.1 are satisfied then the LMD estimator is consistent and asymp-
totically normal.
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24 Lecture 24: May 3, 2005

24.1 Asymptotic Normality of an Estimator
GMM Estimators

e Before we start into deriving the asymptotic distribution of the GMM estimator, we
start with an example. Suppose we have the following three equation system:

al, Q2

Technology: yi = Ay yis + wi.

Labor Demand: ;5 = by + bix;1 + Uso.
Capital Demand: y;3 = co + c1240 + w3.

Where z;; might be the wage and x;; might be the rental rate of capital. Suppose
we have to estimate the first equation and we are given that the x’s and the u’s are
independent. This gives us the following population moment conditions:

E[miluil] = O
E[Zlfiguil] =0.

Since the first equation has three parameters, we need at least three moment conditions.
We also need the moment conditions to be RELEVANT! A moment condition like
E[z;u;n] = 0 would be ok but it wouldn’t help explain the first equation. Thus
our moments would be of the form ¢(z;, 3) with z; = (yi1, Yi2, Yis, Ti1, Ti2) and [ =
(A, a1, as)'. Specifically,

Yi1 — Ay{'él y%Q
Q(%ﬁ) = xil[yil - Ayfélyia:ﬂ

al, a9

T2 [yil - Ayi2 Yi3 ]

With Elq(z;, )] = 0. We would then construct our GMM estimator as a quadratic
form in the moments but what goes in the middle? That comes next.

e Consider the objective function of the GMM estimator:

Qn(zla s wznaﬁ) = Sn(zla s 7Znaﬁ)lén5n(zla s 7Znaﬂ)'

Where usually we have:
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with,

BSu(00)) = 5 3 Blazs, 60)] = 0

e Note that when we have a quadratic form like X (3)’AX () and we differentiate:

) , aX
%[X(ﬁ) AX(B)] = [Za—ﬁAX(ﬂ)]

e So consider the FOC of the objective function for the GMM estimator (we omit the
scaling factor n'/?):

aSn(Zh <oy Zny Bn)
ap'

énSn(Zh <oy Zny ﬁn) =0

Or written more compactly,

~

V5 Sn(Bn)EnSn(3,) = 0.

e Now consider a first order taylor series expansion of the last term (utilizing the mean
value theorem so we get equality):

Sn(Bn) = Su(B0) + V55(B)(Bn — Bo).

e Substituting in:

I]>

0 = VpSu(Bn)En [ (Bo) + Vg5 (6)@—@]

[I]>

0 = VSu(Ba)ZSu(Bo) + VarSu(B8a)=nV 550 (B)(Ba — Bo)
V5 Su(6n)ZaV552(0)(Bn — o) = —Vg n(ﬁn)én Sn(6o)

A

-1
(Bn— Bo) = —(wsn@n)énvgsn(@) V 5/Su(B0)ZnSn(Bo)

e So we have:
-1
An — = — v ’Sn An én V Sn 3 V /Sn An én Sn .
Bn — Bo ( 5 Sn(Bn) 8 (ﬁ)) 5Sn(Bn) (Bo)
pgrl PRITDg PqxPq pgxl

Asymptotic Normality Result for GMM Estimators

e Assumptions 5.2

— (a) Parameter Spaces are compact
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— (b) S, is CL.

— (¢) Bn —P By asn — oo and By € B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, =, — =.

— (d) VSn(B0)ZnSn(3) = 0p(1). This means that our estimator, 3, satisifes our
FOC up to an error of magnitude o,(1).

— (e) V[;SH(B) —P Gy, for any consistent estimator, B Note Bn is also consistent.

— (f) n'/28,(By) —¢ & That is, the “Normalized Score” converges to some real
valued random vector.

e Theorem If assumptions 5.2 hold, then
Vil =) = RG] G
And if £ ~ N(0, Ag), then,
V(B = o) = N(0, A By Ag "),
with Ag = G{=0Go and By = G=Z0Ao=0Go.

e So if assumptions 5.2 are satisfied, then the GMM estimator is consistent and asymp-
totically normal.

24.2 Asymptotic Normality - Catalogues of Assumptions
General Method of Moments Estimators - General

e So consider the case of GMM where our objective function is of the form:

n

Qulets v B) =[5 Do A Zal Dt )

n -
=1

e Suppose Bn is a unique, consistent estimator that minimizes the above objective func-
tion. Thus all assumptions (4.4) of a consistent GMM estimator must be satisfied. If
we add that ¢(z;, ) is differentiable and other certain domination conditions on the
gradiant, we get the following theorem.

e Theorem Given the assumptions of a consistent estimator and nice properties of the
gradient, we have the following for the GMM estimator, [3,:

V(B — By) = N(0, Ay BoAg ).

with:
Ag = GyZ0Go, and By = G{=gAg=oGh,

and:
Gy = E[VBQ(Zmﬂo)], and Ay = E[Q(Zz‘;ﬁo)CI(Zm 50)/].
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Furthermore, let:

A, =G
with:

' 2,Gn, and B, = GL2,0,2,Gh,
én = n_l Z vﬁCI(Zi, Bn)? and ]\ = n_l Q(Zza Bn)CJ(Zu Bn),
Then: R
An —P AO; Bn —P BO; Gn - GO An —P A0~
And finally: o
(A" B ALY =7 (A7 BoAg™h)
Brilliant.
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25 Lecture 25: May 5, 2005
25.1 Review: Asymptotic Normality and Consistency of GMM

Estimators
e Consider the GMM objective function:
Q(Zb <oy Zny 6) = [n ! ZQ(’ZHB)] én [nl Zq(zlvﬁ)] :

o We get consistency with the following key conditions:
- (1) =, — Zo. Note this could be equal to the identity in some cases.
— (2) Elq(z;,3)] = 0 at § = [y. The nonstochastic analogue to the moment condi-

tion is uniquely defined.
— (3) ¢ is continuous in f.

— (4) z; are iid.

— (5) Dominance condition.

e To get asymptotic normality, we add:
— (6) o is in the interior of the space, B.

— (7) ¢ is C*. So Vpq(z;, 8) exists.
— (8) Dominance on the derivatives.

E[VﬁQ(Zi, Bo)] = Go,

o Recall:
E[Q(Z’iaﬁo)q/(ziaﬁo)] = Ay,

and,
the variance/covariance matrix of the moments.

e We had the result that if én — =g, then:
n~!? Z q(2i; o) —* N(0, Ao).

Which means: R
nl/Z(ﬁn - 60) —>d N(Oa A6180A61>
with AO = GBE()GO and BO = GBEvoEoGo.
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e So consider the special case when =, = I,,. Then the variance/covariance matrix
becomes:

ASTBoAyt = (GY=0Go) tGhZ0MoZ0Go(GhZE0Go) !
= (G{Go) ' GHAGo(GGo) ™!

This simplified things a bit, but we will show that using the identity matrix is not
efficient.

~

e How about the special case where =, = A;! — Aj'. Then the variance/covariance
matrix becomes:

Ayt BoAyt = HOGO) LGyZ0MZ0Go(GyZ0Go) ™t

(GoA T Go) T GRAG Aoy ' Go(GHA, P Go)
= (Go 1G0)_1G/0A01G0(G0A01G0) '
(GAAG Go) ™!

It can be shown that this indeed is the MOST efficient weighting matrix we can put
in there. The inverse of the variance/covariance matrix of the moments weights the
moments in such a way that the variance of the resulting estimator is minimized.

e So now what do we do to estnnateA thmgs like Gy and Ay ? Logical estimators would
be A, = G’ _nG and B, = G’ HnAn_nGn, with:

Gn = nil Z VBQ(Zza Bn)a
and,
=n Z g\ z;, ﬁn Zza ﬂn)

Note that Bn is ANY consistent estimator. It doesn’t have to be the one that we end
up determining to be the best, it just has to be consistent. Using this result we have
the following algorithm.

Estimating A,

e Since we don’t have consistent estimates of § to start out with, we can’t do GMM
unless we can form some estimate of the variance/covariance matrix of the moments.
Since we just need a consistent estimate of 3, consider following a 2 step process:

e Step 1. Using =, = I, our objective function results in:
/
i argmin o7 St 1] |7 Dt
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This gives us a consistent estimator: 5. Now use this estimator to calculate:
An = n_l Z Q(Zla Bn)d(«% Bn)

e Step 2. Solve for our (consistent and most efficient) estimator:

!/

~ ~

B = arg min [nl Z q(z, )

e Note we could continue this process and iterate again and this process is called Con-
tinuously Updated GMM. Sounds exciting.
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26 Lecture 26: May 10, 2005

26.1 Asymptotic Normality - Catalogues of Assumptions
Least Mean Distance Estimators - General

e Consider the objective function of the LMD estimator:

1 n
Zlyevey”ny = — Zis y
Q= f)=— g a(z, )
where ¢ is now a scalar real valued function.

e Assumptions 6.1 for Consistency:

a) Compact parameter space.
b) ¢ is continuous in  (not necessarily in z).

- (
- (
— (c) z; are iid.
— (d) Dominance on g.
- (

e) (o is a unique minimizer of the non-stochastic analogue, E|q(z;, 3)].
e Assumptions 6.1* for Asymptotic Normality:

— (f) By is an interior point of B.

— () ¢ is C%.

— (h) Dominance conditions on the gradiant and hessian of q.
— (i) The expected value of the hessian is non-singular.

e Theorem 6.1 If the assumptions above hold, we have:
n'2(B, — o) = N (0, Ay BoAg ),

with:
Ao = E[Vsq(2, 50)),
and,

By = E[Vq(2, B0)V q(zi, o))

Estimating as usual with:

~

An - E[vﬂﬁq('zia ﬁn)L

and,

A A

B = E[Vyq(zi, 3,)V q(zi, 3,)].

Yields: o
AIB, AT =P AG By A

Note we call this variance term, Ay'ByA;", a “sandwich” variance.
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Least Mean Distance Estimators - Nonlinear Least Squares

e Consider the objective function of the NLLS (LMD) estimator:

n

Qe B) = S (i~ 9l )

i=1
e This comes from the model: y; = g(x;, By) + €;, where we assume:
Elei|lr;] = 0 = Elyilz] = g(xs, o).

Note that z; = [y;, z;] is iid but this does not rule out the possibility of conditional
heteroskedasticity:

E[é|z;] = 0? # o>
e Assumptions 6.2 for Consistency:
a) Compact parameter space.

b) g is continuous in  (not necessarily in z).

c) z; are iid.
d) Elyilzi] = g(xi, Bo).

e) Dominance on g.

(
(
—
= (
(
(f) By is a unique minimizer of the non-stochastic analogue, E[(g(z;, Bo)—g(x;, 3))?].

e Assumptions 6.2* for Asymptotic Normality:

— (g) Py is an interior point of B.

— (h) g is C2.

— (i) Dominance conditions on the gradiant and hessian of g.
= (

)
j) The expected value of the hessian is non-singular.

e Theorem 6.2 If the assumptions above hold, we have:
n'2(6, — o) = N(0, A7" BoAg "),
with:
Ay = E[Vﬁ'g(xz', ﬁo)vﬁg(xm Bo)l,

and,

By = E[(y; — g(xi, 50))*V g g(xi, Bo)Vag(x:, Bo)).-
Estimating as usual with An and Bn, yields:

~

AT'B AT P AT By ASY
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e Note that if there is no Heteroskedasticity:

E(yi — g(wi, fo))*|ai] = Ele}|a:] = o,

then:
By = El(y; — g(x, ﬁo))2yﬁ'9(1i7 Bo)V59(zi, Bo)] = 0% Ap.
A
So,

Ayt BoAyt = 02 At
e For the case of a linear model: y; = x;08 + ¢;, (with homoskedasticity):

Ay = E[Vﬁ’g(xia 50)vﬂg($z‘, 50)] = E[xzx;]u

S0,

n2(B, — Bo) = N(0,0*(X'X)™h),
as usual.

e For the case of a linear model with heteroskedasticity:

n

Bn:%Z( (5%50 Ti »:—ZGIJ]

=1

So,
n 711 n n -1
—-1H s—-1 _ / 2 / !
B A = g vig | E €5 ;X E x|
i i=1 i=1

Least Mean Distance Estimators - Maximum Likelihood

e Consider the objective function of the ML (LMD) estimator:

Q21,23 8) = ——mez“

where f is the likelihood function.

e [f the true distribution is the same as the one you base your likelihood function on,
then you have a true maximum likelihood estimator, but if the true distribution is
say t, and you use a normal, then you have estimated a pseudo-maximum likelihood
estimator. In the former case, the sandwich will simplify, but in the latter, you have
to hold on your sandwich.
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e So we are actually interested in the conditional likelihood function, so we write the
objective function:

n

Qerv 2B =+ 3 gz ) = — S In flulai B)
=1

i=1
e Assumptions 6.3 for Consistency:

a) Compact parameter space.

b) ¢ is continuous in  (not necessarily in z).

= (

= (

— (c) z; are iid.

— (d) Dominance on g.

— (e) Bp is a unique minimizer of the non-stochastic analogue, E|q(z;, 3)].
e Assumptions 6.3* for Asymptotic Normality:

— (f) Bp is an interior point of B.

— (g) ¢is C*.

— (h) Dominance conditions on the gradiant and hessian of g.
= (

i) The expected value of the hessian is non-singular.
e Theorem 6.3 If the assumptions above hold, we have:
n'2(B, = Bo) =4 N(0, Ay ' BoAg"),

with:
Ao = E[Vspq(2i, )] = —E[Vsln f(yilzi; Bo)l,

and,
By = E[Vspq(zi, o)) = E[Vainf(yilzi; Bo)Vslnf(yilzi; Bo)]-

Estimating as usual with An and Bn, yields:
AZ'B AT P AT By ASY

HOWEVER, since we have a likelihood as our objective function, we can interchange
integration and differentiation, which implies Ay = By. Thus,

n' (B, — Bo) = N(0,A5").

Is this only true when you have the correct distribution 77?7 When can we assume this
condition 777
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27 Lecture 27: May 12, 2005

27.1 Numerical Methods - General

e Suppose we want to minimize an objective function:

Q(z1, ..., 20, ) = Q(P),

following the convention in the notes that we are seeking a valley not a peak.

e Suppose Y is our initial parameter value. How do we pick a direction to go to reach
the min? We would like to have:

Q) > Q(BY).
e So consider a step, &, such that:

ﬁg = ﬁgfl + gg-

e Formulating &, will be addressed next, but once we have it and we start iterating, how
do we know when to stop? There are several criteria:

— (1) Euclidean distance criteria:
(ﬁg - ﬁg—l)/(ﬁg - ﬁg—l) < €,

for some € > 0.

— (2) Objective function criteria:

Q(By—1) — Q(By) < e

— (3) Score vector criteria:

[a@wg)] [acm)]' _.
o5 || o5 |

— (4) Maximum number of iterations is reached.

e If any or all of the criteria above are not satisfied, then try a new initial parameter
vector.

e So how does the program determine {, 7 Denote:
0y = The direction of the step.

Ay = The magnitude of the step.
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e Define the directional derivative:

@Q (ﬁg—l + )‘59)
O\

8@(@1—1)

A VY

op 7

A=0

e So consider a choice of d,:

9Q(8,-
69:_P9 Qéﬂﬁl 1>‘

where P, is a POSITIVE definite matrix. Then, our directional derivative becomes:

9Q(Bg—1 + Ady)
O\

_ _8Q<Bg—1>P 8@(59—1)
B a3 7 oy

A=0
Or,

0Q(Bg—1 + Ady)

=-X'P,X <0
oA g ’

A=0
since we have a quadratic form with a positive definite matrix in the middle. So we
are going in the right direction - Down!

e Thus, the updating formula for 3 becomes:

By = Bg—1 — /\ng—aQéﬁﬁg_l).

27.2 Numerical Methods - Gradient Methods
Method of Steepest Descent

e Let P, = Ix. This may take a long time to converge and is NOT recommended.

Newton-Raphson Method

o Let:

P, =

Q3 1)]
opos |

e This term comes from a first order taylor series expansion of the gradient (which should
be zero at an optimum).

e If the objective function is linear-quadratic, then we would have an exact taylor ex-
pansion (the remainder terms are all zero). In this case, we would converge to our
optimum in one step and the only thing we would have to choose would be A,.

e However, there are major problems with this method including;:
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— (1) P, needs to be positive definite (we’re minimizing) but this will only be true,
in general, in the neighborhood of the min. If this isn’t the case at our starting
parameter vector, we may not converge.

— (2) We need second order derivatives which are often hard to calculate. Analytic
equations are usually not available (even for the first derivative!) so numerical
differentiation is computationally taxing.

Gauss-Newton Method Method

e See Prucha notes.

Berndt, Hall, Hall, and Hausman (BHHH) Method

e Consider our objective function:

n

Q(ﬂ) =n! Z Qi(ﬁ)v

i=1
where ¢;(3) is the (negative of) a log likelihood function. Then:

az@wO)] S [aqzw% aqi<ﬁ°>] |

o0pop | o5 0p

E

e Then the term on the RHS of the equation above is ALWAY'S positive definite, even if
we start far from the optimum. It also doesn’t involve second order derivatives which
helps with computation time. Thus, our matrix is:

8%'(@7—1) a%(ﬂg—l)
3 2ol

P, =

Remarks on Numerical Optimization

e There is a certain art to choose good starting values and it depends crucially on the
economic model you are working on. If possible, make the problem smaller initially
by imposing a fixed value for one parameter (one that you are more confident in) and
then optimizing the other. Then use the optimized value for the starting value of a
further optimization of both parameters jointly.

e You can also linearize a model (eg, take a 3rd or 4th order taylor series expansion of
an exponential function) to get starting values.

e Finally, be sure to check multiple starting values to make sure you always converge to
the same optimum. You don’t want to end up at a local optimum.

100



28

Final Review

28.1 Notes from Problem Sets - Part 1

tr(ABC) = tr(BCA) = tr(CAB).
X'X is symmetric, psd. ¢ X'Xec=d'd > 0. pd if X is full rank.

If A is real symmetric, then A = cAc with ¢ = dc=1socd =c7!

= () JA[=]TAi, tr(A) = X- N, r(A) =r(A).
- (2) Apd. = A ! pd
- (3)Apd <\ <0V
— (4) Ap.d. = A= pp with p = cAY2.
A idempotent, AA = A. Then:

- (1) A € {0, 1}
— (2) r(A) =tr(A).

Variance decomp:
o2 = E[z*] — (E[z])%

x

¥, = Elyy'] — E[y|Ely]".

MSE() = E[(6 — 0)?] for § € R. In general:

A~ ~ ~

MSE = E[(6-6)(0-0)'] = B[(0—E[0])(0—E[0)) |+(E[0]-6) (B[] -) = Var(

If u ~ N(0,0%I,) and A is symmetric, idempotent with rank p, then:

u Au
— ~x"(p).

o
If u ~ N(0,%) where ¥ is nonsingular and u is nx1, then:
u'S u ~ ().

Consider y = X 4+ u. Then (if X includes an intercept):

Rzzl_ y/Mfy
Yy Mery
Or,
1., =2
R2:R_SS:1_E_SS:1_TUU_U =1 i
TSS TSS L, y'y — Ty
?yy—y
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e Sums of Squares: T'SS = ESS + RSS:

T
1 2
RSS = =9'y—19 .
T?J y—y
1 — 1
ESS = il - i = =
e Fisher information matrix for y = X5 + u:
o) . 82ln(L) B 02(X/X)_1 04
O =~F 5500 0 2%

e Wald Test: Note B ~ N(3,3). To test a linear hypothesis on 3, construct:
(RO = q)'[RSR]Y (RS = q) ~ X*(r(2)).
Note (CHECK THIS!):
(R3 - q)[RER|(RB - q)/G ~ F(G,T - K).

But I think the Wald is just the numerator of this statistic which is distributed 2.

28.2 Notes from Problem Sets - Part 11

e Unbiased but not consistent: X; ~ iid(u,c?), with:

n—1
1 1
=S X+ X
H =9 —1) ; T3

e Given X;...X, iid Bernoulli(p) and estimator X,. Since E[X,] = p, Var(X,) =
p(1 —p) < oo, and X; is iid, by Lindeberg Levy CLT,

Vn(X, —p) = N(0,p(1 —p)).

28.3 Key Lectures Notes - Part I

e OLS: R
B=(X'X)" X"y

J=X0=X(X'X)"'X"y.
G=y—XB=y—X(X'X)"'X'y=(1-X(X'X)"'X")y = My.
e Note MX = X'M' = X'M =0. MM =0, MX = 0.
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X't =9u=0.

Given y = X+ u, t = My = Mu.
y=y+u

Adjusted R?:

K—1
R =R*— <T_K>(1—R2).

VCB) =E[B-8)B-8)]=E[(XX) "' X'u/X(X'X)] = (X' X)™
Gauss Markov: Given A1-A3, OLS for 3 is BLUE.

E[s?] = 2. Use the fact that @ = Mu.

28.4 Laws of Large Numbers
1

Kolmogorov Strong: Z; ~ iid, E[Z;] = p < co. Then — > Z; —% p.
n

1 1
Chebychev: Z, rvs with E[Z,] = w;, Var[Z,] = 07, and = >_ 07 — % Then — > Z; —?
n n
ot

28.5 Central Limit Theorems

Lindeberg-Levy: Z; ~ iid with E[Z;] = 0, Var(Z;) = 0* < oo. Then T N7 —

N(0,0?). **Regardless of the distribution of Z;. Just needs to be iid.

Lindeberg-Feller: Z; independent random variable (not necessarily iid) with E[Z;] =0
and Var(Z;) = 0? < oo. If the lindeberg condition holds:

——22&—»N@1)

T(n)

where o, \/ﬁ Lindeberg condition states that the tails are not too heavy.

Regression analysis. Suppose X is nxk, non-stochastic, and u; ~ id(0, o).
B—pB=(XX)"X"u

Scaling:

Vi3 —p)=(@1 /nX’X)*%X'u.
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Assume: .
—X'X — @, positive definite.
n

Then, the theorem says:

VB —B) = (1/nX'X)" X — N(0,Q'0*QQ ") = N(0,0°Q ).
—_— \/ﬁ
9 N0

Denote:

Thus £, is consistent for £.

28.6 Key Lectures Notes - Part II

e In the limit, the ML estimator attains the R-C lower bound.

e Distributions of OLS estimators. Assume:

%X’X — Q.

1 1 1
Consider E[fX’u] =0 and Var[TX’u] = ﬁX’XE[uu’] — 0. Thus,
lX’u —P.

T

By CLT 4.7,

1
—X'u =% N(0,0%Q).
— 0.5%)

So if we have these last two equations we can get the limiting distributions of the OLS
estimators.

e Limiting distributions (/3):

Or,




because u'u/T —* ¢* by Khinchines LLN. Thus the limiting distribution:

VT(s? = 2) =% N(0, g — o).

e Limiting distributions (¢):
t— N(0,1).

e Limiting distributions (F'):

F(G,T - K) —=**(@)/G.

e Nonlinear objective functions:

n

Least Mean Distance - General: Q, =n"" Z q(zi, B).

i=1

n

Least Mean Distance - NLS: @, =n"! z:[yZ — g(x;, a)]?.
i=1

Least Mean Distance - ML: Q,, =n~! Z — [ (yilxi; o).
i=1

n

GMM - General: @, = [n™" Z q(zi, ) Znln ™D (2, B)).
=1

i=1
e Remark A sufficient set of conditions for an estimator to be identifiably unique is:

— (1) @ continuous.
— (2) B compact (the parameter space).

— (3) By must be a unique minimizer.

e Theorem

Ru(w, ) = Qu(z1,- -+, 20, ),
R(B) = Q(f).

Now assume:

Supgep |Rn(w, B) — R(B)| =7 0 as n — oo.

Then for our minimizer, [3,, such that:

~

R(waﬁn) = [nfﬁEB R(w7ﬁ)7

we have:

~

Bn —F By as n — oo.

o We really need a ULLN result to show consistency.
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e Theorem Uniform Law of Large Numbers. Assume the following holds:

5) B is compact.

— (1) 2 are iid.

— (2) ¢ can be either scalar or vector valued.
— (3) ¢q(+, ) is measurable for each g € B.
— (4) q(z, ) is continuous for each z € Z.

- ()

— (6)

6) Domination Condition: |¢(z, 3)| < h(z) with E[h(z)] < occ.

Then we have:
1
Uniform Convergence: Supgep |— g q(zi, B) — Elq(z;, 8)]] =P 0 as n — oo,
n

and,
Elq(z;, 4)] if finite and continuous in /3.

28.7 Consistency - Catalogues of Assumptions
Least Mean Distance Estimators - General

e Assumptions 4.1

ZxB — R. q is real valued.

q:
b) B is compact.

(
(
— (c) q(+, B) is measurable for each 5 € B. ¢(z,-) is continuous for each z € Z.
(
(

a)
)

d) z; is iid.

e) Domination: Supgep|q(zi, 5)] < co.

o [f assumptions 4.1 are satisfied then we have the following ULLN:

Sup5€3|% Zq(zi,ﬁ) — Elq(z;,8)]| —* 0 as n — oo,

and,
El[q(z;, 8)] is continuous.

o If we add to assumptions 4.1 the assumption that G is a UNIQUE minimizer of R,
then we get a consistent estimator:

ﬁAn —* By as n — oo.
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Least Mean Distance Estimators - Nonlinear Least Squares

e Assumptions 4.2

a) g is real valued.

b) B is compact.

d) z; = [yi, x;] is iid.

e) Elyi|zi] = g(ws, Bo).

(
(
— (¢) g(+, B) is measurable for each § € B. g(z,-) is continuous for each z € p,.
(
(
(f) Domination: F[(y; — g(xi, 3))?] < oo and Supgepg(z;, 5)? < oo.

e Theorem If assumptions 4.2 are satisified and E[(g(x;, 8o) — g(zs, 3))?] > 0V 8 # fo,
then: A
Bn —*° By as n — oo.

Least Mean Distance Estimators - Maximum Likelihood

e Assumptions 4.3

a)
b

= (
= (
= ()
= (
= (

q is real valued.
B is compact.

)
q(-, B) is measurable for each § € B. g(z,-) is continuous for each z € Z.
d)

e¢) Domination: E[Supgep|q(z:;, 0)|] < 0.

zi = yi, x;] is iid.

e Theorem If assumptions 4.3 are satisified and [ is a unique minimizer for E[q(z;, 5)],
then: A
B, —* By as n — oo.

General Method of Moments Estimators - General

e Assumptions 4.4

a)

ZxB +— FPe is a real vector valued function.

q:
b) B is compact.

d) z; is iid.

(
(
— (¢) ¢q(+, B) is measurable for each § € B. ¢(z,-) is continuous for each z € Z.
(
(e) Domination: E[Supseg||q(zi, B)||] < co. where || - || is the euclidean norm.
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e Theorem If assumptions 4.4 are satisified and,

R() = [Blatas =Bl 1 { 70 0070

Then:
Bn —*° By as n — oo.

28.8 Asymptotic Normality - Catalogues of Assumptions
Least Mean Distance Estimators - General

e Assumptions 5.1

— (a) Parameter Spaces are compact

— (b) Q, is C*.

- (c) Bn —P By as n — oo and By € B. We need the true parameter to be in the
t

he strict interior so we can do a taylor expansion around it. Also, n'/?(%, —7y) =
O,(1), a random variable.

— (d) n'/?V3Q(B,) = 0,(1). This means that our estimator, 3, satisifes our FOC
up to an error of magnitude o,(1).

— (€) VQn(6,) —” Ag. This we have shown above.

— (f) Vi Qun(Tas Bn) —P 0, so the cross derivative terms are 0. 7 is truely a nuisance.
This was clear before we started ...

— (g) There exists a real matrix Dy, such that:
—n1/2V5/Qn(zl, ey Zns T0s Bo) = Doy + 0p(1).
e Theorem If assumptions 5.1 hold, then
V(B — o) —* Ay Deg.
And if £ ~ N(0,Ag), then as above,
V(B = Bo) = N(0, A7 DoAo Dy A" ) = N(0, A7' BoAgh),

with BQ = DOAOD6

GMM Estimators - General

e Assumptions 5.2

— (a) Parameter Spaces are compact

— (b) S, is CL.
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- (c) B, —P By as n — oo and By € B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, =, —? Z.

— (d) Vg/Sn(Bn)énSn(ﬁn) = 0,(1). This means that our estimator, 3, satisifes our
FOC up to an error of magnitude o,(1).

— (&) V3Sn(B) =P Gy, for any consistent estimator, 3. Note 3, is also consistent.

— (f) n'/28,(By) —? €. That is, the “Normalized Score” converges to some real
valued random vector.

e Theorem If assumptions 5.2 hold, then
V(B — o) = —[GiZ0Gol " GyZok.
And if £ ~ N(0,A), then,
V(B = Bo) = N(0, A BoAg ),
with Ay = G{Z0Go and By = G{ZgA¢Z0Gy. Furthermore, let:

~

A, =G=Z,G,, and B, =G

with:
Go=n""Y V(2. 8,), and A, =n""> " q(z, Bu)qlz, 5a) -
Then: X
An —P Ao, Bn - B(), Gn - GO An —P A0
And finally: o
(A" B ALY =P (A7 BoAg™h)
Brilliant.

e How about the special case where =, = A;! — Aj'. Then the variance/covariance

matrix becomes:

AJTBoAyt = (GYE0Go) tGhZE0NeZ0Go(GhZE0Go) ™!
(GHAG ' Go) T GHAG Ao Ay ' Go(GHAG ' Go) ™
(GHAG'Go) ' GyAy " Go(GyAy ' Go)
(GHA'Go) ™

It can be shown that this indeed is the MOST efficient weighting matrix we can put
in there.

Least Mean Distance Estimators - General

e Assumptions 6.1 for Consistency:
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a) Compact parameter space.
)

b) ¢ is continuous in [ (not necessarily in z).

(
(
— (c) z; are iid.
(d) Dominance on g.
(e) Bo is a unique minimizer of the non-stochastic analogue, F[q(z;, 3)].
e Assumptions 6.1* for Asymptotic Normality:

(f) o is an interior point of B.

— () ¢ is C*.

— (h) Dominance conditions on the gradiant and hessian of g.
(i) The expected value of the hessian is non-singular.

e Theorem 6.1 If the assumptions above hold, we have:
n2(Bn = o) —* N(0, Ag " Bo Ay,

with:
AO = E[Vﬂ5Q(2za 60)]7

and,
By = E[Vgq(zi, 50)Va(zi, o))

Least Mean Distance Estimators - Nonlinear Least Squares

e Assumptions 6.2 for Consistency:

a) Compact parameter space.

b) g is continuous in § (not necessarily in z).
c) z; are iid.

d) Elyi|z:] = g(xi, Bo).

e)

f)

(

(
= (
= (

(e) Dominance on g.

(f) By is a unique minimizer of the non-stochastic analogue, E[(g(z;, 3o)—g(xi, 5))?].
e Assumptions 6.2* for Asymptotic Normality:

(g) By is an interior point of B.
— (h) g is C*%

(i) Dominance conditions on the gradiant and hessian of g.
(

)
j) The expected value of the hessian is non-singular.
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e Theorem 6.2 If the assumptions above hold, we have:
n'2(B, — o) = N (0, Ay BoAg ),

with:
Ay = E[Vgg(x;, Bo)Vag(xi, Bo)l,

and,

By = E[(yz - 9(371‘, ﬁo))Qvﬁ’g(iﬂu ﬂo)vﬁg(ﬂﬁi, ﬁo)]-

e Note that if there is no Heteroskedasticity:

El(yi — gz, 60))|2i] = Ele}|ai] = o2,

then:
By = E[(y; — g(w, 50))QYﬁ/g(xi> Bo)vﬁg(l’i, 50)1] = 0% Ay.
Ao
So,

At BoAyt = 0? At
e For the case of a linear model: y; = x;3 + ¢;, (with homoskedasticity):
Ao = ElNgg(wi, Bo)Veg(xi, Bo)] = Elwixy],

S0,

n1/2<3n - BO) _>d N(O,UQ(X/X)_l),
as usual.

e For the case of a linear model with heteroskedasticity:

Bn:%Z( (901,50 ;T :_Ze ;T
So,

A;lénA,;1:<ix, ) zm<zx )

=1 =1

Least Mean Distance Estimators - Maximum Likelihood

e Assumptions 6.3 for Consistency:

(a) Compact parameter space.

(b) ¢ is continuous in § (not necessarily in z).
— (c) z; are iid.
(

d) Dominance on g.
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— (e) Bp is a unique minimizer of the non-stochastic analogue, E|q(z;, 3)].
e Assumptions 6.3* for Asymptotic Normality:

— (f) By is an interior point of B.

— (g) ¢is C*.

— (h) Dominance conditions on the gradiant and hessian of g.
= (

i) The expected value of the hessian is non-singular.
e Theorem 6.3 If the assumptions above hold, we have:
n'2(B, = Bo) =4 N(0, Ay ' BoAg"),

with:
Ao = E[Vsq(2i, o) = —E[Vgslnf(yi|z:; Bo)],
and,
By = E[Vpq(2i, o)l = E[Vglnf(yilvi; Bo)Vslnf (yilzi; Bo)).

HOWEVER, since we have a likelihood as our objective function, we can interchange
integration and differentiation, which implies Ay = By. Thus,

(B, — Bo) = N(0,A5").

28.9 Numerical Methods
e Stopping criteria:
— (1) Euclidean distance criteria:
(Bg = By—1)'(By — By-1) < ¢,

for some € > 0.

— (2) Objective function criteria:

Q(By-1) — Q(By) <e.

— (3) Score vector criteria:

[acmg)] [8@(@,)]' _.
op op '

— (4) Maximum number of iterations is reached.
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Define the directional derivative:

a@(ﬁg—l + )‘59) aQ(ﬁg—l)

A VY

(2 op 7

A=0

So consider a choice of dg:

6g _ _Pg aQ(ﬂg—l) .

o'

Thus, the updating formula for 3 becomes:

By = Bg—1 — /\ng—aQéﬁﬁg_l).

Method of Steepest Descent

Newton-Raphson Method

P, =

g

9505

Berndt, Hall, Hall, and Hausman (BHHH) Method

a i\Mg—1 a i\Mg—1
5~ 20 )ﬂﬁ)l

ww@nrf

P_

g =

BJe Bk

28.10 Notes from Exams - Part 1

1
- (X0 = Xler(eher) e X.

More on R? (first expression always, others with intercept):

o Si _ S _ Sw_ Sw—Sw _ | _ S
SyySgy  SyySpg Sy Syy uy

Test of a total regression relationship (besides an intercept):

R?/G

U Ty

~ F(G,T - K).

— General F test of a linear restriction:

(ESSk — ESSy)/G
ESSy /(T — K)

F =
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But ESSR

/

ESSy + (R3 — r)[R(X'X) 'R Y(R3 — r), ESSy = @/t and
a

= |l

2

2 =62 =

T S0:

(B3 —r)[RX'X)' R (RS —r)/G

52

F= = (RB—r)[RVC(B)R|(RB—7)/G.
Chow Test for a Structural Break. Split the regression equation into different sets
of observations. Then:

(ESSg — (ESS, + ESS))/G

k= (ESS; + ESS,) /(T — 2K)

~ F(G,T - 2K).

1
Al = —
|A]

Prediction. Given out of sample observation x,, where the model still holds:

(Adj(A))’. Be sure to check for block diagonal.

Yp = O+ YTp + Up.

Estimated with:
Up = O+ YTy,
So,
Ely,| = a + yz,.

So,

VC(QP) = E[(gp - E[Qp])@p - E[@p])/]
E[(XPB - Xpﬁ)(XpB - Xpﬁ)/]
= E[X,(5-8)(5 - 5)X])
= X,0*(X'X)"'X)

Where 3 = [a 7] and X, = [1 z,,]. Then if the prediction error is:
vp = Yp = Gp = Xpf 1, — X = — X,[5 = ],
So E|v,) = 0 and:
VCluy) = VC () +V O (X, (6—B)) = 0’ L+X,0* (X' X) ' X) = 0*(Is+X,(X'X) 7' X)).
Restricted OLS. Model: y = X + u, restriction: R3 = r. Thus,

Min (y — XB)'(y — X0),

s.t.
RB=m.
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Lagrangian:
L=yy—20Xy+ X' X3—-2N[RS—r].

FOC(B):
—2X'y + 2(X'X)B — 2R'\ = 0.

—X'y+ X'Xp—RX=0. (x).
— Premultiply (*) by R(X'X)™%:
~RX'X)' X'y + RIX'X)'X'X3 - R(X'X) 'R\ =0.
—R3+ R3— R(X'X)'R'A=0.
R(B— )= R(X'X)"'R'\.
A= [R(X'X)' R R(3 - B).
— Premultiply (*) by (X’X)~! (Note under Hy : R3 = r):
—(X'X) X'y + (X'X)'X'X3 — (X' X)'RA=0.
B=p3+(X'X)'R\
8= 0+ X'X) ' RIR(X'X) ' R)R(5 - ).
6Testm'cted - B + (X/X)_IR/[R(X/X)_IR,]_I(7‘ - RB)

28.11 Notes from Exams - Part 11

— Proof that  is blue. Conditions: Efu;] = 0, E[u2] = 02V t, Eluus] = 0 for t # s,
X full rank and nonstoch. Consider estimator:

f=(X'X)"X"y = (X'X)"'X"u, E[f] =B, Varf = o*(X'X)7.

Denote: ) )
f=(D=(X'X)"'X")y=Dy+0.
Elf] =3 = DX =0.
Var[ﬁ] = Var(Dy)+o*(X'X)™' = DVar(u)D'+0*(X'X) ™' = Do*D'+o*( X' X) ! > Var(B
— To show consistence alway consider chebychev’s theorem with expected value and
variance.

— Kinchine. For ¢ ~ 7id(0, 0?) with E[e?] = o2, then:
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— Lindeberg Levy CLT: u; ~ 7d(0, 0?) then:

1 d 2
— uy —° N(0,0%).
S w N0
— Theorem 4.7. If u; ~ iid(0, 0% < oo) with lim n~'X'X = @, finite, then:

1
%X’u —4 N(0,0°Q).

— CLT for growing regressors. u; ~ #id(0,0?). If:

Max{z?} B
> i
then by the Modified Lindberg-Levy,

0,

Or,

2 Tt —4 N(0,0%).
V2w
— Prediction: future model: y; = a+bxy +uy = Xy +uy. A BLUE estimator is :
Prediction error:
yr— v = XpB+up — Xp =y — X; (8- ).
Variance of prediction error:
o’ — Xy (X' X)X}

— ESS = Error sum of squares or residual sum of squares.
— Assumptions for asympototic distribution of 3: E [u] =0, Eluv'] = I, uiid, X
full rank and nonstoch, T-'X’'X — @, finite nonsingular.

— Lemma 1: If Z ~ N(u,X), then ¢+ bZ ~ N(c+ bu,bXl'). So with B—p3=
(X'X)'2'u and u ~ N(0, 0?),

B—B~N©O,0(X'X)™"), B — Ok ~ N(O0,0*(X'X)"F).

— Lemma 2. If Z ~ N(0,02I), Ais a TaT symmetric, idempotent matrix with rank

T, then:
Z'AZ

o2

~X*(r(A)).
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So: ‘N
u u
= ~X(T-K).

— Lemma 3. If Z ~ N(0,0%I) and A is T2T symmetric, idempotent and B is KzT
with BA =0, then BZ and Z'AZ are independent. So for :

B=(X'X)'X', A=M, Z=u~ N(0,0%]),

then BA =0 and (X'X) ' X'y = 3 — B are v Mu are independent!
— Derive the t:

y_B=B__B-8 _
N
_ -5 B NOY o
IR S RTINS ey T e o B

— Cheychev: For a random variable, Z, with E[Z] = u and E[(Z — u)?] = 02, then
Ve>0,
Bl(Z-p? o
Pr{|Z —pul > e} < M:U__

€2 €2
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