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1 Lecture 1: January 27, 2005

1.1 The Nature of Econometric Modelling

• 3 input streams:

Economic Theory ⇒ Economic Model ⇒ Econometric Model.

Facts ⇒ Data ⇒ Refined Data.

Statistical Theory ⇒ Econometric Techniques.

• Then we estimate the econometric model with refined data using econometric tech-
niques. Out of this we can do structural analysis, forecasting, and policy analysis.

• Example. Factor demand for labor and capital of a competitive firm. The problem
might look like:

Max F (Kt, Lt)− wtLt − ctKt.

FOCs:
∂F

∂Lt

− wt = 0.

∂F

∂Kt

− ct = 0.

Assume a quadratic form with no cross product term:

F (Kt, Lt) = α0 + αKKt + αLLt +
1

2
αKKK

2
t +

1

2
αLLL

2
t .

FOCs become:
αL + αLLLt − wt = 0.

αK + αKKKt − ct = 0.

Solve for L and K:

Lt =
1

αLL

(wt − αL). (1)

Kt =
1

αKK

(ct − αK). (2)

So the economic theory gives us these two equations along with our quadratic produc-
tion function. But to do econometric testing, the data almost surely will not fit these
equations exactly so we need to introduce some error terms. Suppose we interpret αL

as αL − ηL
t , so labor’s share of production is reduced (or increased) by productivity

shocks. Suppose ηL
t is known to the firm but unknown to us, the researchers. Suppose

we have a similar adjustment to αK . Equations 1 and 2 become:

Lt =
1

αLL

(wt − αL + ηL). (1′)
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Kt =
1

αKK

(ct − αK + ηK). (2′)

So these η terms become our error terms in our regressions.

1.2 Classical Linear Regression Model

• Suppose we have the regression relation:

yt = xt1β1 + · · ·+ xtKβK + ut, t = 1, . . . , T.

• If we take the X’s as given constants and make the following three assumptions:

E[ut] = 0, Mean Zero,

E[u2
t ] = σ2, Constant Variance,

E[utxs] = 0, No Correlation.

Then we are working with the “Classical” linear regression model.

• In matrix form:
y = Xβ + u,

where y and u are Tx1, X is TxK and β is kx1.

• The OLS estimator becomes:
β̂ = (X ′X)−1X ′y.

• We will also study the nonlinear regression model in the later part of the course which
will involve a regression equation:

yt = f(Xt, β) + ut.

Here we won’t be able to solve directly for the parameters but will utilitize asymptotic
theory to determine our best estimate of the true parameters.
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2 Lecture 2: February 1, 2005

2.1 Classical Linear Regression Model

Specification

• We start with a simple 2 variable regression:

Ct = f(Yt) = a+ bYt.

• The specification might be:
Ct = a+ bYt + ut,

E[Ct|Yt] = a+ bYt,

E[ut|Yt] = 0.

The expected value of consumption given income is the value of the average relationship
(or fitted value).

• We also might assume:

E[u2
t |Yt] = h(Yt) = σ2, constant.

This is an assumption of the classical model. We say the error terms are homoskedastic
(versus heteroskedastic).

• In general, the relationship between two variables will NOT be deterministic, ie ob-
servations will not lie exactly on the regression line. We still do a linear regression
sometimes if we think there might be error coming into the model from some unknown
source. Reasons this might happen could be missing explanatory variables on the
RHS of the regression, measurement error in the independent variable, or stochastic
coefficients:

Ct = at + btYt, at = a+ vt, bt = b+ wt, E[vt] = E[wt] = 0.

Substituting:
ct = a+ bYt + vt + wtYt︸ ︷︷ ︸

ut

.

Note E[ut] = 0.

• Typical regression notation is:

yt = a+ bxt + ut.

Where xt is the regressor, ut is the disturbance or error term, and yt is the independent
variable or regressand.

• Assumptions of the classical model:
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– (a.1) E[ut|xt] = 0 ∀ t.
– (a.2a) E[u2

t |xt] = σ2 ∀ t.
– (a.2b) Cov[utus|xt, xs] = 0 ∀ t 6= s.

– (a.3) xt 6= xs for some t 6= s.

• Note that a.1 is not very strong but a.2 gives us a lot. If the variance was different for
different observations, then it would not make sense to weight all the observations the
same in the regression. With a.2, we treat all observations equally. Assumption a.3 is
equivalent to saying that the X matrix of regressors is of full column rank, (rank K).

• We usually impose STRICT exogeneity of the X’s as follows:

– (a.1’) E[ut|x1, . . . , xT ] = 0 ∀ t.
– (a.2a’) E[u2

t |x1, . . . , xT ] = σ2 ∀ t.
– (a.2b’) Cov[utus|x1, . . . , xT ] = E[utus|x1, . . . , xT ] = 0 ∀ t 6= s.

• Example. Consider the simple regression equation with no intercept:

yt = bxt + ut.

One estimator of b might be:

b̂ =

∑
xtyt∑
x2

t

.

Substituting:

b̂ =

∑
xtyt∑
x2

t

=

∑
xt(bxt + ut)∑

x2
t

= b+

∑
xtut∑
x2

t

.

Now lets try to show that the expected value of our estimator is the true parameter:

E[b̂] = b+ E

[∑
xtut∑
x2

t

]
.

Suppose we could separate the expectation operator (we can’t):

E[b̂] = b+
E[
∑
xtut]

E[
∑
x2

t ]

= b+
ExtE[

∑
xtut|xt]

E[
∑
x2

t ]

= b+
Extxt

0︷ ︸︸ ︷
E[
∑

ut|xt]

E[
∑
x2

t ]

= b
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And thus b̂ is unbiased. But since we cannot separate the expectations operator, we
have to try something different:

E[b̂] = b+ E

[∑
xtut∑
x2

t

]
.

= b+ Ex1···xT
E

[∑
xtut∑
x2

t

∣∣∣∣∣x1 · · ·xT

]
.

= b+ Ex1···xT

1∑
x2

t

E

[∑
xtut

∣∣∣∣∣x1 · · ·xT

]
.

= b+ Ex1···xT

1∑
x2

t

∑
xtE[ut|x1 · · ·xT ]︸ ︷︷ ︸

0

.

= b

So we needed strict exogeneity to get unbiasedness. This is the same as saying that
the X’s are non-stochastic constants.
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3 Lecture 3: February 3, 2005

3.1 Classical Linear Model - Multiple Variables

Notation

• Denote a matrix A with elements aij, ai̇ the ith column of A.

• Denote the inverse matrix of A, A−1, with elements aij, ai̇ the ith column of A−1.

• Denote E[A] = (E[aij]), the expectation of a matrix is the matrix of expected values
of each element.

Preliminaries

• Consider the following regression model:

yt = β1xt1 + · · ·+ βKxtK + ut, t = 1, . . . , T.

Or in matrix form:
y = Xβ + u,

Where y and u are Tx1, β is Kx1, and X is TxK.

• Assumptions:

– (A.1) E[u|X] = 0.

– (A.2) E[uu′|X] = σ2IT .

– (A.3) Rank(X) = K, full rank.

To simplify the notation, WLOG, we can assume the X’s are nonstochastic so our
assumptions become:

– (A.1) E[u] = 0.

– (A.2) E[uu′] = σ2IT .

– (A.3) Rank(X) = K, X’s nonstochastic.

• Note that A.2 says that the variance/covariance matrix has a constant variance down
the diagonal and 0 covariances off the diagonal. This comes from:

E[uv] = E[u]︸︷︷︸
0

E[v]︸︷︷︸
0

+Cov(u, v) = Cov(u, v).

• The full rank assumption means that we cannot have an explanatory variable that is a
linear combination of one or more of the other explanatory variables. We might even
have a case where x1 = ax2 + bx3, and we call this perfect multicollinearity. In this
situation, we can really only estimate the effects of say x1 and x2 or of x1 and x3,
assuming that there wasn’t collinearity in these two variable regressions.
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• Another way of saying that the X matrix must have full rank is to say that the
parameters in the model must be fully identified.

3.2 The algebra of OLS with no parameter restrictions

• Model:
y = Xβ + u.

We will forgo the assumption about the full rank of X for now.

• Note the following about sample and population means of y. Take the simple regression
model:

yt = a+ bxt + ut.

This implies:
E[yt] = a+ bxt.

But as usual:

y =
1

T

T∑
t=1

yt,

the sample mean. The expectation of y is actually a mean vector which may change
over time depending on the value of x. In this situation, clearly the sample mean is
not an estimator of the population mean.

• Back to our model. Let β̃ be *some* estimator of β. The following implications follow:

u = y −Xβ.

E[y] = Xβ.

ỹ = Xβ̃.

ũ = y −Xβ̃ = y − ỹ.

• See G-3.1. Consider a true relationship, yt = a+bxt+ut, and our estimated relationship:

ỹt = ã+ b̃xt.

From the graph it is clear that the vertical distance between the point and the line
represents some sort of residual in our fit.
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• Define the OLS estimator, β̂, as the vector that minimizes:

S(β̃) =
T∑

t=1

ũ2

= ũ′ũ = ||ũ||2

= (y − ỹ)′(y − ỹ)

= (y −Xβ)′(y −Xβ)

= y′y − 2y′Xβ̃ + β̃′X ′Xβ̃.

Or in the simple case:

Minã,b̃

T∑
t=1

(yt − ã− b̃xt)
2.

• Note we could also use the sum of absolute deviations (LAD estimator) but this will
have issues which we will talk about later. In general, the OLS estimator is much more
sensitive to outliers than the LAD estimator.

• Two final notes: Given random n-vectors, z and y,

||z|| =
(∑

i

z2
i

)1/2

.

||z − y|| =
(∑

i

(zi − yi)
2
)1/2

.

This way of representing the OLS estimation procedure, minimizing ||ũ||2, follows from
the interpretation that the OLS technique can also be interpreted as an orthogonal
projection of the y vector onto the space spanned by the X vectors. Because we are
minimizing the distance, we end up with an orthogonal relationship between the X’s
and the residuals.
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4 Lecture 4: February 8, 2005

4.1 Classical Linear Model - Estimator

OLS Estimation, No Restrictions

• Recall we seek to minimize:

S(β̃) = Min {(y −Xβ̃)′(y −Xβ̃)}.

• Note that when you have a multidimensional variable and you want to take a derivative,
the results are almost the same as with scalars. Specifically if y is px1, A is pxs, and
x is sx1 with y = Ax, then:

∂y

∂x
= A.

Suppose now that y = x′Ax, a quadratic form. Then if A is symmetric:

∂y

∂x
= 2x′A.

If A is not symmetric:
∂y

∂x
= x′(A+ A′).

The second result follows from the fact that since x′Ax is a scalar, x′Ax = (x′Ax)′ =
x′A′x. So:

y =
1

2
x′( A+ A′︸ ︷︷ ︸

Symmetric

)x.

So,
∂y

∂x
=

1

2
2x′(A+ A′) = x′(A+ A′).

• So minimizing over β̃ gives FOC:

−2y′X + 2β̃′X ′X = 0.

Or,
X ′Xβ̃ = X ′y.

• This is the normal equation for OLS. In fact it is a set of K equations. If X ′X was
non-singular, we could invert and solve for β̃. If X ′X was singular, we would have a
whole manifold of solutions. When is X ′X non-singular? When X has full rank (K in
this case). Thus, if X has rank K,

β̃ = (X ′X)−1X ′y,

the OLS estimator. Note that X ′X must be positive semi-definite, ie if A = X ′X, then
x′Ax ≥ 0 ∀ x 6= 0.
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• Note that if Ab = a, then b = A−1a if A can be inverted. If not, we denote the
generalize inverse, or Moor-Penrose Inverse as A+ such that:

AA+A = A,

A+AA+ = A+,

AA+ symmetric,

A+A symmetric.

Moreover the Moor-Penrose inverse is unique, and if A is square and non-singular, then
A+ = A−1.

• In scalar notation, the LHS and RHS of the normal equations become:

1

T
(X ′X)ij =

1

T

∑
t

xtixtj,

1

T
(X ′y)ij =

1

T

∑
t

xtiyt.

But these are just the non-central sample moments so:

Mxxβ̃ = Mxy.

• Now suppose that:
X = [eT , X],

β = (β̃1, β̃)′.

Where eT is a vector of ones. Thus we are including an intercept in our regression, β̃1,
and the slope parameters are all in β̃. Then:

X ′X =

[
e′T
X ′

]
∗
[
eT X

]
=

[
e′T eT e′TX
X ′eT X ′X

]
.

And,

X ′y =

[
e′T
X ′

]
∗ y =

[
e′Ty
X ′y

]
.

Plugging these values into our normal equation and simplifying yields:

X ′ (I − 1

T
eT e

′
T )X︸ ︷︷ ︸

Subtracts the Mean

β̃ = X ′(I − 1

T
eT e

′
T )y.
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Note also that I − 1

T
eT e

′
T is idempotent, so,

X ′(I − 1

T
eT e

′
T )︸ ︷︷ ︸

X′
∗

(I − 1

T
eT e

′
T )X︸ ︷︷ ︸

X∗

β̃ = X ′(I − 1

T
eT e

′
T )︸ ︷︷ ︸

X′
∗

(I − 1

T
eT e

′
T )y︸ ︷︷ ︸

y∗

.

Or,
X ′
∗X∗β̃ = X ′

∗y∗.

Then,
1

T
X ′
∗X∗β̃ =

1

T
X ′
∗y∗.

Sijβ̃ =
1

T
X ′
∗y∗,

Where Sij are the central sample moments.

• Example. Suppose we have the following regression model:

yt = a+ bxt + ut.

So X contains a column of ones and then the single xt variable. Thus our normal
equations are:

X ′X ∗
[
ã

b̃

]
= X ′y.

Multiplying out, we have:

T ã+
∑

xtb̃ =
∑

yt,

and, ∑
xtã+

∑
x2

t b̃ =
∑

xtyt.

Divide the first through by T :
ã+ xb̃ = y,

So this shows that if you have an intercept, the regression line will always go through
the point (x, y).

• Multiplying the first through by x and subtracting the second yields:

b̃ =

∑
t(xt − x)(yt − y)∑

t(xt − x)2
.

And from above:
ã = y − xb̃.

So these are our OLS estimators.
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• Proposition 1 If X has full column rank, then the OLS estimator is unique and given
by:

β̂ = (X ′X)−1X ′y.

If you include an intercept, we can pull out the column of ones from the X matrix and
write:

β̂ = (X ′
∗X∗)

−1X ′
∗y∗,

β̂1 = y − x2β̂2 − · · · − xK β̂K .

• Proposition 2 Any solution of the normal equations minimizes the sum of the squared
residuals. For any other vector of coefficients, b, (y−Xb)′(y−Xb) ≥ (y−Xβ̂)′(y−Xβ̂).
See notes for proof.
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5 Lecture 5: February 10, 2005

5.1 More on OLS with no restrictions

• Proposition 3 If β̂ and β̃ are any two solutions to the normal equations, then,

E[y] = Xβ̂ = Xβ̃.

Proof: By assumption:
X ′Xβ̂ = X ′y,

X ′Xβ̃ = X ′y.

So,
X ′X(β̂ − β̃) = 0.

(β̂ − β̃)′X ′︸ ︷︷ ︸
Z′

X(β̂ − β̃)︸ ︷︷ ︸
Z

= 0.

Z ′Z = 0 ⇐⇒
∑

z2
t = 0 =⇒ Z = 0.

So,
X(β̂ − β̃) = 0 ⇐⇒ Xβ̂ = Xβ̃.

QED. This says that though the estimator need not be unique (as is the case when
X ′X is singular), the systematic component of the relationship between y and X will
be unque!

• Suppose X does not have full column rank. Thus,

Xγ = 0, γ 6= 0.

Suppose β̂ and β̃ = β̂ + cγ are both solutions to the normal equations. Then

X ′Xβ̃ = X ′Xβ̂ + cX ′ Xγ︸︷︷︸
0

= X ′Xβ̂ = X ′y.

Thus β is not necessarily unique.

• Lemma 1 If X does not have full rank then:

β̂ = (X ′X)+X ′y,

has NO economic meaning; the coefficient is NOT unique.

• Proposition 4
ŷ = Xβ̂ = X(X ′X)+X ′y

is a UNIQUE estimator for Xβ no matter if X has full rank or not. Then:

û = y −Xβ
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is also UNIQUE regardless whether or not β is identified. Further more, if X has full
column rank, then the OLS estimators for β, Xβ, and u are:

β̂ = (X ′X)−1X ′y,

ŷ = Xβ̂ = X(X ′X)−1X ′y,

û = y −Xβ̂ = [I −X(X ′X)−1X ′︸ ︷︷ ︸
M

]y.

• Note that X(X ′X)−1X ′ is a projection matrix and M , above, will be defined next.

• Lemma 2 M = I −X(X ′X)−1X ′. M is idempotent, symmetric, and MX = X ′M ′ =
X ′M = 0.
Proof: M is clearly symmetric since (M ′)+ = (M+)′. MM = M just by multiplying
out. Finally,

MX = X −X(X ′X)−1X ′X = X −X = 0.

• Proposition 5 X ′û = ŷ′û = 0. So the estimated residuals are orthogonal to X and
the fitted values.
Proof:

X ′û = X ′(y −Xβ̂) = X ′(y −X(X ′X)−1X ′y) = X ′My = 0.

ŷ′û = (Xβ̂)′û = β̂ X ′û︸︷︷︸
0

= 0.

• Remark Regardless of whether or not X has full rank:

y = ŷ + û,

where ŷ and û are orthogonal to each other.

5.2 Coefficient of Determination (Goodness of Fit)

• First some notation. Define the following two Tx1 vectors:

v = (v1, . . . , vT )′,

w = (w1, . . . , wT )′.

Let the sample mean and variance be denoted:

v =
1

T

∑
t

vt = T−1e′Tv.

svv =
1

T

∑
t

(vt − v)2 = T−1v′(I − eT e
′
T

T
)v.
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Denote the non-central second order sample moments between v and w:

mvw =
1

T

∑
t

vtwt = T−1v′w.

Denote the central second order sample moments between v and w:

svw =
1

T

∑
t

(vt − v)(wt − w) = T−1v′(IT −
eT e

′
T

T
)w.

• Proposition 6
y′y = ŷ′ŷ + û′û⇐⇒ myy = mŷŷ +mûû.

Proof:
y′y = (ŷ + û)′(ŷ + û) = ŷ′ŷ + û′û,

because ŷ′û = 0.

• Proposition 7 If X = [eT , X
∗], ie there is an intercept, then:

X ′û = 0 =⇒ (e′T , X
∗′)′û = (e′T û, X

∗′û) = 0.

Thus,
û = T−1e′T û = 0,

from above. And, since y = ŷ + û,

T−1e′Ty = T−1e′T ŷ + T−1e′T û︸ ︷︷ ︸
0

.

y = ŷ.

So if we have an intercept in our regression, the regression line goes through the point
of sample averages. Both the mean residual is zero and the mean of the y’s equals the
mean of the fitted values. Finally,

y′y = ŷ′ŷ + û′û

T−1y′y = T−1ŷ′ŷ + T−1û′û

T−1y′y − y2︸ ︷︷ ︸
syy

= T−1ŷ′ŷ − y2︸︷︷︸
ŷ
2

+T−1û′û− û︸︷︷︸
0

syy = T−1ŷ′ŷ − ŷ
2︸ ︷︷ ︸

sŷŷ

+T−1û′û− û

syy = sŷŷ + T−1û′û− û︸ ︷︷ ︸
sûû

syy = sŷŷ + sûû
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• Definition Coefficient of Determination. Denote:

R2 = r2
yŷ,

the square of the simple correlation coefficent between the y’s and the fitted values.
This can be written:

R2 =
s2

yŷ

syysŷŷ

.

So 0 ≤ R2 ≤ 1.

• Proposition 8 Suppose X = [eT , X
∗]. Note:

ŷ′ŷ = y′ŷ.

Thus,

syŷ =
1

T
y′ŷ − yŷ =

1

T
ŷ′ŷ − ŷ

2
= sŷŷ.

So,

R2 =
s2

yŷ

syysŷŷ

=
s2

ŷŷ

syysŷŷ

=
sŷŷ

syy

=
syy − sûû

syy

= 1− sûû

syy

.

Or,

R2 = 1−
∑
û2

t∑
(yt − y)2

.

• Note that using this second definition and then not including an intercept would be
problemsome since the coefficient would no longer be bounded between zero and one.
The first definition works always.

• Important remark:

ESS = Error (Residual) Sum of Squares:
∑

û2
t .

RSS = Regression (Explained) Sum of Squares:
∑

(ŷt − ŷ)2.

TSS = Total Sum of Squares:
∑

(yt − y)2.

E’s and R’s can sometimes be switched.

• In this notation,
syy = sŷŷ + sûû ⇐⇒ TSS = RSS + ESS.

So if we have an intercept,

R2 =
RSS

TSS
= 1− ESS

TSS
.
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• Note that R2 will always be increasing in the number of parameters you include in the
model. Thus, define the adjusted coefficient of determination:

R
2

= R2 − (
K − 1

T −K
)(1−R2).

This form of the coefficient penalizes the addition of K’s.

5.3 OLS Estimation with Parameter Restrictions

• Consider the set of G “linear” restrictions on β. Suppose K = 5 and we have restric-
tions:

β2 + β4 = 5,

β1 + 3β2 + β5 = 7.

Then write Rβ = r or:

[
0 1 0 1 0
1 3 0 0 1

]
∗

 β1
...
β5

 =

[
5
7

]
.

So R is GxK, β is Kx1 and r is Gx1. Assume rank(R) = K. More next time.
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6 Lecture 6: February 15, 2005

6.1 More on OLS with Parameter Restrictions

• Recall we wrote our linear restrictions in the form:

Rβ = r,

where R is GxK and r is Gx1. R must have full row rank and r must be in the range
space of R, but otherwise, we do not impose anything else.

• To determine our optimal estimator for β, call it β∗, we minimize the following:

Minβ∗

∑
u∗2t = Min (y −Xβ)′(y −Xβ) = Min y′y − 2β∗

′
X ′y + β∗

′
X ′Xβ∗,

such that:
Rβ∗ = r.

So we write out our lagrangian:

L = y′y − 2β∗
′
X ′y + β∗

′
X ′Xβ∗ − 2λ′(Rβ∗ − r).

• FOCs imply:
β∗ = β̂ + (X ′X)−1R′[R(X ′X)−1R′]−1{r −Rβ̂}.

So β∗ is the constrained estimator which you can see is equal to the unconstrained
estimator, β̂, plus this other term which is multiplied by r − Rβ̂. So if r − Rβ̂ = 0,
β∗ = β̂ and the restriction is already satisfied. The further away we are, ie, the more
we restrict, the larger is the second term in the expression.

• In practice, we probably wouldn’t use the above equation but rather just impose the
restriction right in the regression equation and then run an unrestricted regression on
the new variables.

• Proposition 10 Denote the unrestricted residuals as û = y −Xβ̂ and the restricted
residuals as:

u∗ = y −Xβ∗ = y −Xβ∗ +Xβ̂ −Xβ̂ = û+X(β̂ − β∗).

Thus,
u∗

′
u∗ = [û+X(β̂ − β∗)]′[û+X(β̂ − β∗)].

u∗
′
u∗︸ ︷︷ ︸

ESSR

= û′û︸︷︷︸
ESSU

+ (Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r)︸ ︷︷ ︸
≥0

.

Thus (following intuition), the Restricted Error Sum of Squares is at least as big as
the Unrestricted Error Sum of Squares.
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6.2 Statistical Background

• A few facts from EC623. If X is an nx1 vector ∼ N(µ,Σ), then Z = AX + C ∼
N(Aµ+ C,AΣA′).

• The marginals of a multivariate normal are also normal.

• For normally distributed random variables, independence ⇔ zero-covariance.

• Quadratic forms of standard normals are chi-squared. Thus, if Z is standard normal,

Z ′AZ

σ2
= η′Aη ∼ χ2(r),

with η = Z/σ ∼ N(0, I).

• Linear forms and quadratic forms in X are stochastically independent. Two quadratic
forms in X are also stochastically independent if BA = 0.

6.3 Unbiasedness and Efficiency

• Consider a random sample, z1, . . . , zn, with distribution F (z1, . . . , zn; θ). Consider an
estimator:

θ̂ = θ̂(z1, . . . , zn).

Where θ ∈ Θ.

• Then we say that θ̂ is unbiased if:

Eθ[θ̂] =

∫
θ̂(z1, . . . , zn) dF (z1, . . . , zn; θ)︸ ︷︷ ︸

f(z1,...,zn,θ)dz1dz2...dzn

= θ ∀ θ ∈ Θ.

• What about efficiency? One thing we could do is compare the efficiency between two
estimators. Consider the variance/covariance matrices of two unbiased estimators:

Σθ̂ = E[(θ̂ − E[θ̂])(θ̂ − E[θ̂])′] = E[(θ̂ − θ)(θ̂ − θ)′].

Σθ̃ = E[(θ̃ − E[θ̃])(θ̃ − E[θ̃])′] = E[(θ̃ − θ)(θ̃ − θ)′].

We say that θ̂ is efficient relative to θ̃ if and only if Σθ̃−Σθ̂ is a POSITIVE semidefinite
matrix for all θ ∈ Θ.

• If θ is simply one parameter, we are just saying that the estimator with the lowest
variance is the most efficient. For many parameters, we also include this criteria but
make considerations about the covariance terms as well.

• Suppose we want to estimate a linear combination of the θ’s. So,

φ = c′θ = c1θ1 + · · ·+ cmθm.
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Two estimators might be:
φ̂ = c′θ̂,

φ̃ = c′θ̃.

So,

V ar(φ̂) = E[(φ̂− φ)2]

= E[(c′θ̂ − c′θ)2]

= E[(c′(θ̂ − θ)︸ ︷︷ ︸
scalar

)2]

= E[(c′(θ̂ − θ))(c′(θ̂ − θ))′]

= E[(c′(θ̂ − θ))((θ̂ − θ)′c)]

= c′E[(θ̂ − θ)(θ̂ − θ)′]c

= c′Σθ̂c

Similarly,
V ar(φ̃) = c′Σθ̃c.

So, φ̂ is efficient relative to φ̃ if:

V ar(φ̃)− V ar(φ̂) = c′Σθ̃c− c′Σθ̂c = c′(Σθ̃ − Σθ̃)c ≥ 0.

• Definition: β̂ = (X ′X)−1X ′y = Ay is BLUE, Best Linear Unbiased Estimator, if it
is efficient for all A.

6.4 Cramer-Rao Lower Bound

• Is there a lower bound to the variance of an unbiased estimator ? Yes.

• Suppose z = (z1, . . . , zn)′. Consider some parameter that is a function of the z’s with:

E[θ̂(z)] =

∫
θ̂(z)L(z, θ)︸ ︷︷ ︸

density

dz = θ ∀ θ ∈ Θ,

so θ̂ is unbiased.

• Assume
∫
L(z, θ)dz = 1.

• More next time.
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7 Lecture 7: February 17, 2005

7.1 Cramer-Rao Inequality

• Cramer-Rao provides a lower bound on the variance of an unbiased estimator.

• Consider an estimator, θ̂ = θ̂(Z), with likelihood, L(Z, θ). If integration and differen-
tiation are interchangable, we have three results:

– (1) The gradiant of the likelihood function is zero:

E

[
∂log L(Z, θ)

∂θ

]
= 0.

– (2) Fisher information matrix, J :

−E

[
∂2log L(Z, θ)

∂θ∂θ′

]
︸ ︷︷ ︸

J(θ)

= E

[
∂log L(Z, θ)

∂θ′
∂log L(Z, θ)

∂θ

]
.

So on the right we have the variance/covariance matrix of the gradiant of the
likelihood function which must be positive semidefinite, and on the left we have
the negative of the hessian. Since when we do ML estimation, we maximize, it
makes sense the matrix of SOC’s should be negative semidefinite, so clearly the
negative of the Hessian should be positive semidefinite.

– (3) The covariance between θ̂ and the gradiant is equal to the identity matrix:∫
θ̂(Z)

∂L(Z, θ)

∂θ
dZ =

∫
θ̂(Z)

∂log L(Z, θ)

∂θ
L(Z, θ)dZ = E

[
θ̂(Z)

∂log L(Z, θ)

∂θ

]
= I.

This follows because: ∫
θ̂(Z)L(Z, θ)dZ = θ,

because θ̂ is unbiased. And then differentiate with respect to θ to get the result
in (3).

• Proposition So Cramer-Rao says that suppose θ̂ is unbiased and suppose the three
conditions above hold (since differentiability and integration are interchangable). Also
assume that L(Z, θ) is C2. Let Σθ̂(θ) be the variance/covariance matrix of θ̂. Assuming
J(θ) is non-singular:

Σθ̂(θ)− J−1(θ) ≥ 0, Positive Semidefinite.

So the inverse of J , the Fisher information matrix, is a lower bound on the vari-
ance/covariance matrix of θ̂, an unbiased estimator.
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• Proposition Assume the model is y = Xβ + u with u ∼ N(0, σ2I). Assume X has
full rank. Then the ML estimators are given by:

β̂ = (X ′X)−1X ′y.

σ̃2 =
1

T
û′û.

Note we are now assuming NORMALITY! The OLS estimator for the variance is

going to be σ̂2 =
1

T −K
û′û. We will show that σ̂2 is unbiased while the ML estimate

is biased. We also know that both the ML estimator and the OLS estimator for
the variance does NOT attain the Cramer-Rao lower bound, while the OLS and ML
estimator for β, both β̂, does attain the lower bound. What is the lower bound? It’s
this:

J−1 =

 σ2(X ′X)−1 0

0
2σ4

T

 .
• Under normality, we have the model:

y = Xβ + u, u ∼ N(0, σ2I).

Then:
y ∼ N(Xβ, σ2I).

To find the J inverse matrix above, right out the likelihood function (multivariate
normal) and differentiate twice!

• Proof that the J matrix is a lower bound. Consider the following variance/covariance
matrix:

Θ = V C

 θ̂
∂log L(Z, θ)

∂θ′

 =

 V C(θ̂) Cov(θ̂,
∂log L

∂θ
)

Cov(θ̂,
∂log L

∂θ′
) V C(

∂log L

∂θ′
)

 =

[
Σθ̂(θ) I
I J

]
≥ 0.

Where the last matrix comes from our three results above and since the variance/covariance
matrix positive semidefinite, Θ is positive semidefinite. Now consider:

[I − J−1] ·Θ · [I − J−1]′ = Σθ̂(θ)− J−1(θ) ≥ 0.

Again since Θ is positive semidefinite, this signs our result. Since the result is posi-
tive or 0, we have shown that the J inverse matrix clearly is a lower bound for the
variance/covariance matrix of our unbiased estimator. Well, maybe not clearly!

7.2 Small Sample Properties of the OLS Estimators

• Here, we do not necessarily assume normality. We do assume the following:
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– (A1) E(u) = 0.

– (A2) E[uu′] = σ2I.

– (A3) X is non-stochastic and has full column rank.

• Our model is y = Xβ + u where the distribution of u is not necessarily normal.

Properties of β̂

• Proposition 1 β̂ is an unbiased estimate for β.
Proof:

E[β̂] = E[(X ′X)−1X ′y] = (X ′X)−1X ′E[Xβ + u] = β.

Note we need that the X’s are non-stochastic and that the E[u] = 0 to complete this
proof.

• Proposition 2 Let β̃ be any solution to the normal equations. ThenXβ̃ is an unbiased
estimator for Xβ even if the Rank(X) is less than K. Thus the systematic component
is unbiased.

• Proposition 3 The variance/covariance matrix of β̂. Note that β̂−β = (X ′X)−1X ′u.
So,

V C(β̂) = E[(β̂ − β)(β̂ − β)′] = E[(X ′X)−1X ′uu′X(X ′X)−1] =

= E[uu′](X ′X)−1 = σ2(X ′X)−1.

So this depended crucially on A2. If we didn’t have A2, we would get:

V C(β̂) = (X ′X)−1X ′ΩX(X ′X)−1,

where Ω = E[uu′].

• Corollary So if u ∼ N(0, σ2I), then:

y ∼ N(Xβ, σ2I),

β̂ ∼ N(β, σ2(X ′X)−1).

• Proposition 4 The Gauss Markov theorem. Given A1-A3 are satisfied, the OLS
estimator, β̂ is the best linear unbiased estimator (BLUE) for β.
Proof: Suppose β̃ = Cy is some linear unbiased estimator. Note that for OLS, C =
(X ′X)−1X ′. Let D be the difference between C and the OLS “C” term:

D = (X ′X)−1X ′ − C.

Or,
C = (X ′X)−1X ′ −D.

Thus,

E[β̃] = E[Cy] = CE[y] = CXβ = [(X ′X)−1X ′ −D]Xβ = β −DXβ.
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Thus since β̃ is unbiased, DX = 0.
Now consider the variance/covariance matrix of β̃. Note that:

β̃ = Cy = C[Xβ + u] = CXβ + Cu = [(X ′X)−1X ′ −D]Xβ + Cu = β + Cu.

Thus,

V C(β̃) = E[(β̃ − β)(β̃ − β)′]

= E[(Cu)(Cu)′]

= CE[uu′]C ′

= σ2((X ′X)−1X ′ −D)((X ′X)−1X ′ −D)′

= σ2((X ′X)−1X ′ −D)(X(X ′X)−1 −D′)

= σ2[(X ′X)−1X ′X(X ′X)−1 +DD′ + (X ′X)−1X ′D′︸ ︷︷ ︸
0

−DX︸︷︷︸
0

(X ′X)−1]

= σ2[(X ′X)−1 +DD′]

= V C(β̂) + σ2DD′

Thus,
V C(β̃)− V C(β̂) = σ2DD′ ≥ 0.

Thus β̂ satisfies the ’best’ part of BLUE. It has a lower variance than any other linear
unbiased estimator.
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8 Lecture 8: February 22, 2005

8.1 Small Sample Properties of the OLS Estimators

Properties of σ̂2

• Denote:
E[u2

t ] = σ2.

• How should we estimate σ2? If we know the u’s, then:

σ̂2 =
1

T

∑
u2

t

is the natural estimator. Then:

E[σ̂2] =
1

T

∑
E[u2

t ] =
1

T
Tσ2 = σ2.

And,

V ar(σ̂2) =
1

T 2

∑
V ar(u2

t ) =
T (µ4 − σ4)

T 2
=
µ4 − σ4

T
.

Where does this last equality come from? Denote E[u4
t ] = µ4. Then:

V ar(u2
t ) = E[(u2

t − E(u2
t ))

2] = E[u4
t ]− [E(u2

t )]
2 = µ4 − [σ2]2 = µ4 − σ4.

• If we do NOT know the u’s, then:

s2 =
1

T −K

∑
û2

t

is our natural estimator. The reason we divide by T −K will be apparent soon. We
can rewrite û as follows:

û = y −Xβ̂ = (I −X(X ′X)−1X ′)y = My = M(Xβ + u) = MX︸︷︷︸
0

β +Mu = Mu.

So,

s2 =
û′û

T −K
=

u′Mu

T −K

• Proposition 5 E[s2] = σ2.
Proof:

E[u′Mu] = E[tr(u′Mu)] = E[tr(Muu′)] = tr[E(Muu′)] = tr[ME(uu′)] =

= tr[Mσ2I] = σ2tr[M ] = σ2(T −K).
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So,

E[s2] = E[
u′Mu

T −K
] = σ2,

unbiased.

• Proposition 6 Given u ∼ N(0, σ2I). Then,

û′û

σ2
∼ χ2(T −K).

Proof:
û′û

σ2
=
u′Mu

σ2
=

′(u
σ

)
︸︷︷︸

Std Norm

M
(u
σ

)
︸︷︷︸

Std Norm

∼ χ2(T −K).

This follows since a quadratic form in standard normals with M , a symmetric, idem-
potent matrix, results in a chi-squared with degrees of freedom equal to: rank(M) =
tr(M) = T −K.

8.2 Prediction

• Suppose we have the following model:

yt = a+ bxt + ut, t = 1, . . . , T.

And suppose we have S future (out of sample) values of xt that we would like to look
at and determine both the expected value of y and the estimate of y itself. Thus our
future relationship might be:

y0 = X0β + u0.

Then,
E[y0] = X0β.

Then a natural estimator for E[y0] of course is:

yp
0 = X0β̂.

So clearly,
E[yp

0] = X0β.

Our guess for y0 = X0β + u0 would also be X0β̂ but only if we can make the following
assumptions:

E[u] = 0, E[u0] = 0, E[uu′] = σ2IT , E[u0u
′
0] = σ2IS, E[uu′0] = 0.

Thus,
E[y0] = yp

0 = X0β̂.
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• So now consider properties of yp
0. We have shown E[yp

0] = X0β. Also,

V C(yp
0) = E[(yp

0 − E(yp
0)(y

p
0 − E(yp

0)
′]

= E[(X0β̂ −X0β)(X0β̂ −X0β)′]

= E[X0(β̂ − β)(X0(β̂ − β))′]

= E[X0(β̂ − β)(β̂ − β)′X ′
0]

= X0σ
2(X ′X)−1X ′

0

= σ2X0(X
′X)−1X ′

0

• How about the error in our prediction? Consider:

v0 = y0 − yp
0 = y0 −X0β̂ = X0β + u0 −X0β̂ = u0 −X0(β̂ − β).

So,
E[v0] = E[u0 −X0(β̂ − β)] = 0.

Also, since u0 are the errors from the out of sample observations and β̂ is estimated
using the original sample, u0 and X0(β̂ − β) are independent. Thus,

V C(v0) = V C(u0) + V C(X0(β̂ − β))

= σ2Is +X0V C(β̂ − β)X ′
0

= σ2Is +X0σ
2(X ′X)−1X ′

0

= σ2(Is +X0(X
′X)−1X ′

0)

So the variance of the prediction error comes from the variance of the out of sample
observation as well as the error in estimating the original coefficient.

• Consider the simple regression:

yt = a+ bxt + ut,

and consider estimating a single out of sample observation x0. Then, it can be shown
– I tried and failed – that:

σ2
v0

= σ2[1 +
1

T
+

x0 − x2∑
(xt − x)2

].

See G-8.1. It is clear from the formula that more observations in sample will reduce
the variability of our prediction error. Also, the further x0 is from x, the worse we do,
ie the more out of sample we try to predict, the more possibility of error.

• Proposition 9 The estimator of yp
0 = X0β̂ is BLUE. Ie,

yp
0 = X0β̂ = X0(X

′X)−1X ′y = Py,

28



is linear in y and P = X0(X
′X)−1X ′ is the best (smalled variance) estimator.

8.3 Hypothesis Testing

• Assume A1-A3 holds plus:
(A4) : u ∼ N(0, σ2I).

• Lemma Given A1-A4, y ∼ N(Xβ, σ2I) and β̂ ∼ N(β, σ2(X ′X)−1).

• Hypothesis:
H0 : Rβ = r, versus H1 : Rβ 6= r.

• Recall:
ESSR = ESSU + (Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r).

• Proposition F-Test. Suppose R is GxK and rank(R) = G. r is Gx1 and β̂ is our
OLS estimator. Then under the null that Rβ = r,

F =
(ESSR − ESSU)/G

ESSU/(T −K)
=

(Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r)/G

(y −Xβ̂)′(y −Xβ̂)/(T −K)
∼ F (G, T −K).

Proof: Under the null,

Rβ̂ − r = R(X ′X)−1X ′y − r

= R(X ′X)−1X ′(Xβ + u)− r

= Rβ +R(X ′X)−1X ′u− r

= R(X ′X)−1X ′u+ Rβ − r︸ ︷︷ ︸
=0 under H0

= R(X ′X)−1X ′u

So consider the numerator of our test statistic:

ESSR − ESSU = (Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r)

= (R(X ′X)−1X ′u)′[R(X ′X)−1R′]−1(R(X ′X)−1X ′u)

= u′X(X ′X)−1R′[R(X ′X)−1R′]−1R(X ′X)−1X ′︸ ︷︷ ︸
A

u

= u′Au
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It is clear that A is idempotent and symmetric with tr(A) = rank(A) = G. Now
consider the denominator:

ESSU = û′û

= u′Mu

So our test statistic is:

F =
u′Au/G

u′Mu/(T −K)
.

Further note that:

MA = MX(X ′X)−1R′[R(X ′X)−1R′]−1R(X ′X)−1X ′ = 0,

because MX = 0. Thus, rewriting our statistic:

F =

u′Au

σ2
/G

u′Mu

σ2
/(T −K)

=
χ2(G)

χ2(T −K)
∼ F (G, T −K).

So we have a quadratic form in standard normals on top (divided by the rank of A)
which gives us a χ2(G) and on the bottom is a quadratic form in standard normals
(divided by the rank of M) which gives us a χ2(T −K). Since MA = 0, the ratio of
these chi-squares is F (G, T −K). Nice.
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9 Lecture 9: March 1, 2005

9.1 More on Hypothesis Testing

F -tests and t-tests

• Recall, under the null of the restricted model:

F =
(ESSR − ESSU)/G

ESSU/(T −K)
∼ F (G, T −K).

See G-9.1. If F is large, maybe the restriction is NOT valid so we should reject the
null.

• Note that the F -statistic corresponds to other tests of model restrictions including the
likelihood ratio test, the Lagrange mulitplier test, and the Wald test.

• Proposition 3 Test of significance of βi. Under H0 : βi = β0
i , the so called “t-ratio”

is:

t =
β̂i − β0

i

sβ̂i

∼ t(T −K).

Or,

t =
β̂i − β0

i√
s2(X ′X)ii

∼ t(T −K),

where s2 = û′û/(T −K).

• Note that F = t2 where F is the F -stat for βi = β0
i . Why?

t =
β̂i − β0

i√
s2(X ′X)ii

=
β̂i − β0

i /σ
√

(X ′X)ii

s/σ

=
N(0, 1)

s/σ

=
N(0, 1)√

û′û/(σ2(T −K))

=
N(0, 1)√

u′Mu/(σ2(T −K))

=
N(0, 1)√
χ2(T −K)

∼ t(T −K)

The last line follows from the fact that the numerator and denominator are indepen-
dent. Thus t2 = F (1, T −K).
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• See G-9.2. Given the hypothesis H0 : βi = β0
i versus H1 : βi 6= β0

i , we reject at the 5%
level if:

|t| ≥ t0.975,

or,
|β̂i − βi| ≥ t0.975 ∗ sβ̂i

,

or,
β0

i /∈ (β̂i ± t0.975sβ̂i
).

• Definition: The p-value is defined as:

p = Prob{|t| ≥ tobs}.

• Rule of thumb. Accept if t > 2. Note for N > 30, t ≈ Z so t0.975 = Z0.975 = 1.96.

• Only do one-sided tests if you know for sure the coefficient should be positive, negative,
or on some side of a constant. One-sided tests are more efficient.

• Proposition 4 Test of the existence of a relationship. Consider the model:

yt = β1 + β2x2t + · · ·+ βKxtK + ut.

Hypotheses:

H0 : β2 = · · · = βK = 0, versus H1 : at least one coefficient not zero.

Thus the restricted model would be:

yt = β1 + ut =⇒ β̂1R = y, uR = y − eTy.

Thus the restricted sum of squared error:

ESSR = u′RuR =
∑

(yt − y)2 = TSS.

And the unrestricted sum of squared error:

ESSU = û′û = ESS.
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Note TSS = RSS + ESS. So consider the following statistic:

F =
(ESSR − ESSU)/G

ESSU/(T −K)

=
(ESSR − ESSU)/(TSS ∗G)

ESSU/(TSS ∗ (T −K))

=
(TSS − ESS)/(TSS ∗G)

ESS/(TSS ∗ (T −K))

=
(1− ESS

TSS
)/G

ESS

TSS
/(T −K)

=
R2/G

(1−R2)/(T −K)

And this is the F -test for a regression relationship.

• Proposition 5 Chow Test for a Structural Break. Suppose we think there might be
a break in the data such that the coefficients might change in the two subsets. (Say
pre-war and post-war time series data). Consider two regressions:

y1 = X1β + u1, (T1 observations).

y2 = X2β∗ + u2, (T2 observations).

So T1 + T2 = T and T1, T2 ≥ K. So we are testing the following hypothesis:

H0 : β = β∗, versus H1 : β 6= β∗.

We can write the unrestricted regressions as:[
y1

y2

]
=

[
X1 0
0 X2

] [
β
β∗

]
+

[
u1

u2

]
.

These two regressions yield ESS1 and ESS2 such that ESSU = ESS1 + ESS2. The
restricted regression could be written:[

y1

y2

]
=

[
X1

X2

]
β +

[
u1

u2

]
.

This regression yields ESSR. Given these two regressions, consider the following test:

F =
[ESSR − (ESS1 + ESS2)]/K

[ESS1 + ESS2]/(T − 2K)
∼ F (K,T − 2K).

So if F is large, reject H0 and conclude there must be a structural break.
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• A note on the Chow test when T2 ≤ K. In this case, our second restricted regression is
NOT identified. Thus ESS2 = 0. Essentially, we are only estimating T2 parameters in
the second regression so there should be only T2 constraints. Also, for the unrestricted
ESS, we have T observations less K parameters in the first regression and T2 para-
meters in the second, thus, we should be dividing by T − K − T2 = T1 − K. So the
statistic becomes:

F ∗ =
[ESSR − ESS1]/T2

ESS1/(T1 −K)
∼ F (T2, T1 −K).
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10 Lecture 10: March 3, 2005

10.1 Asymptotic Theory

• So far, we have been assuming normality of the disturbances to do hypothesis testing.
Is it necessary? Consider an estimator:

θ̂ = h(Y1, . . . , Yn),

where h(·) is a non-linear function. To determine properties of θ̂, we need to know
something about the distribution of the Y ’s. We would like to have a distribution free
way of considering properties of our estimators.

• Two ideas will be considered: Consistency and Asymptotic normality. It is unani-
mously accepted that consistency is a fairly minimal restriction to place on our esti-
mator.

• Suppose:

θ̂n =
1

n

∑
i

Yi, Yi ∼ iid (θ, σ2).

Thus,
E[θ̂n] = θ . . . consistent.

V ar(θ̂n) =
σ2

n
.

• We also might consider the distribution function of our estimator:

Gn(y) = Pr{θ̂n ≤ y}.

Since the variance of our estimator goes to zero as n→∞, the distribution Gn(y) will
become degenerate at θ. See G-10.1.

• Denote:
Zn =

√
n(θ̂n − θ).

Thus:
E[Zn] = 0, V ar[Zn] = σ2.

By scaling our estimator by just the right amount, we can get a new random variable
(estimator) that will have a non-zero and non-explosive variance in the limit.

• Now consider the distribution of Zn:

Fn(Z) = Pr(Zn ≤ Z).

Fn(Z) will NOT collapse as n gets large and it will be shown (via the Central Limit
Theorem):

Fn(Z) → F (Z) where, F (Z) ! N(0, σ2).
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• Thus, for finite n, (since in the limit, it is exactly normal)

Zn ≈ N(0, σ2).

Solving Zn for θ̂n:

θ̂n = θ +
1√
n
Zn.

Thus,

θ̂n ≈ N(θ,
σ2

n
).

Finally, if Yi ∼ iid N(θ, σ2), then θ̂n ∼ N(θ,
σ2

n
) exactly.

Modes of Convergence

• Note that estimators are always random variables so we will usually talk about random
variables (or vectors) but the analysis also applies to estimators. Let Zn be a sequence
of real numbers such that:

limn→∞Zn = Z.

What does this mean? Precisely,

∀ ε > 0, ∃ Nε 3 |Zn − Z| ≤ ε ∀ n ≥ Nε.

• For random variables, we say that the random variable converges if some sequence of
reals converge.

• Definition: Convergence in Probability. A sequence of random variables, Zn, (weakly)
converges in probability to a random variable, Z, iff:

limn→∞Pr{|Zn − Z| ≤ ε} = 1 ∀ ε > 0.

Also denoted:
plimn→∞Zn = Z.

Zn →p Z.

• Definition: Almost Sure Convergence. A sequence of random variables, Zn, almost
surely converges to a random variable, Z, iff:

Pr({ω ∈ Ω : limn→∞Zn(ω) = Z(ω)}) = 1.

Also denoted:
Zn →as Z.

• Theorem: A sequence of random variables, Zn, almost surely converges to a random
variable, Z, iff:

limn→∞Pr{|Zi − Z| ≤ ε ∀ i ≥ n} = 1 ∀ ε > 0.
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So this is an alternate definition for almost sure convergence and from this you can see
that it is a stronger condition than convergence in probability.

• Definition: Convergence in the rth Mean. A sequence of random variables, Zn, con-
verges in the rth mean to a random variable, Z, iff:

limn→∞E[|Zn − Z|r] = 0.

Also denoted:
Zn →r−th Z.

If r = 2, we say that the sequence converges in the quadratic mean.

• Theorem: If Zn →r−th Z for some r > 0, then Zn →p Z.
Proof: Consider the following:

0 ≤ Pr(|Zn − Z| ≥ ε) = Pr(|Zn − Z|r ≥ εr) ≤ E[(Zn − Z)r]

εr
.

Take limits:

0 ≤ lim Pr(|Zn − Z| ≥ ε) = lim Pr(|Zn − Z|r ≥ εr) ≤ lim E[(Zn − Z)r]

lim εr︸ ︷︷ ︸
0 by ass.

.

0 ≤ lim Pr(|Zn − Z| ≥ ε) ≤ 0.

Thus,
Pr(|Zn − Z| ≥ ε) = 0 =⇒ Zn →p Z.

• Corollary If E[Zn] −→ c and V ar(Zn) −→ 0, then Zn −→p c.
Proof: Note that we can write E[(Zn − c)2] = E[(Zn −E[Zn])2] + (E[Zn]− c)2, or the
MSE equals variance plus square of the bias. This must go to zero by assumption.
Thus,

0 ≤ Pr(|Zn − c| ≥ ε) = Pr(|Zn − c|2 ≥ ε2) ≤ E[(Zn − c)2]

ε2
.

Taking limits:
Pr(|Zn − c| ≥ ε) = 0 =⇒ Zn →p c.

• So, we have the following implications:

Zn →as Z =⇒ Zn →p Z.

Zn →r−th Z =⇒ Zn →p Z.

Zn →p Z ; Zn →r−th Z.

Zn →as Z ; Zn →r−th Z.

• So far, we have been dealing with a single random variable. Suppose now that Zn is a
k dimensional random vector and Z is k dimensional. Then convergence in probability
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could be written one of two ways:

Pr( |Zn − Z|︸ ︷︷ ︸
euclidean dist

≤ ε) = 1 ∀ ε > 0.

P r(|Z(i)
n − Z(i)| ≤ η) = 1 ∀ η > 0, i = 1, . . . , k.

Where the euclidean distance is as usual:

d(x, y) =

√√√√ k∑
i=1

(xi − yi)2.

Convergence of OLS Estimators

• To do this example, we need some results which will be studied later in the course:

– (1) plim (Wn + Vn) = plim Wn + plim Vn.

– (2) plim (Wn ∗ Vn) = plim Wn ∗ plim Vn.

– (3) plim (Wn/Vn) = plim Wn/plim Vn if plim Vn 6= 0.

– (4) plim g(Wn, Vn) = g(plim Wn, plim Vn) if g(·) is continuous at the probability
limilts. Note how this is different from the expectations operator which you can’t
bring inside. A nice advantage of plims.

• Consider the regression model:

yt = axt + ut, ut ∼ iid(0, σ2).

Assume the x’s are non-stochastic and:

1

T

∑
x2

t → q.

Thus, the OLS estimator for a is:

â =

∑
xtyt∑
x2

t

=

∑
xt(axt + ut)∑

x2
t

= a+

∑
xtut∑
x2

t

= a+
1/T

∑
xtut

1/T
∑
x2

t

.

Take the probability limit:

plim â = plim a+ plim
1/T

∑
xtut

1/T
∑
x2

t

= a+
plim 1/T

∑
xtut

plim 1/T
∑
x2

t

= a+
plim 1/T

∑
xtut

q

38



Now let ψn = 1/T
∑
xtut. Thus, E[ψn] = 0 and:

V ar(ψn) =
1

T 2

∑
V ar(xtut) =

1

T 2

∑
x2

tσ
2 =

σ2

T

1

T

∑
x2

t .

So as T →∞,

limT→∞V ar(ψn) = limT→∞
σ2

T︸︷︷︸
0

1

T

∑
x2

t︸ ︷︷ ︸
q

= 0.

Thus, by our previous corollary, plim ψn = 0. So,

plim â = a+
0

q
= a.

So we say that â is a consistent estimator for a.
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11 Lecture 11: March 8, 2005

11.1 Convergence in Distribution

• Motivation. Suppose θ̂n →p θ. Let Gn(z) = Pr(θ̂n ≤ z), the cumulative distribution
function of θ̂n. Then if θ̂n converges in probability to θ, we can think of the CDF and
PDF acting as shown in G-11.1. The density will peak at θ and the cumulative density
will become a degenerate step function at θ. Thus the limiting distribution is:

G(z) =

{
0 z < θ
1 z > θ

Thus, limn→∞Gn(z) = G(z) for z > θ and z < θ. However,

lim Gn(z) 6= G(z) for z = θ.

Why? Because, at this point, G(z) jumps from 0 to 1 and we can can’t say anything
about what happens to G(θ).

• So whenever θ̂n →p θ, looking at Gn(z) doesn’t gives us much because the distribution
is degenerate.

• Now consider a transformed random variable:

Zn =
√
n(θ̂n − θ).

Suppose Zn has distribution function Fn(z) and suppose:

Fn(z) → F (z) = Φ(z), normal.

Then we have a scaled version of our estimator that does NOT degenerate! Trick is
choosing the right scaling factor.

• Definition: Let F1, F2, . . . and F denote CDFs on <. Then Fn weakly converges to
F if:

limn→∞Fn(z) = F (z), ∀ z ∈ < that are continuity points of F .

Note that this qualifier about continuity points deals with the situation of degenerate
distributions. So if Z1, Z2, . . . and Z are random variables with distribution functions
F1, F2, . . . , and F then we say that Zn converges in distribution to Z if Fn(z) → F (z).
Also written:

Zn →d Z.

• Results:

Convergence in Probability =⇒ Convergence in Distribution.

Convergence in Probability : Convergence in Distribution.
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• Consider an example. (ut, xt) are iid sequences, mutually independent. E[ut] = 0.
E[u2

t ] = σ2. E[x4
t ] <∞. Denote:

θ̂t = θ +

∑
xtut∑
x2

t

.

Let Vt =
1

T

∑
xtut and Wt =

1

T

∑
x2

t . Thus,

E[Vt] = 0, and V ar[Vt] =
E[x2

t ]σ
2

T
→ 0 as T →∞.

E[Wt] = E[x2
t ], and V ar[Wt] =

V ar[x2
t ]

T
→ 0 as T →∞.

So, from previous results,
VT →p 0.

WT →p E[x2
t ].

Now consider a transformed estimator:

Zt =
√
T (θ̂t − θ).

This can be written:

Zt =
1/
√
T
∑
xtut

1/T
∑
x2

t

.

It can be shown that:

Zt →d N(0,
σ2

m2
x

),

where m2
x = E[x2

t ]. Thus,

Zt ≈ N(0,
σ2

m2
x

).

Now rewrite Zt for θ̂t:

θ̂t = θ +
1√
T
Zt ≈ N(θ,

1

T

σ2

m2
x

).

What is a good estimator for m2
x? Answer: 1/T

∑
x2

t = 1/Tx′x. Thus,

θ̂t ≈ N(θ, σ2(x′x)−1).

So we say that θ̂t is a consistent estimator for θ.

• Theorem: Let c ∈ <, a constant. Then,

Zn →d c⇐⇒ Zn →p c.

So convergence in distribution to a constant is equivalent to convergence in probability
to a constant.
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Proof (partial). Assume convergence in distribution and show convergence in proba-
bility. Write:

P (|Zn − c| > ε) = P (Zn − c < −ε) + P (Zn − c > ε)

= P (Zn − c < −ε) + (1− P (Zn − c < ε))

= P (Zn < c− ε) + 1− P (Zn < c+ ε)

≤ P (Zn ≤ c− ε) + 1− P (Zn ≤ c+ ε)

= Fn(c− ε)− Fn(c+ ε) + 1

Where Fn(z) is the CDF of Zn, which equals:

Fn(z) =

{
0 z < c
1 z ≥ c

Thus c± ε are continuity points of F . Since Zn →d c,

Fn(c− ε) → F (c− ε) = 0.

Fn(c+ ε) → F (c+ ε) = 1.

Thus,

0 ≤ P (|Zn − c| > ε) ≤ Fn(c− ε)− Fn(c+ ε) + 1 → 0− 1 + 1 = 0.

So P (|Zn − c| > ε) = 0 and Zn →p c. QED.

• Definition: Let F1, F2, . . . and F denote CDFs on <k. Then Fn converges weakly to
F if:

limn→∞Fn(z) = F (z) ∀ z ∈ <k that are continuity points of F .

• Theorem: Weak convergence of Fn to F implies weak convergence of F
(i)
n to F (i) and

Zn →d Z implies Z
(i)
n →d Z(i). So convergence of the multivariate distributions impiles

convergence of the marginals. The opposite is NOT true!

• Theorem: Cramer-Wold Device. Let Z1, Z2, . . . and Z denote random vectors taking
their values in <k. The following are equivalent statements:

– (1) Zn →d Z.

– (2) α′Zn →d α′Z, ∀ α ∈ <k.

– (3) α′Zn →d α′Z, ∀ α ∈ <k with ||α|| = 1.
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12 Lecture 12: March 10, 2005

12.1 Cramer-Wold Example

• Consider ai non-stochastic with lim
1

n

∑
a2

i = q > 0. Let ut ∼ iid(0, σ2). Then by the

central limit theorem:
1√
n

n∑
i=1

aiui →d N(0, σ2q).

• Given this, consider Xn, a sequence of non-stochastic nxk matrices with,

lim
1

n
X ′X = Q, positive definite.

Let u = (u1, . . . , un)′ with ui ∼ iid(0, σ2). Then,

1√
n
X ′u→ N(0, σ2Q).

• Proof: Consider:

Zn =
1√
n
X ′u,

a kx1 vector, and:
Z ∼ N(0, σ2Q).

Want to show that Zn → Z. Pick an arbitrary α. Thus,

α′Zn =
1√
n
α′X ′u.

Note that Xα = a is nx1 Thus,

α′Zn =
1√
n
a′u =

1√
n

∑
aiui.

Note that:
1

n

∑
a2

i =
1

n
a′a =

1

n
α′X ′Xα = α′

1

n
X ′Xα.

So,

lim
1

n

∑
a2

i = α′Qα.

We need to use Cramer-Wold to show that:

α′Zn →d α′Z ∀ α⇐⇒ Zn →d Z.

If α = 0, this holds trivially. If α 6= 0,

lim
1

n

∑
a2

i = α′Qα > 0,
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So the condition on the ai’s is satisfied. Thus, since ui ∼ iid(0, σ2),

α′Zn =
1√
n
a′u ∼ N(0,

1

n
a′σ2a) ≡ N(0, σ2α′Qα).

Also,
α′Z ∼ N(0, σ2α′Qα).

Thus,
α′Zn →d α′Z ∀ α =⇒ Zn →d Z.

This establishes the result. Note that most CLT’s are written in scalar form, but we
can scale up to any vector or matrix using the Cramer-Wold Device.

12.2 Properties of Limits

• Let Wn, Vn and Un be random vectors that converge in probability to W , V , and U .
We have the following results:

– If Wn →p W and Vn →p V then Zn = [Wn, Vn]′ →p [W,V ]′.

– Wn ± Vn →p W ± V.

– W ′
nVn →p W ′V.

– Wn/Vn →p W/V if V 6= 0 with probability 1.

• Theorem: Slutsky’s theorem. Suppose Zn →p Z. Then,

g(Zn) →p g(Z) provided g(·) is continuous at Z.

Or written another way,

plim g(Zn) = g(plim(Zn)) provided g(·) is continuous at Z.

This a pretty important result since you usually can’t interchange the operators like
this. It comes from the calculus result:

limn→∞g(an) = g(plim an︸ ︷︷ ︸
a

) provided g(·) is continuous at a.

So if Zn = (Wn, Vn, Un)′ and Z = (W,V, U)′ with Zn →p Z, then:

g(Zn) = 3W 2
n + 2Un/Vn →p 3W 2 + 2U/V, provided V 6= 0.

• Slutsky’s theorem also holds for Almost Sure Convergence and Convergence in Distribu-
tion. A note on convergence in distribution though. Suppose Zn = [Wn, Vn, Un]′ →d Z.
Then,

g(Zn) →d g(Z).
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But!! :
Wn →d W,Vn →d V, Un →d U ; Zn → Z.

So even though the marginals converge, the multivariate distribution of Zn need not
converge! For i.p. and a.s. convergence, we’re ok, the causation goes both ways, but
for convergence in distribution, we can’t go from marginals to multivariate.

• If Wn, Vn, and Un all converge in distribution to constants, then Zn does necessarily
converge in distribution to Z.

• All of these properties apply to random matrices as well as random vectors.

• Corollary Important result:

plim W−1
n = (plim Wn)−1,

only if Wn is non-singular.

• Corollary Let Wn, Vn be sequenes of kx1 and lx1 random vectors and let:

Wn →d W,

Vn →p c.

Then,
Wn + Vn →d W + c, and W ′

nVn →d W ′c,

and specifically for c = 0,
W ′

nVn →p 0.

• Example. Consider:

β̂n = β︸︷︷︸
Vn

+ (
1

n
X ′X)−1︸ ︷︷ ︸

An

1

n
X ′u︸ ︷︷ ︸
Wn

.

Suppose
1

n
X ′X →p Q, positive definite. Then An →p Q−1. Under typical assumptions,

Wn →p 0. Thus,

plim β̂n = plim(Vn + AnWn) → V + AW = β +Q−1 ∗ 0 = β.

• Corollary Quadratic form convergence. Suppose:

Wn →d W, Bn →p B.

Then,
W ′

nBnWn →d W ′BW.
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Thus, as an example,

u′X(X ′X)−1X ′u =
1√
n
u′X︸ ︷︷ ︸

→dZ′

(
1

n
X ′X)−1︸ ︷︷ ︸
→pQ−1

1√
n
X ′u︸ ︷︷ ︸

→dZ

→ Z ′Q−1Z.

12.3 Laws of Large Numbers

• Consider a random vector Zt with E[Zt] = µt. Then under what conditions does:

1

n

n∑
t=1

(Zt − µt) →p 0.

These conditions are called the Law of Large Numbers (LLNs). We could also write
the question as follows. Suppose:

1

n

∑
µt → µ.

When does:
1

n

∑
Zt → µ.

Many consistency results involve sample averages so these laws give us a lot of infor-
mation.

• Theorem: Kolmogorov Strong Law of Large Numbers. Given:

Zt ∼ iid with E[Zt] = µ <∞.

Then,
1

n

n∑
t=1

(Zt − µ) →a.s. 0,

Or,
1

n

n∑
t=1

Zt →a.s. µ.

So for iid random variables, we just need a finite mean to get this LLN result.

• Corollary Suppose:
E[|Yt|] = E[|g(Zt)|] <∞.

Ie, Yt = g(Zt) = Z2
t , where Yt is iid since Zt is iid. Then:

1

n

n∑
t=1

Yt →a.s. E[Yt],
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Or,
1

n

n∑
t=1

Z2
t →a.s. E[Z2

t ],

Thus if the second non-central moment is finite, then we can show the average second
sample moment converges to the population moment. We could extend this to higher
moments as well.
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13 Lecture 13: March 15, 2005

13.1 More Laws of Large Numbers

• Theorem: Chebychev’s LLN. Consider random variables, Zt, with E[Zt] = µt, and
V ar(Zt) = σ2

t . Assume:

1

n

∑
σ2

t → σ2 =⇒ 1

n2

∑
σ2

t → 0,

or the average variance converges. Then:

1

n

∑
(Zt − µt) →p 0.

13.2 Central Limit Theorems

• Consider Zt independent with V ar(Zt) = σ2. Define:

Yn =
1√
n

∑
(Zt − µt).

Then E[Yn] = 0 and V ar[Yn] = σ2. So clearly Yn ∼ (0, σ2). What is the probability
law of Yn? We appeal to the following CLT.

• Theorem: Lindeberg-Levy CLT. Consider Zt iid with E[Zt] = 0 and V ar(Zt) = σ2 <
∞. (Note if the mean was not zero, we could just demean). It follows that:

1√
n

∑
t

Zt →d N(0, σ2),

regardless of the distribution of Zt !! Zt just has to be iid.

• Corollary Suppose Zt is kx1 ∼ iid (0,Σ) with Σ finite. Then,

Yn =
1√
n

∑
t

Zt →d Y ∼ N(0,Σ).

Proof (Via Cramer-Wold). Consider α′Yn and α′Y .

α′Yn =
1√
n

∑
t

α′Zt︸︷︷︸
Vt

.

Then,
Vt ∼ iid (0, α′Σα).
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And by the CLT above,

α′Yn =
1√
n

∑
t

Vt →d N(0, α′Σα).

Also,
α′Y ∼ N(0, α′Σα).

Thus, by Cramer-Wold,
α′Yn →d α′Y =⇒ Yn →d Y.

• Theorem: Lindeberg-Feller CLT. Consider Zt, an independent random variable with
E[Zt] = 0 and V ar(Zt) = σ2

t <∞ (so not necessarily identical). Denote:

σ2
(n) =

n∑
t=1

σ2
t ,

and,

σ(n) =
√
σ2

(n) =

√√√√ n∑
t=1

σ2
t .

Then if the Lindeberg condition holds (below),

1

σ(n)

∑
t

Zt →d N(0, 1).

The Lindeberg condtion states:

limn→∞
1

σ2
(n)

E
[
|Zt|21(|Zt| ≥ εσ(n))

]
= 0 ∀ ε > 0.

So this is a pretty strange condition. Consider the case when Zt is iid. The condition
becomes:

limn→∞
1

nσ2
n ∗ E

[
|Z|21(|Z| ≥ ε

√
nσ)
]

︸ ︷︷ ︸
Q

= 0 ∀ ε > 0.

And when is the indicator function equal to 1? Only when |Z|2 > ε
√
nσ. Or,

E[Q] = 2

∫ ∞

ε
√

nσ

|Z|2f(Z)dZ.

So this is saying that this expectation cannot be too large! It means that the tails of
the distribution cannot contain too much mass for this condition to hold. A better
condition follows.

• Definition: Lyapounov Condition. This is stronger than the Lindeberg condition but
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easier to verify:
1

σ2+δ
(n)

∑
|Zt|2+δ → 0, for some δ > 0.

• Finally, we can write the condition as the following two sufficient conditions:

– (1)
1

n
σ2

(n) =
1

n

∑
t

σ2
t → ψ, with 0 < ψ <∞.

– (2)

Supn
1

n

n∑
t=1

E[|Zt|2+δ] ≤ c <∞.

If these two conditions are satisfied, then the Lindeberg-Feller CLT holds. Basically
we need the average variance to be finite and a “bit more” (delta) than the second
moments to exist.

• Theorem: Consider Zt as independent random variables with E[Zt] = 0 and V ar(Zt) =
1. Denote some constants: σ2

1, σ
2
2, . . . . Denote:

Zt = σtZt =⇒ E[Zt] = 0, V ar[Zt] = σ2
t .

Make the following assumption:

Max1≤t≤n {σ2
t }∑n

t=1 σ
2
t

→ 0, as n→∞.

This means that one variance cannot dominate the others. The distribution must not
be too skewed. Then it follows:

1

(
∑
σ2

t )
1/2

n∑
t=1

Zt →d N(0, 1).

• Example. Consider the regression model:

yt = xtβ + ut, ut ∼ iid(0, σ2), xt nonstochastic.

Then,

β̂n = β +

∑
xtut∑
x2

t

.

Make the following assumption:

Max1≤t≤n {x2
t}∑n

t=1 x
2
t

→ 0, as n→∞.
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Note, that even with this restriction (that none of the x’s dominate), we still can have
growing regressors: let xt =

√
t. Then,

Max1≤t≤n {x2
t}∑n

t=1 x
2
t

=
n∑n
t=1 t

=
n

n(n+ 1)/2
→ 0.

So what happens to
∑
xtut ? Denote:

Zt =
ut

σ
∼ iid(0, 1).

And,
σt = σxt.

Thus,

Zt = σtZt = σxt
ut

σ
= xtut.

Notice that E[Zt] = 0, V ar(Zt) = 1 and E[Zt] = 0, V ar[Zt] = σ2
t . We also have the

assumption that none of the x’s dominate. Thus, using the above result with Zt = xtut

and σ2
t = x2

tσ
2, we have the result:

1

(σ2
∑
x2

t )
1/2

n∑
t=1

xtut →d N(0, 1).

• Now consider,

β̂n − β =

∑
xtut∑
x2

t

.

Rewrite:

β̂n − β =

1

(σ2
∑
x2

t )
1/2

∑
xtut

1

(σ2
∑
x2

t )
1/2

∑
x2

t

.

Or,

β̂n − β =

1

(σ2
∑
x2

t )
1/2

∑
xtut

1

σ
(
∑
x2

t )
1/2

.

Moving the term on the RHS over:

(
∑

x2
t )

1/2(β̂n − β) = σ
1

(σ2
∑
x2

t )
1/2

∑
xtut︸ ︷︷ ︸

→dN(0,1)

→d N(0, σ2).
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• Thus, without any assumptions on
1

n

∑
x2

t , we have:

Cn = (
∑

x2
t )

1/2(β̂n − β) →d N(0, σ2),

or,
Cn ≈ N(0, σ2).

Solving for β̂n,

β̂n = β +
1

(
∑
x2

t )
1/2
Cn ≈ N(β, σ2 1∑

x2
t

).

• Consider the special case where
1

n

∑
x2

t → q. Then consider:

An = (
1

n

∑
x2

t )
1/2︸ ︷︷ ︸

→q1/2

n1/2(β̂n − β) →d N(0, σ2).

Rearrange:

An (
1

n

∑
x2

t )
−1/2︸ ︷︷ ︸

→q−1/2

= n1/2(β̂n − β).

So, call this new expression Dn:

Dn = n1/2(β̂n − β) = An︸︷︷︸
→N(0,σ2)

(
1

n

∑
x2

t )
−1/2︸ ︷︷ ︸

→q−1/2

→d N(0, q−1σ2).

A good, consistent estimate of q is
1

n

∑
x2

t . So,

Dn ≈ N(0, σ2 1
1

n

∑
x2

t

).

So finally,

n−1/2Dn = n−1/2n1/2(β̂n − β) = β̂n − β ≈ N(0, σ2 1∑
x2

t

).

Hence,

β̂n ≈ N(β, σ2 1∑
x2

t

).

So our assumption on the convergence of n−1x′x didn’t matter because of the CLT.
We get the same result for the distribution of β̂n.
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14 Lecture 14: March 17, 2005

14.1 More on Central Limit Theorems

• Theorem: Suppose X is nxk, non-stochastic, and ut ∼ iid(0, σ2). Note we do not
assume normality. The OLS estimator as usual:

β̂ = (X ′X)−1X ′y,

or,
β̂ − β = (X ′X)−1X ′u.

Scaling:
√
n(β̂ − β) = (1/nX ′X)−1 1√

n
X ′u.

Assume:
1

n
X ′X → Q, positive definite.

Then, the theorem says:

√
n(β̂ − β) = (1/nX ′X)−1︸ ︷︷ ︸

→Q−1

1√
n
X ′u︸ ︷︷ ︸

→N(0,σ2Q)

→ N(0, Q−1σ2QQ−1) ≡ N(0, σ2Q−1).

• From this result, we an go further. Denote:

ηn =
√
n(β̂ − β).

We have just shown that ηn converges in distribution to a random variable. Thus,

β̂n = β +
1√
n︸︷︷︸

→0

ηn︸︷︷︸
→R.V.

→p β.

Thus β̂n is consistent for β. Since we scaled by
√
n, we say that β̂n is

√
n-consistent.

14.2 Large Sample Properties of Estimators

• Suppose we have random variables, Y1, . . . , Yn, with joint CDF and PDF: F (y1, . . . , yn; θ)
and f(y1, . . . , yn; θ). Suppose we have an estimator of θ:

θ̂n = θ̂n(Y1, . . . , Yn).

We say that θ̂n is unbiased if E[θ̂n] = θ, or:

Eθ[θ̂n] =

∫
θ̂n(y1, . . . , yn)f(y1, . . . , yn; θ)dy1 . . . dyn = θ, ∀ θ ∈ Θ, ∀ n.
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• Definition: Let plimn→∞,θ denote the limit based on convergence in probability and

p1limn→∞,θ denote the limit based on almost sure convergence. Then we say θ̂n for θ
is:

– (1) asymptotically consistent iff limn→∞Eθ[θ̂n] = θ ∀ θ ∈ Θ.

– (2) weakly consistent iff plimθθ̂n = θ ∀ θ ∈ Θ.

– (3) strongly consistent iff p1limθθ̂n = θ ∀ θ ∈ Θ.

Weak constistency of an estimator is often just refered to as consistency.

• Note that none of the above definitions imply each other. All we do know is that if an
estimator is unbiased in the limit and its variance goes to zero in the limit, then the
estimator is (weakly) consistent.

14.3 Small Sample Efficiency

• Theorem: Cramer-Rao (again). Consider random variables, Y1, . . . , Yn, with joint
PDF, fn(y1, . . . , yn; θ), θ ∈ Θ. Assume fn is C2 with respect to θ. Consider an
estimator θ̂n with E[θ̂n] = θ and variance/covariance matrix, Σθ̂n

(θ). Denote the
Fisher information matrix as:

In(θ) = −E

[
∂2Ln L(θ; y1, . . . , yn)

∂θ∂θ′

]
.

Then,
Σθ̂n

(θ)− (In(θ))−1

is positive semi-definite. That is, the inverse of the Fisher information matrix is a
lower bound for the variance/covariance matrix of ANY estimator of θ.

• Recall that the C-R lower bound need NOT be attained! You might get an efficient
estimator which does not attain the lower bound. For example, the OLS (and ML)
estimator for β does attain the C-R lower bound. However, the estimate of σ2 does
not attain the lower bound (either OLS or ML), though it can be shown that they are
both efficient (or at least OLS is?). So we can’t do any better but we never reach the
lower bound.

• Definition: Asymptotic Normality and Asymptotic Efficiency. Suppose:

√
n(θ̂n − θ) →d N(0,Σ).

Thus,

θ̂n ≈ N(θ,
1

n
Σ).

Then we say,

θ̂n ∼ A N(θ,
1

n
Σ),
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or that our estimator is distributed asymptotically normal with mean θ and an “as-
ymptotic variance/covariance matrix” of Σ/n.

• Definition: An estimator, θ̂n for θ ∈ Θ ⊆ <K is said to be Consistently Asymptotically
Normal (CAN) with mean 0 and variance/covariance, Σ if:

√
n(θ̂n − θ) →d N(0,Σ).

Also, the estimator is said to be Consistently Uniformly Asymptotically Normal (CUAN)
if this convergence is uniform over any compact subset of the parameter space. Usually
all our estimators we deal with are CUAN.
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15 Lecture 15: March 29, 2005

15.1 More on the Asymptotic Distribution

• Suppose we have: √
n(θ̂n − θ) →d N(0,Σθ̂).

Then, the asymptotic distribution of θ̂n is :

θ̂n ≈ N(θ,
1

n
Σθ̂).

• Now consider a different estimator:

√
n(θ̃n − θ) →d N(0,Σθ̃).

Then we say that θ̂ is more asymptotically efficient if:

Σθ̃ − Σθ̂ ≥ 0.

• Theorem Rao-Cramer. In the limit, the ML estimator attains the R-C lower bound.
Let θ̂n be the MLE for θ. Then θ̂n is a consistent estimator for θ and:

√
n(θ̂n − θ) →d N(0,Φ),

with,

Φ = limn→∞[
1

n
In(θ)]−1.

Where In is the fisher information matrix. This implies:

θ̂n ≈ N(θ,Φ/n).

Which we could estimate with:

θ̂n ≈ N(θ, Φ̂/n).

But note also that:

Φ̂/n ≈ [
1

n
In(θ)]−1/n = [In(θ)]−1.

Thus,
θ̂n ≈ N(θ, [In(θ)]−1).

• Theorem Suppose
√
n(θ̂n − θ) →d N(0,Σ(θ)). Then,

Σ(θ)− limn→∞[
1

n
In(θ)]−1 ≥ 0 ∀ θ ∈ Θ.

Thus, if the errors are normal, the ML estimator is the best we can do. It may not be
the best under other distributions however.
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15.2 Limiting Distributions of the OLS estimators

• Consider the following model:
y = Xβ + u.

Also consider the following assumptions:

– (A1) E[u] = 0.

– (A2) V C(u) = E[uu′] = σ2I, σ2 > 0.

– (A3) X is non-stochastic an full column rank and:

limT→∞
1

T
X ′X = Q,

nonsingular, finite.

– (A4) ut ∼ iid.

Assume A1-A4 hold in all that follows.

• Consider our OLS estimator:

βT = (X ′X)−1X ′y.

And estimated variance:

s2
T =

û′û

T −K
.

Thus û = y −Xβ̂ = Mu with M = I −X(X ′X)−1X ′.

• Prelimary results:
E[1/TX ′u] = 0,

V C[1/TX ′u] = E[
1

T
X ′uu′X

1

T
] =

1

T

1

T
X ′XE[uu′] =

1

T

σ2

T
X ′X︸ ︷︷ ︸
→Q

→ 0.

Thus, we have:
1

T
X ′u→p 0. (∗).

Since the expectation and the variance both go to zero (this has been shown via
Chebychev in previous lectures).

• Another result:
1√
T
X ′u→d N(0, σ2Q). (∗∗).

This is by the CLT 4.7. Note we could have used this second result to attain the first:

1

T
X ′u =

1√
T

1√
T
X ′u︸ ︷︷ ︸

→d r.v.

→p 0.
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• Thus (*) and (**) are the two key conditions that we need. In fact any set of assump-
tions (including A1-A4 above) that generates equations (*) and (**) are sufficient for
examining the limiting distributions of the OLS estimators. Consider an alternative
set of assumptions.

• Replace (A3) with the following:

– (a): regressors xt· = [xt1 · · ·xtK ] ∼ iid with E[x′t·xt·] = Q, finite and nonsingular.

– (b) (xt·) and (ut) independent.

Then, by Khinchines LLN, we have (*) and by Lindeberg-Levy CLT for iid RVs, we
have (**).
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16 Lecture 16: March 31, 2005

16.1 Asymptotic Properties of OLS

• Recall that our four assumptions from last time imply two key results:

1

T
X ′X → Q, non-singular.

1√
T
X ′u→d N(0, σ2Q).

Regression Coefficient: β

– Theorem β̂ is consistent for β. Consider:

β̂T = (X ′X)−1X ′y = β + (X ′X)−1X ′u.

Thus,

plim β̂T = plim [β + (X ′X)−1X ′u]

= β + plim (X ′X)−1plim X ′u

= β + plim (
1

T
X ′X)−1plim

1

T
X ′u

= β +Q−1 ∗ 0 = β

Note this relied on Slutsky’s theorem a bunch of times including the fact that the
plim of the inverse of a matrix is the inverse of the plim, provided that plim of
the matrix is non-singular. So we say:

β̂T →p β ∀ β ∈ <K .

– Theorem Limiting distribution of β̂T . Consider:

(β̂T − β) = (
1

T
X ′X)−1 1

T
X ′u.

Thus,
√
T (β̂T − β) = (

1

T
X ′X)−1︸ ︷︷ ︸
→pQ−1

1√
T
X ′u︸ ︷︷ ︸

→dN(0,σ2Q)

.

So, √
T (β̂T − β) →d N(0, Q−1σ2QQ−1) ≡ N(0, σ2Q−1),
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because Q−1′ = Q−1, symmetric. Thus, we can solve for β̂t and say that:

β̂T ≈ N(β,
1

T
σ2Q−1).

However, σ2Q−1 is unknown. But we can estimate σ2 with s2, and Q with
1

T
X ′X,

so,

β̂T ≈ N(β,
1

T
s2(

1

T
X ′X)−1) ≡ N(β, s2(X ′X)−1).

We also call this the asymptotic distribution of β̂T .

Regression Variance: σ2

– Theorem s2 is consistent for σ2. Consider:

s2
T =

û′û

T −K

=
T

T −K

1

T
u′Mu

=
T

T −K

1

T
u′(I −X(X ′X)−1X ′)u

=
T

T −K

1

T
[u′u− u′X(X ′X)−1X ′u]

=
T

T −K︸ ︷︷ ︸
→1

[
u′u

T︸︷︷︸
→σ2

− 1

T
u′X︸ ︷︷ ︸
→0

(
1

T
X ′X)−1︸ ︷︷ ︸
→Q−1

1

T
X ′u︸ ︷︷ ︸
→0

]

→ σ2

Note that u′u/T =
1

T

∑
u2

t →as σ2 by Khinchine’s LLN because E[u2
t ] = σ2. So

we say:
s2

T →p σ2 ∀ σ2 ∈ <.

– Theorem Limiting distribution of s2. Consider:

√
T (s2

T − σ2) =
√
T (s2

T −
u′u

T
)︸ ︷︷ ︸

Wt−Vt

+
√
T (
u′u

T
− σ2)︸ ︷︷ ︸

Vt

.

Where,
Wt =

√
T (s2

T − σ2),

Vt =
√
T (
u′u

T
− σ2).
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We want to show that Vt converges in distribution to some random variable and
Wt − Vt converges in probability to zero. Thus,

Vt =
√
T (
u′u

T
− σ2) =

√
T (

1

T

∑
u2

t − σ2) =
√
T

1

T

∑
[u2

t − σ2].

Or,

Vt =
1√
T

∑
[u2

t − σ2].

By a CLT, zt =
1√
T

∑
(u2

t − σ2) → N(0, V ar(zt)). Thus,

Vt →d N(0, V ar(zt)) ≡ N(0, µ4 − σ4).

It can also be shown that Wt − Vt → 0. (See handout). Thus,

√
T (s2

T − σ2) →d N(0, µ4 − σ4).

This is the asymptotic distribution of s2
T .

Test Statistic: t

– Theorem Asymptotic distibution of the t-statistic. Consider, under H0 : βi = β∗i ,

t =
β̂i,T − β∗i
sβ̂i,T

→d N(0, 1).

Proof: Note we have:

√
T (β̂T − β∗) →d N(0, σ2Q−1).

Therefore, for an individual coefficient:

√
T (β̂i,T − β∗i ) →d N(0, σ2qii).

And we can write the estimated variance of the estimator as:

s2
β̂i,T

= s2(X ′X)ii.
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[Note the s2 terms on either side of the equation are different.] So we can write
our statistic:

t =
β̂i,T − β∗i√
s2(X ′X)ii

=
β̂i,T − β∗i√

1

T
s2(

1

T
X ′X)ii

=

√
T (β̂i,T − β∗i )√
s2(

1

T
X ′X)ii

=
1√

s2(
1

T
X ′X)ii︸ ︷︷ ︸

→1/
√

σ2qii

∗
√
T (β̂i,T − β∗i )︸ ︷︷ ︸
→dN(0,σ2qii)

→ N(0,
1

σ
√
qii
σ2qii 1

σ
√
qii

) ≡ N(0, 1)

Note that t(T −K) →d N(0, 1) as T →∞.

Test Statistic: F

– Theorem Asymptotic distibution of the F -statistic. Consider, under H0 : Rβ =
r,

F =
(r −Rβ̂)′[R(X ′X)−1R′]−1(r −Rβ̂)/G

û′û/(T −K)
→d χ2(G)/G as T →∞.

Proof: Under H0,

Rβ̂ − r = Rβ̂ −Rβ = R(β̂ − β) = R(X ′X)−1X ′u.
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Move over the G to the other side and consider G ∗ F :

GF =
u′X(X′X)−1R′[R(X′X)−1R′]−1R(X′X)−1X′u

s2T

=
u′X(X′X)−1R′

sT

[R(X ′X)−1R′]−1 R(X′X)−1X′u

sT

=

1

T
u′X(

1

T
X′X)−1R′

sT

[R(X ′X)−1R′]−1
R(

1

T
X′X)−1

1

T
X′u

sT

=

1

T
u′X(

1

T
X′X)−1/2(

1

T
X′X)−1/2R′

sT

[R(X ′X)−1R′]−1
R(

1

T
X′X)−1/2(

1

T
X′X)−1/2

1

T
X′u

sT

=

1√
T

u′X(

1

T
X′X)−1/2(

1

T
X′X)−1/2R′

sT

[R
1

T
(X ′X)−1R′]−1

R(

1

T
X′X)−1/2(

1

T
X′X)−1/2

1√
T

X′u

sT

= W ′
tBtWt

With

Wt =
1

sT

(
1

T
X ′X)−1/2 1√

T
X ′u,

and

Bt = (
1

T
X ′X)−1/2R′[R

1

T
(X ′X)R′]−1R(

1

T
X ′X)−1/2.

So,

Wt →d N(0,
1

σ
Q−1/2σ2Q

1

σ
Q−1/2) ≡ N(0, I).

And,
Bt →p B, symmetric, idempotent with rank G.

Thus,
G ∗ F = W ′

tBtWt →d χ2(G) =⇒ F →d χ2(G)/G.

This is because we have a quadratic form in standard normals which gives us
a chi-squared where the degrees of freedom equal the rank of the matrix in the
middle. Note that F (G, T −K) →d χ2(G)/G as T →∞.
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17 Lecture 17: April 5, 2005

17.1 Nonlinear Econometric Modeling

• In all that follows, we assume that the data is iid. Denote the exogenous data as zi, a
1xpz vector. Then our objective function is:

Qn(z1, . . . , zn, τ̂n, β).

Where τ̂n is our estimated nuisance parameter. Thus,

β̂n = arg minβ∈B Q(z1, . . . , zn, τ̂n, β).

This is called an M-estimator for β.

• What is Q? There are two major classes of the objective function, Q:

– (1) Least mean Distance Estimators.

– (2) Generalized Method of Moments Estimators.

Example 1: Nonlinear Least Squares (NLS)

• Let g : X ∗ A 7→ < be a borel measurable function with X ⊆ <px , A ⊆ <pa as borel
sets. Assume yi’s are generated according to:

yt = g(xi, α0) + εi, i ∈ N.

Here the xi’s are exogenous and α0 ∈ A is the true parameter vector, so in the special
case of a linear function, g(xi, α0) = α0xi.

• Thus the objective function of the NLS estimator is:

Qn(z1, . . . , zn, β) =
1

n

n∑
i=1

q(zi, β) =
1

n

n∑
i=1

[yi − g(xi, α)]2,

with zi = [yi, xi] and β = α.

Example 2: Simultaneous Equations Estimation

• Suppose (yi) are generated as:

yim = yib·m + xic·m + εim,

a linear function. Where:
yi = [yi1, · · · , yipy ],

xi = [xi1, · · · , xipk
],
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εi = [εi1, · · · , εipy ].

Note we have the y’s on both sides of the equation. The element of b corresponding to
yim would be zero.

• Consider the simple example:

[yi1, yi2] = [yi1, yi2]

[
0 b12
b21 0

]
+ [xi1 xi2 xi3]

 c11 c21
c12 c22
c12 c23

+ [εi1 εi2].

Multiply out and we have two simultaneous equations.

• Thus we could also write:

yim =

py∑
j=1

yijbjm +

px∑
k=1

xikckm + εim, m = 1 . . . py.

So we have py simultaneous equations. We could also write this as:

[yi1, · · · , yipy ] = yi[b·1, . . . , b·py ] + xi[c·1, . . . , c·py ] + [εi1, · · · , εipy ].

Or,
yi = yiB + xiC + εi.

All along, we have been assuming the simultaneous equations are linear but they could
be nonlinear. In this case we could write in general:

f(yi, xi, α) = εi.

• Thus we could solve this equation to get:

yi = g(xi, α, εi),

our data generating function.

• Now assume εt ∼ iid N(0,Σ). Then the density of εi is fε(εi) and by the transformation
technique, the pdf of y is:

fy(yi) = fε(f(yi, xi, α))

∣∣∣∣∣∣∣∣∂f(yi, xi, α)

∂yi

∣∣∣∣∣∣∣∣,
where the f(·) function inside the jacobian is the regression function, not a density
function.

• So the objective function of the ML estimator (or the Normal Full Information Max-
imium Likelihood (NFIML) estimator) is the normal log-likelihood function of fy(y)
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(above):

Qn(z1, . . . , zn, β) =
1

n

n∑
i=1

q(zi, β) =
1

n

∑
[ln(||∂fi/∂y||) + 0.5ln(det(Σ)) + 0.5f ′iΣ

−1fi],

with β = (α,Σ). We have the jacobian term and then the rest is the log-likelihood of
the normal. So we are just maximizing the log-likelihood function of y.

• Note this estimator and the NLS estimator are of the “least mean distance” type of
estimator.
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18 Lecture 18: April 18, 2005

18.1 More on Nonlinear Estimation

• Recall our objective function will be one of two forms:

Q(z1, . . . , zn, τ̂n, β) =


1

n

∑n
i=1 q(zt, β)[ 1

n

∑n
i=1 q(zt, β)

]′
Ξ̂n

[ 1

n

∑n
i=1 q(zt, β)

]
Where q : ZxB 7→ <p.

• Note the first type of objective function is called the class of least mean distance
estimators, and q is 1x1. In the second class we have generalized method of moments
estimators where q is px1.

• Consider our usual linear model:

yi = xiα0 + εi,

where yi is 1x1 and xi is 1xK. Then to run OLS we would:

Minα

∑
i

(yi − xiα)2.

This is equivalent to:

Minβ
1

n

∑
i

q(z, β),

where q(z, β) = (y − xα)2, z = [y, x], and β = α.

• Now consider a nonlinear model:

yi = g(xi, α0) + εi,

where yi is 1x1 and xi is 1xK. Then to run OLS we would:

Minβ
1

n

∑
i

q(z, β),

where q(z, β) = (y − g(x, α))2, z = [y, x], and β = α.

• Suppose f(yi, xi, α0) = εi where yi is 1xpy, xi is 1xpx, α0 is 1xpα, and εi is 1xpy. Then
f(·) is a vector valued function so:

f = (f1, . . . , fpy)
′.

Thus we have a system of py equations.

67



• Example. Suppose we have the supply and demand equations for wheat.

Demand: qi = a+ bpt + esi + εdi ,

Supply: qi = c+ dpt + fri + εsi .

So si is income and ri is rainfall. In this setup, we have two endogenous variables,

yi = [qi, pi],

and two exogenous,
xi = [si, ri],

with,
εi = [εdi , ε

s
i ],

and,
α0 = [a, b, c, d, e, f ].

• In general we can write:
f(yi, xi, α0) = εi.

Assume:
εi|xi ∼ iid N(0,Σ).

• To do maximum likelihood, we need the distribution of the yi’s. Thus write:

yi = g(εi, xi, α0),

and let hε(εi) denote the density of the εi’s. Then by the change of variables technique:

hy(yi) = hε(f(yi, xi, α0)) · ||
∂f(yi, xi, α0)

∂yi

||.

If we compute this using the normal pdf and take logs, we get:

q(zi, β) = −ln|det(∂fi/∂y)|+
1

2
ln|Σ|+ 1

2
f ′iΣ

−1fi.

And thus our objective function becomes:

Qn(z1, . . . , zn, β) =
1

n

n∑
i=1

q(zi, β),

where zi = [yi, xi] and β = {elements of α and Σ}.

• Consider another example. Suppose yi = {0, 1} and,

Pr(yi = 1|xi) = G(xi, α0),

P r(yi = 0|xi) = 1−G(xi, α0).
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So G(·) is a CDF that could be either logit or probit if the distribution is logistic or
normal respectively. Then,

f(yi) = G(xi, α0)
yi(1−G(xi, α0))

1−yi .

Then the log likelihood function would be:

ln Li = yilnG(xi, α0) + (1− yi)lnG(xi, α0).

And our objective function is:

Qn(z1, . . . , zn, β) =
1

n

n∑
i=1

ln Li =
1

n

n∑
i=1

[yilnG(xi, α0) + (1− yi)lnG(xi, α0)].

• Note that when we do OLS, the model is yi = xiα0 + εi with εi|xi ∼ iid (0, σ2). We
then minimize:

∑
(yi−xiα)2. We know in OLS that the population moment condition

is:
E[x′iεi] = 0,

which is actually K moment conditions, one for each of the K regressors: E[xi1εi] =
0, . . . , E[xikεi] = 0. So inserting the model we have:

E[x′i(yi − xiα)] = E[q(zi, β)] = 0 at α = α0.

When we run OLS, we could achieve the same estimator as usual using the sample
moments:

1

n

∑
i

x′i(yi − xiα).

If we pick α to get this as close to zero as possible, we have found our usual OLS
estimator:

α̂ols =

∑
x′iyi∑
x′ixi

.

As long as we have as many moment conditions as we have unknown parameters, we
can set the sample moment equal to zero and find our estimator. This is the least
mean distance type of estimator. When we have more moments than parameters, we
use GMM.

• In an even more general setting, we consider a set of instruments, ai, for the x’s. So if
the model is yi − xiα0 = εi or:

f(yi, xi, α0) = εi,

there might be endogenous variables (inside xi) that are correlated with εi that we need
to find instruments for. We can use the x’s from the ENTIRE system as instruments
(and possibly other exogenous variables outside the system). So ai is a pax1 vector of
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xi’s that are uncorrelated with εi. We need the number of uncorrelated instruments to
be at least as big as the number of parameters we choose to estimate.

• So our population moment condition might be:

E[a′iε] = E[a′if(yi, xi, α0)] = 0,

noting that we have substituted in the true parameter vector, α0.

• In this case our objective function would become (and this is somehow equivalent to
2-stage least squares):

Qn(z1, . . . , zn, β) = [
1

n

n∑
i=1

a′if(yi, xi, α)]′

(
1

n

∑
a′iai

)−1

[
1

n

n∑
i=1

a′if(yi, xi, α)].
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19 Lecture 19: April 19, 2005

19.1 More on Nonlinear Estimation

• Suppose we have data, x = (x1, . . . , xn)′ and:

1

n
x′ε =

1

n
[x′1, . . . , x

′
n][ε1, . . . , εn]′ =

1

n

n∑
i=1

x′iεi.

• Assume we have the least squares moment conditions:

E[
1

n
x′ε] =

1

n

∑
E[x′iεi] = 0.

This is actually a set of M moment conditions, one for each regressor:

1

n

n∑
i=1

E[Xi1εi] = 0

...

1

n

n∑
i=1

E[XiMεi] = 0

• In the linear case, εi = yi − xiβ, we would have empirical moments:

1

n

∑
i

X ′
i(yi −Xiβ),

and we would choose β to make this as close to zero as possible.

• In general, we have:
εi = yi − g(xi, β0),

with empirical moments:

1

n

∑
x′i(yi − g(xi, β)) = 0 only if dim(β) = dim(xi).

If the dimensions do not match, ie we have more moments than parameters, we will
use some quadratic form with a positive semi-definite matrix in the middle.

• Now consider the case were we have a bunch of instruments, ai, for the xi’s. If there
is one equation, then the population moment condition is:

E[a′iεi] = 0.
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Now assume there areM equations so εi = [εi1, . . . , εiM ]. Thus our population moments
are:

E[a′iεi1] = 0

...

E[a′iεiM ] = 0

• Consider an example of an s equation system with G+ 1 endogenous variables and K
exogenous variables. Thus the system is:

y1︸︷︷︸
nx1

= Y1︸︷︷︸
nxG1

β0
1︸︷︷︸

G1x1

+ X1︸︷︷︸
nxK1

γ0
1︸︷︷︸

K1x1

+ ε1︸︷︷︸
nx1

...

ys︸︷︷︸
nx1

= Ys︸︷︷︸
nxGs

β0
s︸︷︷︸

Gsx1

+ Xs︸︷︷︸
nxKs

γ0
s︸︷︷︸

Ksx1

+ εs︸︷︷︸
nx1

So the Y ’s are the endogenous variables (plus y) makes G + 1 of them. And the X’s
are exogenous. Now suppose we want to estimate the first equation and we use the
moment condition:

E[X ′
1ε1] = 0.

This is only K1 conditions and we have K1 + G1 parameters to estimate so we need
more moments. Thus use:

E[X ′ε1] = 0

...

E[X ′εs] = 0

for each of the s equations. Note that X matrix is ALL the exogenous variables (nxK)
in the system, not just those in each equation separately. Thus, to get identification,
we need K > Gi+Ki for i = 1 . . . s. So what are empirical moments? They are:

q(zi, β) =


1

n

∑
X ′

i[y1 − Y1β1 −X1γ1]

...
1

n

∑
X ′

i[ys − Ysβs −Xsγs]

 .
Where β = (β1, γ1, . . . , βs, γs) and z = (y1, . . . , ys, X).
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19.2 Consistency of an Estimator

• Recall the two forms of our objective function (Least Mean Distance and Generalized
Method of Moments):

Qn(z1, . . . , zn, τ̂n, β) =


1

n

∑n
i=1 q︸︷︷︸

1x1

(zi, β)[ 1

n

∑n
i=1 q︸︷︷︸

px1

(zi, β)
]′

Ξ̂n

[ 1

n

∑n
i=1 q︸︷︷︸

px1

(zi, β)
]

• Denote:
Qn(z1, . . . , zn, β) = R(ω, β),

where zi = zi(ω).

• Thus, our M-estimator, β̂n solves:

Qn(z1, . . . , zn, β̂n) = minβ∈B Qn(z1, . . . , zn, β).

• Denote the limiting distribution of the objective function as Q(β). Let β0 be the
minimizer of Q.

• So to show consistency, we will try to show that Qn → Q and if the convergence is
uniform, then the minimizer of each function should also converge.

• But what form does Q take ? Consider least squares:

yi = xiβ0 + εi, E[εi|xi] = 0, E[ε2i |xi] = σ2.

Note that as with everything we do in nonlinear analysis, the y’s and x’s are both iid.
Then the objective function is:

Qn(z1, . . . , zn, β) =
1

n

∑
i

(yi − xiβ)2.

Define the limiting distribution as:

Q(β) = E[Qn(z1, . . . , zn, β)]

= E[
1

n

∑
i

(yi − xiβ)2]

= E[(yi − xiβ)2]

= E[(xiβ0 + εi − xiβ)2]

= E[(εi − xi(β − β0))
2]

= E[ε2i ]− E[2εixi(β − β0)] + E[(β − β0)
′x′ixi(β − β0)]

= σ2 + (β − β0)
′E[x′ixi](β − β0)
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Thus Q(β) is minimized at the true parameter value, ie β = β0.

• See G-19.1. We can see here that the Qn function might be minimized at a different
value than Q is minimized. If Qn → Q and this convergence happens uniformly, then
we will get consistency of our estimator.

• See G-19.2 for a picture of what non-uniform convergence might look like. Note that
Q100 is closer to Q than Q10 at most points except for the dip where the convergence
is NOT uniform. You might get divergence of the minimizer away from β0 as shown
in the graph.
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20 Lecture 20: April 21, 2005

20.1 More on Nonlinear Estimation

Consistency of the Nonlinear Estimator

• Recall our finite and limiting objective functions:

Qn(z1, . . . , zn) = R(ω, β),

Q(β) = R(β).

Which we can write as:

Qn =
1

n

n∑
i=1

q(zi, β),

Q =
1

n

n∑
i=1

E[q(zi, β)] = E[q(zi, β)],

where the final equality follows because zi is iid.

• We also have the vector valued objective function (as with GMM estimators),

Qn = [
1

n

n∑
i=1

q(zi, β)]′Ξ̂n[
1

n

n∑
i=1

q(zi, β)],

and,
Q = [E[q(zi, β)]]′Ξ̂n[E[q(zi, β)]].

• See G-20.1. We can see that Q is uniquely identified at the true β0. We say that βn is
identifiably unique if:

lim infn→∞

[
infβ3|β−βn|≥ε Qn(β)−Qn(βn)

]
> 0 ∀ ε > 0.

Note we put the subscripts on the β’s because it’s possible that we could have different
estimators (minimizers) for different n’s. Thus the distance between the value of our
limiting objective function at the estimator must be smaller than the value of the
limiting objective function at any other parameter value in the parameter range outside
any closed ball around the estimator. This is a long and complicated way of saying
the objective function has a true min.

• Remark A sufficient set of conditions for an estimator to be identifiably unique is:

– (1) Q continuous.

– (2) B compact (the parameter space).

– (3) β0 must be a unique minimizer.
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So we need to have an objective function which has a unique minimum and this ex-
pression above guarantees that for any n, (particularly for large n), the minimizer
converges (ie, we can identify it).

• Theorem This seems like the key theorem so far. Recall our notation:

Rn(ω, β) = Qn(z1, . . . , zn, β),

R(β) = Q(β).

Note we are assuming there is no nuisance parameter. Note also that both of these
functions are REAL valued. No matter if we have to do some sort of quadratic form
to get there, what comes out is just one number. Now assume:

Supβ∈B |Rn(ω, β)−R(β)| →p 0 as n→∞.

Thus the biggest difference between these two functions goes to zero (uniform conver-
gence). Suppose also that B is compact, R is continuous, and β0 is a unique minimizer.
Then for our minimizer, β̂n, such that:

R(ω, β̂n) = Infβ∈B R(ω, β),

we have:
β̂n →p β0 as n→∞.

So β̂n is consistent for β0. See notes for proof.

• Remark. Consider the case of Least Mean Distance Estimators. We have:

Rn(ω, β) =
1

n

∑
i

q(zi, β),

R(β) = E[q(zi, β)].

Then,

|Rn −R| = | 1
n

∑
q(zi, β)− E[q(zi, β)]| →p 0,

for EACH β ∈ B. This is exactly a Law of Large Numbers result. But since we
consider all parameters at once, the result above simplifies really to a Uniform Law of
Large Numbers or ULLN.

• Note the same thing can be shown for GMM estimators. We really need a ULLN result
to show consistency.

• Theorem Uniform Law of Large Numbers. Assume the following holds:

– (1) zi are iid.

– (2) q can be either scalar or vector valued.

– (3) q(·, β) is measurable for each β ∈ B.
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– (4) q(z, ·) is continuous for each z ∈ Z.

– (5) B is compact.

– (6) Domination Condition: |q(z, β)| ≤ h(z) with E[h(z)] <∞.

Then we have:

Uniform Convergence: Supβ∈B |
1

n

∑
q(zi, β)− E[q(zi, β)]| →p 0 as n→∞,

and,
E[q(zi, β)] if finite and continuous in β.

• Finally, we can switch things around and have another useful result. Suppose β̂n → β0.
When does:

R(ω, β̂n) → R(β0) ??

The answer is when the following two conditions are satisfied:

– (1) A ULLN is satisfied: Supβ∈B|R(ω, β)−R(β)| →p 0.

– (2) R is continuous.

You might use a result like this to check to see if the elements of the hessian converge to
their expected value in order to attain an estimator for the variance/covariance matrix
of your estimator, β̂n.
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21 Lecture 21: April 21, 2005

21.1 Consistency - Catalogues of Assumptions

Least Mean Distance Estimators - General

• Consider the objective function for LMD estimators:

Qn(z1, . . . , zn, β) =
1

n

∑
i

q(zi, β),

where q is 1x1.

• Assumptions 4.1

– (a) q : ZxB 7→ <. q is real valued.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. q(z, ·) is continuous for each z ∈ Z.

– (d) zi is iid.

– (e) Domination: Supβ∈B|q(zi, β)| <∞.

• If assumptions 4.1 are satisfied then we have the following ULLN:

Supβ∈B|
1

n

∑
q(zi, β)− E[q(zi, β)]| →p 0 as n→∞,

and,
E[q(zi, β)] is continuous.

• If we add to assumptions 4.1 the assumption that β0 is a UNIQUE minimizer of R,
then we get a consistent estimator:

β̂n →as β0 as n→∞.

Least Mean Distance Estimators - Nonlinear Least Squares

• Consider iid data processes, (yi, xi). Suppose we think that the following holds:

E[yi|xi] = g(xi, β0).

• Define a residual:
εi = yi − g(xi, β0) =⇒ E[εi] = 0.

• Thus the nonlinear model becomes:

yi = g(xi, β0) + εi.
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Why did we do this in such a strange way? Because it allows for E[ε2i |xi] = h(xi), ie,
conditional heteroskedasticity. If we start with the model, we wouldn’t be allowing for
this.

• Thus, our objective function is then:

Rn(ω, β) = Qn(z1, . . . , zn, β) =
1

n

∑
i

q(zi, β) =
1

n

∑
i

(yi − g(xi, β))2.

And the limiting distribution is:

R(β) = E[(yi − g(xi, β))2].

Note that usually the limiting distribution involves taking a limit as n goes to infinity,
but since we assume iid data, this is equivalent to taking expectations.

• Consider rewriting the limiting distribution:

R(β) = E[(yi − g(xi, β))2]

= E[(g(xi, β0) + εi − g(xi, β))2]

= E[ε2i ] + E[(g(xi, β0)− g(xi, β))2]

So the second term is minimized when β = β0. If we assume E[(g(xi, β0)−g(xi, β))2] >
0 ∀ β 6= β0, we should get a unique minimizer. See theorem below.

• Assumptions 4.2

– (a) g is real valued.

– (b) B is compact.

– (c) g(·, β) is measurable for each β ∈ B. g(x, ·) is continuous for each x ∈ px.

– (d) zi = [yi, xi] is iid.

– (e) E[yi|xi] = g(xi, β0).

– (f) Domination: E[(yi − g(xi, β))2] <∞ and Supβ∈Bg(xi, β)2 <∞.

• Theorem If assumptions 4.2 are satisified and E[(g(xi, β0)− g(xi, β))2] > 0 ∀ β 6= β0,
then:

β̂n →as β0 as n→∞.

• Note the equivalent condition to assumption 4.2.f in the linear case is for X ′X to
be non-singular. Assumptions 4.2 focus on the g(·, ·) function rather than the q(·, ·)
function mostly for convenience. You could work with either.
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Least Mean Distance Estimators - Maximum Likelihood

• Suppose we have a conditional density function:

f(y|x; β),

where y and x could be scalar or vector valued.

• Consider our objective function:

Rn(ω, β) = Qn(z1, . . . , zn, β) =
1

n

∑
i

q(zi, β) =
1

n

∑
i

−log[f(yi|xi, β)].

• Assumptions 4.3

– (a) q is real valued.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. g(z, ·) is continuous for each z ∈ Z.

– (d) zi = [yi, xi] is iid.

– (e) Domination: E[Supβ∈B|q(zi, β)|] <∞.

• Theorem If assumptions 4.3 are satisified and β0 is a unique minimizer for E[q(zi, β)],
then:

β̂n →as β0 as n→∞.

• Remark Final point. When is β0 unique when we’re doing maximum likelihood?
Consider the Kullback-Leibler Divergence:

E

[
ln
f(y, β0)

f(y, β)

]
= E[q(zi, β)]− E[q(zi, β0)] ≥ 0.

Thus β0 is always going to be a minimizer when we do MLE. However, we still have to
assume that it’s UNIQUE!
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22 Lecture 22: April 26, 2005

22.1 Consistency - Catalogues of Assumptions

General Method of Moments Estimators - General

• Example 1. We are seeking moment conditions of the form: E[q(zi, θ)] = 0. Suppose
we have a model of production:

Q = F (K,L), L = G(K,Q, θ0).

So we might want to minimize:

Min E[wL+ cK],

expected cost. A FOC would then be:

E[wi
∂Li

∂Ki

+ ci] = E[f(zi, θ)] = 0, zi = [wi, ci, Ki].

So these would be our moment conditions.

• Example 2. Suppose our model was the general nonlinear model: yi = g(xi, β0) + εi.
We might use moments:

E[x′iεi] = 0 ⇐⇒ E[x′i(yi − g(xi, β0))] = 0 ⇐⇒ E[q(zi, β0)] = 0.

Now, what should we do with these moments? We have k of them, so calculate:

Q = Min [
1

n

∑
i

q(zi, β0)]
′Ξ̂n[

1

n

∑
i

q(zi, β0)],

where Ξ̂n is a positive semi-definite matrix. It could be the identity matrix, but we
will show that the most efficient matrix to put in there is the inverse of the vari-
ance/covariance matrix of the moments.

• Example 3. Consider the ordinary linear model: yi = xiβ0 + εi. Assume E[x′iεi] = 0,
our k moment conditions. Then construct a GMM type objective function:

Q = [
1

n

∑
i

x′i(yi − xiβ0)]
′Ik[

1

n

∑
i

x′i(yi − xiβ0)].

Clearly, in this case, minimizing the quadratic form yields the same estimator as min-
imizing the first term which means setting it equal to zero:

1

n

∑
i

x′i(yi − xiβ̂) = 0 =⇒ 1

n
X ′y − 1

n
X ′Xβ̂ = 0.
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So the OLS estimator, β̂, can be viewed as a GMM estimator when we utilitize the
moment condition that the x’s and the errors are orthogonal.

• So consider the objective function of the GMM estimator:

Rn(ω, β) = Qn(z1, . . . , zn, β) = [
1

n

∑
i

q(zi, β)]′Ξ̂n[
1

n

∑
i

q(zi, β)].

With Ξ̂n →p Ξ0. Thus, the limiting distribution (non-stocastic analogue) is:

R(β) = [E[q(zi, β)]]′Ξ0E[q(zi, β)].

• Assumptions 4.4

– (a) q : ZxB 7→ <pq is a real vector valued function.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. q(z, ·) is continuous for each z ∈ Z.

– (d) zi is iid.

– (e) Domination: E[Supβ∈B||q(zi, β)||] <∞. where || · || is the euclidean norm.

• Theorem If assumptions 4.4 are satisified and,

R(β) = [E[q(zi, β)]]′Ξ0E[q(zi, β)]

{
6= 0 if β 6= β0

= 0 if β = β0

Then:
β̂n →as β0 as n→∞.

• Proof. Given assumptions 4.4, we get a ULLN:

Supβ||
1

n

∑
q(zi, β)− E[q(zi, β)]|| →p 0 =⇒ Uniform Convergence,

and,
E[q(zi, β)] continuous.

It follows that:
Supβ|Rn(ω, β)−R(β)| →as 0 as n→∞.

Since R(β) = 0 only at the true parameter value and Ξ is positive semidefinite, then
the quadratic form above defines a unique minimizer.
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23 Lecture 23: April 28, 2005

23.1 Asymptotic Normality of an Estimator

Least Mean Distance Estimators

• First some notation:
∂f

∂x
= [

∂f

∂x1

· · · ∂f
∂xp

] = ∇xf︸︷︷︸
1xp

.

∂2f

∂x∂x
= ∇xxf︸ ︷︷ ︸

pxp

.

• We now assume that we have a consistent estimator and we seek conditions such that it
is asympototically normal. Consider the objective function of the Least Mean Distance
estimator:

Q(z1, . . . , zn, β) =
1

n

n∑
i=1

q(zi, β).

Normalize:

n1/2Q(z1, . . . , zn, β) = n−1/2

n∑
i=1

q(zi, β).

Differentiate:

n1/2∂Q(β̂n)

∂β′
= n−1/2

n∑
i=1

∂q(zi, β̂n)

∂β′
= 0.

(Setting this equal to zero gives us our estimator, β̂n).

• Now, consider a function g(β̂n), and consider a first order taylor series expansion around
the true parameter value β0:

g(β̂n) ≈ g(β0) +
∂g

∂β

∣∣∣∣∣
β=β0

(β̂n − β0).

For this to hold with equality, we would need an infinite number of terms on the RHS.
We can also exploit the mean value theorem which says:

g(β̂n) = g(β0) +
∂g

∂β

∣∣∣∣∣
β=β̃

(β̂n − β0).

where β̃ ∈ [β̂n, β0]. So there is some value of the parameter that if we evaluate just this
first term at that parameter, we get the exact value of the function. So applying this
idea to the LHS of our equation:

0 = n1/2∂Q(β̂n)

∂β′
= n1/2∂Q(β0)

∂β′
+ n1/2∂

2Q(β̃)

∂β∂β′
(β̂n − β0).
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• Assuming invertibility, we can solve for β̂n − β0:

β̂n − β0 = −

(
n1/2∂

2Q(β̃)

∂β∂β′

)−1

n1/2∂Q(β0)

∂β′
.

Or in summation notation (equivalent to doing the expansion on the RHS of our
equation above):

β̂n − β0 = −

(
n−1/2

n∑
i=1

∂2q(zi, β̃)

∂β∂β′

)−1

n−1/2

n∑
i=1

∂q(zi, β0)

∂β′
.

Normalize:

√
n(β̂n − β0) = −

(
1

n

n∑
i=1

∂2q(zi, β̃)

∂β∂β′

)−1

n−1/2

n∑
i=1

∂q(zi, β0)

∂β′
.

• So consider the gradiant term. At the true parameter:

∂q(zi, β0)

∂β′
= [

∂q(zi, β0)

∂β1

· · · ∂q(zi, β0)

∂βp

]′ = [ψ1i · · ·ψpi]
′ = ψi︸︷︷︸

px1

.

Since zi are iid, ψi are also iid (being functions of iid random variables). So, if ψi ∼
iid(0,Σ), then by a CLT,

1√
n

n∑
i=1

ψi →d N(0,Σ).

In our case, we typically have:

E

[
∂q(zi, β0)

∂β

]
= 0,

at the true parameter value. Hence,

n−1/2

n∑
i=1

∂q(zi, β0)

∂β′
→d ξ ∼ N(0,Λ0).

• So consider the hessian term. At the true parameter:

1

n

n∑
i=1

∂2q(zi, β0)

∂β∂β′
=


. . . . . . . . .

. . .
1

n

∑n
i=1

∂2q(zi, β0)

∂βk∂βl

. . .

. . . . . . . . .

 .
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So element by element we have iid random variables which by Khinchines LLN:

1

n

n∑
i=1

∂2q(zi, β0)

∂β∂β′
→p E

[
∂2q(zi, β0)

∂β∂β′

]
.

BUT we are not evaluating at the true parameter but rather our “mean value”, β̃.
Well, since we have assumed consistency:

β̂n → β0 and β̃ ∈ [β̂n, β0], then β̃n → β0.

But this isn’t quite enough. See the end of lecture 20, which says that if we have a
consistent estimator, then we can get the objective function to converge if we have a
ULLN. So if things converge nicely here, we get:

1

n

n∑
i=1

∂2q(zi, β̃)

∂β∂β′
→p E

[
∂2q(zi, β0)

∂β∂β′

]
= A0.

• So, we have our result:

√
n(β̂n − β0) = −

(
1

n

n∑
i=1

∂2q(zi, β̃)

∂β∂β′

)−1

︸ ︷︷ ︸
→pA−1

0

n−1/2

n∑
i=1

∂q(zi, β0)

∂β′︸ ︷︷ ︸
→dξ∼N(0,Λ0)

→d N(0, A−1
0 Λ0A

−1
0 ).

Asymptotic Normality Result for LMD Estimators

• Assumptions 5.1

– (a) Parameter Spaces are compact

– (b) Qn is C2.

– (c) β̂n →p β0 as n → ∞ and β0 ∈ B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, n1/2(τ̂n− τ0) =
Op(1), a random variable.

– (d) n1/2∇β′Q(β̂n) = op(1). This means that our estimator, β̂n satisifes our FOC
up to an error of magnitude op(1).

– (e) ∇ββQn(β̃n) →p A0. This we have shown above.

– (f) ∇βτQn(τ̃n, β̃n) →p 0, so the cross derivative terms are 0. τ is truely a nuisance.
This was clear before we started ...

– (g) There exists a real matrix D0, such that:

−n1/2∇β′Qn(z1, . . . , zn, τ0, β0) = D0ξn + op(1).

• Theorem If assumptions 5.1 hold, then

√
n(β̂n − β0) →d A−1

0 D0ξ.
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And if ξ ∼ N(0,Λ0), then as above,

√
n(β̂n − β0) →d N(0, A−1

0 D0Λ0D
′
0A

−1
0 ) ≡ N(0, A−1

0 B0A
−1
0 ),

with B0 = D0Λ0D
′
0.

• Note for least mean distance estimators, D0 = I, so,

√
n(β̂n − β0) →d N(0, A−1

0 Λ0A
−1
0 ).

• So if assumptions 5.1 are satisfied then the LMD estimator is consistent and asymp-
totically normal.
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24 Lecture 24: May 3, 2005

24.1 Asymptotic Normality of an Estimator

GMM Estimators

• Before we start into deriving the asymptotic distribution of the GMM estimator, we
start with an example. Suppose we have the following three equation system:

Technology: yi1 = Ayα1
i2 y

α2
i3 + ui1.

Labor Demand: yi2 = b0 + b1xi1 + ui2.

Capital Demand: yi3 = c0 + c1xi2 + ui3.

Where xi1 might be the wage and xi2 might be the rental rate of capital. Suppose
we have to estimate the first equation and we are given that the x’s and the u’s are
independent. This gives us the following population moment conditions:

E[ui1] = 0.

E[xi1ui1] = 0.

E[xi2ui1] = 0.

Since the first equation has three parameters, we need at least three moment conditions.
We also need the moment conditions to be RELEVANT! A moment condition like
E[xi1ui2] = 0 would be ok but it wouldn’t help explain the first equation. Thus
our moments would be of the form q(zi, β) with zi = (yi1, yi2, yi3, xi1, xi2) and β =
(A,α1, α2)

′. Specifically,

q(zi, β) =

 yi1 − Ayα1
i2 y

α2
i3

xi1[yi1 − Ayα1
i2 y

α2
i3 ]

xi2[yi1 − Ayα1
i2 y

α2
i3 ]

 .
With E[q(zi, β)] = 0. We would then construct our GMM estimator as a quadratic
form in the moments but what goes in the middle? That comes next.

• Consider the objective function of the GMM estimator:

Qn(z1, . . . , zn, β) = Sn(z1, . . . , zn, β)′Ξ̂nSn(z1, . . . , zn, β).

Where usually we have:

Sn(z1, . . . , zn, β) =
1

n

n∑
i=1

q(zi, β),
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with,

E[Sn(β0)] =
1

n

n∑
i=1

E[q(zi, β0)] = 0.

• Note that when we have a quadratic form like X(β)′AX(β) and we differentiate:

∂

∂β
[X(β)′AX(β)] = [2

∂X

∂β
AX(β)]′.

• So consider the FOC of the objective function for the GMM estimator (we omit the
scaling factor n1/2):

∂Sn(z1, . . . , zn, β̂n)

∂β′
Ξ̂nSn(z1, . . . , zn, β̂n) = 0.

Or written more compactly,

∇β′Sn(β̂n)Ξ̂nSn(β̂n) = 0.

• Now consider a first order taylor series expansion of the last term (utilizing the mean
value theorem so we get equality):

Sn(β̂n) = Sn(β0) +∇βSn(β̃)(β̂n − β0).

• Substituting in:

0 = ∇β′Sn(β̂n)Ξ̂n

[
Sn(β0) +∇βSn(β̃)(β̂n − β0)

]
0 = ∇β′Sn(β̂n)Ξ̂nSn(β0) +∇β′Sn(β̂n)Ξ̂n∇βSn(β̃)(β̂n − β0)

∇β′Sn(β̂n)Ξ̂n∇βSn(β̃)(β̂n − β0) = −∇β′Sn(β̂n)Ξ̂nSn(β0)

(β̂n − β0) = −

(
∇β′Sn(β̂n)Ξ̂n∇βSn(β̃)

)−1

∇β′Sn(β̂n)Ξ̂nSn(β0)

• So we have:

β̂n − β0︸ ︷︷ ︸
pβx1

= −

(
∇β′Sn(β̂n)︸ ︷︷ ︸

pβxpq

Ξ̂n︸︷︷︸
pqxpq

∇βSn(β̃)

)−1

∇β′Sn(β̂n)Ξ̂n Sn(β0)︸ ︷︷ ︸
pqx1

.

Asymptotic Normality Result for GMM Estimators

• Assumptions 5.2

– (a) Parameter Spaces are compact
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– (b) Sn is C1.

– (c) β̂n →p β0 as n → ∞ and β0 ∈ B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, Ξ̂n →p Ξ0.

– (d) ∇β′Sn(β̂n)Ξ̂nSn(β̂n) = op(1). This means that our estimator, β̂n satisifes our
FOC up to an error of magnitude op(1).

– (e) ∇βSn(β̃) →p G0, for any consistent estimator, β̃. Note β̂n is also consistent.

– (f) n1/2Sn(β0) →d ξ. That is, the “Normalized Score” converges to some real
valued random vector.

• Theorem If assumptions 5.2 hold, then

√
n(β̂n − β0) →d −[G′

0Ξ0G0]
−1G′

0Ξ0ξ.

And if ξ ∼ N(0,Λ0), then,

√
n(β̂n − β0) →d N(0, A−1

0 B0A
−1
0 ),

with A0 = G′
0Ξ0G0 and B0 = G′

0Ξ0Λ0Ξ0G0.

• So if assumptions 5.2 are satisfied, then the GMM estimator is consistent and asymp-
totically normal.

24.2 Asymptotic Normality - Catalogues of Assumptions

General Method of Moments Estimators - General

• So consider the case of GMM where our objective function is of the form:

Qn(z1, . . . , zn, β) = [
1

n

n∑
i=1

q(zi, β)]′Ξ̂n[
1

n

n∑
i=1

q(zi, β)].

• Suppose β̂n is a unique, consistent estimator that minimizes the above objective func-
tion. Thus all assumptions (4.4) of a consistent GMM estimator must be satisfied. If
we add that q(zi, β) is differentiable and other certain domination conditions on the
gradiant, we get the following theorem.

• Theorem Given the assumptions of a consistent estimator and nice properties of the
gradient, we have the following for the GMM estimator, β̂n:

√
n(β̂n − β0) →d N(0, A−1

0 B0A
−1
0 ),

with:
A0 = G′

0Ξ0G0, and B0 = G′
0Ξ0Λ0Ξ0G0,

and:
G0 = E[∇βq(zi, β0)], and Λ0 = E[q(zi, β0)q(zi, β0)

′].
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Furthermore, let:
Ân = Ĝ′

nΞ̂nĜn, and B̂n = Ĝ′
nΞ̂nΛ̂nΞ̂nĜn,

with:
Ĝn = n−1

∑
∇βq(zi, β̂n), and Λ̂n = n−1

∑
q(zi, β̂n)q(zi, β̂n)′.

Then:
Ân →p A0, B̂n →p B0, Ĝn →p G0, Λ̂n →p Λ0.

And finally:
(Â−1

n B̂nÂ
−1
n ) →p (A−1

0 B0A
−1
0 ).

Brilliant.
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25 Lecture 25: May 5, 2005

25.1 Review: Asymptotic Normality and Consistency of GMM
Estimators

• Consider the GMM objective function:

Q(z1, . . . , zn, β) =

[
n−1

∑
q(zi, β)

]′
Ξ̂n

[
n−1

∑
q(zi, β)

]
.

• We get consistency with the following key conditions:

– (1) Ξ̂n → Ξ0. Note this could be equal to the identity in some cases.

– (2) E[q(zi, β)] = 0 at β = β0. The nonstochastic analogue to the moment condi-
tion is uniquely defined.

– (3) q is continuous in β.

– (4) zi are iid.

– (5) Dominance condition.

• To get asymptotic normality, we add:

– (6) β0 is in the interior of the space, B.

– (7) q is C1. So ∇βq(zi, β) exists.

– (8) Dominance on the derivatives.

• Recall:
E[∇βq(zi, β0)] = G0,

and,
E[q(zi, β0)q

′(zi, β0)] = Λ0,

the variance/covariance matrix of the moments.

• We had the result that if Ξ̂n → Ξ0, then:

n−1/2
∑

q(zi, β0) →d N(0,Λ0).

Which means:
n1/2(β̂n − β0) →d N(0, A−1

0 B0A
−1
0 ).

with A0 = G′
0Ξ0G0 and B0 = G′

0Ξ0Λ0Ξ0G0.
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• So consider the special case when Ξ̂n = In. Then the variance/covariance matrix
becomes:

A−1
0 B0A

−1
0 = (G′

0Ξ0G0)
−1G′

0Ξ0Λ0Ξ0G0(G
′
0Ξ0G0)

−1

= (G′
0G0)

−1G′
0Λ0G0(G

′
0G0)

−1

This simplified things a bit, but we will show that using the identity matrix is not
efficient.

• How about the special case where Ξ̂n = Λ̂−1
n → Λ−1

0 . Then the variance/covariance
matrix becomes:

A−1
0 B0A

−1
0 = (G′

0Ξ0G0)
−1G′

0Ξ0Λ0Ξ0G0(G
′
0Ξ0G0)

−1

= (G′
0Λ

−1
0 G0)

−1G′
0Λ

−1
0 Λ0Λ

−1
0 G0(G

′
0Λ

−1
0 G0)

−1

= (G′
0Λ

−1
0 G0)

−1G′
0Λ

−1
0 G0(G

′
0Λ

−1
0 G0)

−1

= (G′
0Λ

−1
0 G0)

−1

It can be shown that this indeed is the MOST efficient weighting matrix we can put
in there. The inverse of the variance/covariance matrix of the moments weights the
moments in such a way that the variance of the resulting estimator is minimized.

• So now what do we do to estimate things like G0 and Λ0 ? Logical estimators would
be Ân = Ĝ′

nΞ̂nĜn and B̂n = Ĝ′
nΞ̂nΛ̂nΞ̂nĜn, with:

Ĝn = n−1
∑

∇βq(zi, β̂n),

and,

Λ̂n = n−1
∑

q(zi, β̂n)q′(zi, β̂n).

Note that β̂n is ANY consistent estimator. It doesn’t have to be the one that we end
up determining to be the best, it just has to be consistent. Using this result we have
the following algorithm.

Estimating Λ̂n

• Since we don’t have consistent estimates of β to start out with, we can’t do GMM
unless we can form some estimate of the variance/covariance matrix of the moments.
Since we just need a consistent estimate of β, consider following a 2 step process:

• Step 1. Using Ξ̂n = In, our objective function results in:

β̃ = arg min

[
n−1

∑
q(zi, β)

]′[
n−1

∑
q(zi, β)

]
.
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This gives us a consistent estimator: β̃. Now use this estimator to calculate:

Λ̂n = n−1
∑

q(zi, β̃n)q′(zi, β̃n).

• Step 2. Solve for our (consistent and most efficient) estimator:

β̂ = arg min

[
n−1

∑
q(zi, β)

]′
Λ̂−1

n

[
n−1

∑
q(zi, β)

]
.

• Note we could continue this process and iterate again and this process is called Con-
tinuously Updated GMM. Sounds exciting.
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26 Lecture 26: May 10, 2005

26.1 Asymptotic Normality - Catalogues of Assumptions

Least Mean Distance Estimators - General

• Consider the objective function of the LMD estimator:

Q(z1, . . . , zn; β) =
1

n

n∑
i=1

q(zi, β),

where q is now a scalar real valued function.

• Assumptions 6.1 for Consistency:

– (a) Compact parameter space.

– (b) q is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) Dominance on q.

– (e) β0 is a unique minimizer of the non-stochastic analogue, E[q(zi, β)].

• Assumptions 6.1* for Asymptotic Normality:

– (f) β0 is an interior point of B.

– (g) q is C2.

– (h) Dominance conditions on the gradiant and hessian of q.

– (i) The expected value of the hessian is non-singular.

• Theorem 6.1 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇ββq(zi, β0)],

and,
B0 = E[∇β′q(zi, β0)∇βq(zi, β0)].

Estimating as usual with:
Ân = E[∇ββq(zi, β̂n)],

and,
B̂n = E[∇β′q(zi, β̂n)∇βq(zi, β̂n)].

Yields:
Â−1

n B̂nÂ
−1
n →p A−1

0 B0A
−1
0 .

Note we call this variance term, A−1
0 B0A

−1
0 , a “sandwich” variance.
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Least Mean Distance Estimators - Nonlinear Least Squares

• Consider the objective function of the NLLS (LMD) estimator:

Q(z1, . . . , zn; β) =
1

n

n∑
i=1

(yi − g(xi, β))2.

• This comes from the model: yi = g(xi, β0) + εi, where we assume:

E[εi|xi] = 0 =⇒ E[yi|xi] = g(xi, β0).

Note that zi = [yi, xi] is iid but this does not rule out the possibility of conditional
heteroskedasticity:

E[ε2i |xi] = σ2
i 6= σ2.

• Assumptions 6.2 for Consistency:

– (a) Compact parameter space.

– (b) g is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) E[yi|xi] = g(xi, β0).

– (e) Dominance on g.

– (f) β0 is a unique minimizer of the non-stochastic analogue, E[(g(zi, β0)−g(xi, β))2].

• Assumptions 6.2* for Asymptotic Normality:

– (g) β0 is an interior point of B.

– (h) g is C2.

– (i) Dominance conditions on the gradiant and hessian of g.

– (j) The expected value of the hessian is non-singular.

• Theorem 6.2 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇β′g(xi, β0)∇βg(xi, β0)],

and,
B0 = E[(yi − g(xi, β0))

2∇β′g(xi, β0)∇βg(xi, β0)].

Estimating as usual with Ân and B̂n, yields:

Â−1
n B̂nÂ

−1
n →p A−1

0 B0A
−1
0 .
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• Note that if there is no Heteroskedasticity:

E[(yi − g(xi, β0))
2|xi] = E[ε2i |xi] = σ2,

then:
B0 = E[(yi − g(xi, β0))

2∇β′g(xi, β0)∇βg(xi, β0)︸ ︷︷ ︸
A0

] = σ2A0.

So,
A−1

0 B0A
−1
0 = σ2A−1

0 .

• For the case of a linear model: yi = xiβ + εi, (with homoskedasticity):

A0 = E[∇β′g(xi, β0)∇βg(xi, β0)] = E[xix
′
i],

so,
n1/2(β̂n − β0) →d N(0, σ2(X ′X)−1),

as usual.

• For the case of a linear model with heteroskedasticity:

B̂n =
1

n

n∑
i=1

(yi − g(xi, β0))
2xix

′
i =

1

n

n∑
i=1

ε2ixix
′
i.

So,

Â−1
n B̂nÂ

−1
n =

(
n∑

i=1

xix
′
i

)−1
1

n

n∑
i=1

ε2ixix
′
i

(
n∑

i=1

xix
′
i

)−1

.

Least Mean Distance Estimators - Maximum Likelihood

• Consider the objective function of the ML (LMD) estimator:

Q(z1, . . . , zn; β) = − 1

n

n∑
i=1

ln f(zi, β),

where f is the likelihood function.

• If the true distribution is the same as the one you base your likelihood function on,
then you have a true maximum likelihood estimator, but if the true distribution is
say t, and you use a normal, then you have estimated a pseudo-maximum likelihood
estimator. In the former case, the sandwich will simplify, but in the latter, you have
to hold on your sandwich.
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• So we are actually interested in the conditional likelihood function, so we write the
objective function:

Q(z1, . . . , zn; β) =
1

n

n∑
i=1

q(zi, β) = − 1

n

n∑
i=1

ln f(yi|xi; β).

• Assumptions 6.3 for Consistency:

– (a) Compact parameter space.

– (b) q is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) Dominance on q.

– (e) β0 is a unique minimizer of the non-stochastic analogue, E[q(zi, β)].

• Assumptions 6.3* for Asymptotic Normality:

– (f) β0 is an interior point of B.

– (g) q is C2.

– (h) Dominance conditions on the gradiant and hessian of q.

– (i) The expected value of the hessian is non-singular.

• Theorem 6.3 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇ββq(zi, β0)] = −E[∇ββlnf(yi|xi; β0)],

and,
B0 = E[∇ββq(zi, β0)] = E[∇β′lnf(yi|xi; β0)∇βlnf(yi|xi; β0)].

Estimating as usual with Ân and B̂n, yields:

Â−1
n B̂nÂ

−1
n →p A−1

0 B0A
−1
0 .

HOWEVER, since we have a likelihood as our objective function, we can interchange
integration and differentiation, which implies A0 = B0. Thus,

n1/2(β̂n − β0) →d N(0, A−1
0 ).

Is this only true when you have the correct distribution ??? When can we assume this
condition ???
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27 Lecture 27: May 12, 2005

27.1 Numerical Methods - General

• Suppose we want to minimize an objective function:

Q(z1, . . . , zn, β) = Q(β),

following the convention in the notes that we are seeking a valley not a peak.

• Suppose β0 is our initial parameter value. How do we pick a direction to go to reach
the min? We would like to have:

Q(β0) > Q(β1).

• So consider a step, ξg, such that:

βg = βg−1 + ξg.

• Formulating ξg will be addressed next, but once we have it and we start iterating, how
do we know when to stop? There are several criteria:

– (1) Euclidean distance criteria:

(βg − βg−1)
′(βg − βg−1) < ε,

for some ε > 0.

– (2) Objective function criteria:

Q(βg−1)−Q(βg) < ε.

– (3) Score vector criteria: [
∂Q(βg)

∂β

][
∂Q(βg)

∂β

]′
< ε.

– (4) Maximum number of iterations is reached.

• If any or all of the criteria above are not satisfied, then try a new initial parameter
vector.

• So how does the program determine ξg ? Denote:

δg ≡ The direction of the step.

λg ≡ The magnitude of the step.
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• Define the directional derivative:

∂Q(βg−1 + λδg)

∂λ

∣∣∣∣∣
λ=0

=
∂Q(βg−1)

∂β
δg.

• So consider a choice of δg:

δg = −Pg
∂Q(βg−1)

∂β′
.

where Pg is a POSITIVE definite matrix. Then, our directional derivative becomes:

∂Q(βg−1 + λδg)

∂λ

∣∣∣∣∣
λ=0

= −∂Q(βg−1)

∂β
Pg
∂Q(βg−1)

∂β′
.

Or,

∂Q(βg−1 + λδg)

∂λ

∣∣∣∣∣
λ=0

= −X ′PgX < 0,

since we have a quadratic form with a positive definite matrix in the middle. So we
are going in the right direction - Down!

• Thus, the updating formula for β becomes:

βg = βg−1 − λgPg
∂Q(βg−1)

∂β
.

27.2 Numerical Methods - Gradient Methods

Method of Steepest Descent

• Let Pg = IK . This may take a long time to converge and is NOT recommended.

Newton-Raphson Method

• Let:

Pg =

[
∂2Q(βg−1)

∂β∂β′

]−1

.

• This term comes from a first order taylor series expansion of the gradient (which should
be zero at an optimum).

• If the objective function is linear-quadratic, then we would have an exact taylor ex-
pansion (the remainder terms are all zero). In this case, we would converge to our
optimum in one step and the only thing we would have to choose would be λg.

• However, there are major problems with this method including:
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– (1) Pg needs to be positive definite (we’re minimizing) but this will only be true,
in general, in the neighborhood of the min. If this isn’t the case at our starting
parameter vector, we may not converge.

– (2) We need second order derivatives which are often hard to calculate. Analytic
equations are usually not available (even for the first derivative!) so numerical
differentiation is computationally taxing.

Gauss-Newton Method Method

• See Prucha notes.

Berndt, Hall, Hall, and Hausman (BHHH) Method

• Consider our objective function:

Q(β) = n−1

n∑
i=1

qi(β),

where qi(β) is the (negative of) a log likelihood function. Then:

E

[
∂2Q(β0)

∂β∂β′

]
=

n∑
i=1

E

[
∂qi(β

0)

∂β′
∂qi(β

0)

∂β

]
.

• Then the term on the RHS of the equation above is ALWAYS positive definite, even if
we start far from the optimum. It also doesn’t involve second order derivatives which
helps with computation time. Thus, our matrix is:

Pg =

[∑ ∂qi(βg−1)

∂β′
∂qi(βg−1)

∂β

]
.

Remarks on Numerical Optimization

• There is a certain art to choose good starting values and it depends crucially on the
economic model you are working on. If possible, make the problem smaller initially
by imposing a fixed value for one parameter (one that you are more confident in) and
then optimizing the other. Then use the optimized value for the starting value of a
further optimization of both parameters jointly.

• You can also linearize a model (eg, take a 3rd or 4th order taylor series expansion of
an exponential function) to get starting values.

• Finally, be sure to check multiple starting values to make sure you always converge to
the same optimum. You don’t want to end up at a local optimum.
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28 Final Review

28.1 Notes from Problem Sets - Part I

• tr(ABC) = tr(BCA) = tr(CAB).

• X ′X is symmetric, psd. c′X ′Xc = d′d ≥ 0. pd if X is full rank.

• If A is real symmetric, then A = cΛc′ with cc′ = c′c = I so c′ = c−1 and:

– (1) |A| =
∏
λi, tr(A) =

∑
λi, r(A) = r(Λ).

– (2) A p.d. ⇒ A−1 p.d.

– (3) A p.d. ⇔ λi < 0 ∀ i.
– (4) A p.d. ⇒ A = pp′ with p = cΛ1/2.

• A idempotent, AA = A. Then:

– (1) λi ∈ {0, 1}.
– (2) r(A) = tr(A).

• Variance decomp:
σ2

x = E[x2]− (E[x])2.

Σy = E[yy′]− E[y]E[y]′.

• MSE(θ̂) = E[(θ̂ − θ)2] for θ ∈ <. In general:

MSE = E[(θ̂−θ)(θ̂−θ)′] = E[(θ̂−E[θ̂])(θ̂−E[θ̂])′]+(E[θ̂]−θ)(E[θ̂]−θ)′ = V ar(θ̂)+Bias2.

• If u ∼ N(0, σ2In) and A is symmetric, idempotent with rank p, then:

u′Au

σ2
∼ χ2(p).

• If u ∼ N(0,Σ) where Σ is nonsingular and u is nx1, then:

u′Σ−1u ∼ χ2(n).

• Consider y = Xβ + u. Then (if X includes an intercept):

R2 = 1− y′Mxy

y′MeT
y
.

Or,

R2 =
RSS

TSS
= 1− ESS

TSS
= 1−

1

T
û′û− û

2

1

T
y′y − y2

= 1− û′û

y′y − Ty2 .
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• Sums of Squares: TSS = ESS +RSS:

TSS =
1

T
y′y − y2.

RSS =
1

T
ŷ′ŷ − ŷ

2
.

ESS =
1

T
û′û− û

2
=

1

T
û′û.

• Fisher information matrix for y = Xβ + u:

J(θ)−1 = −E

[
∂2ln(L)

∂θ∂θ′

]−1

=

 σ2(X ′X)−1 0

0
2σ4

N

 .
• Wald Test: Note β̂ ∼ N(β,Σ). To test a linear hypothesis on β, construct:

(Rβ̂ − q)′[RΣR′]−1(Rβ̂ − q) ∼ χ2(r(Σ)).

Note (CHECK THIS!):

(Rβ̂ − q)′[RΣR′]−1(Rβ̂ − q)/G ∼ F (G, T −K).

But I think the Wald is just the numerator of this statistic which is distributed χ2.

28.2 Notes from Problem Sets - Part II

• Unbiased but not consistent: Xi ∼ iid(µ, σ2), with:

µ̂ =
1

2(n− 1)

n−1∑
i=1

Xi +
1

2
Xn.

• Given X1 . . . Xn iid Bernoulli(p) and estimator Xn. Since E[Xn] = p, V ar(Xn) =
p(1− p) <∞, and Xi is iid, by Lindeberg Levy CLT,

√
n(Xn − p) →d N(0, p(1− p)).

28.3 Key Lectures Notes - Part I

• OLS:
β̂ = (X ′X)−1X ′y

ŷ = Xβ̂ = X(X ′X)−1X ′y.

û = y −Xβ̂ = y −X(X ′X)−1X ′y = (I −X(X ′X)−1X ′)y = My.

• Note MX = X ′M ′ = X ′M = 0. MM = 0, MX = 0.
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• X ′û = ŷ′û = 0.

• Given y = Xβ + u, û = My = Mu.

• y = ŷ + û

• Adjusted R2:

R2
a = R2 −

(
K − 1

T −K

)
(1−R2).

•
V C(β̂) = E[(β̂ − β)(β̂ − β)′] = E[(X ′X)−1X ′uu′X(X ′X)−1] = σ2(X ′X)−1.

• Gauss Markov: Given A1-A3, OLS for β is BLUE.

• E[s2] = σ2. Use the fact that û = Mu.

28.4 Laws of Large Numbers

• Kolmogorov Strong: Zt ∼ iid, E[Zt] = µ <∞. Then
1

n

∑
Zt →as µ.

• Chebychev: Zt rvs with E[Zt] = µt, V ar[Zt] = σ2
t , and

1

n

∑
σ2

t → σ2. Then
1

n

∑
Zt →p

µt.

28.5 Central Limit Theorems

• Lindeberg-Levy: Zt ∼ iid with E[Zt] = 0, V ar(Zt) = σ2 < ∞. Then
1√
n

∑
Zt →d

N(0, σ2). **Regardless of the distribution of Zt. Just needs to be iid.

• Lindeberg-Feller: Zt independent random variable (not necessarily iid) with E[Zt] = 0
and V ar(Zt) = σ2

t <∞. If the lindeberg condition holds:

1

σ(n)

∑
Zt →d N(0, 1),

where σ(n) =
√∑

σ2
t . Lindeberg condition states that the tails are not too heavy.

• Regression analysis. Suppose X is nxk, non-stochastic, and ut ∼ iid(0, σ2).

β̂ − β = (X ′X)−1X ′u.

Scaling:
√
n(β̂ − β) = (1/nX ′X)−1 1√

n
X ′u.
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Assume:
1

n
X ′X → Q, positive definite.

Then, the theorem says:

√
n(β̂ − β) = (1/nX ′X)−1︸ ︷︷ ︸

→Q−1

1√
n
X ′u︸ ︷︷ ︸

→N(0,σ2Q)

→ N(0, Q−1σ2QQ−1) ≡ N(0, σ2Q−1).

Denote:
ηn =

√
n(β̂ − β).

β̂n = β +
1√
n︸︷︷︸

→0

ηn︸︷︷︸
→R.V.

→p β.

Thus β̂n is consistent for β.

28.6 Key Lectures Notes - Part II

• In the limit, the ML estimator attains the R-C lower bound.

• Distributions of OLS estimators. Assume:

1

T
X ′X → Q.

Consider E[
1

T
X ′u] = 0 and V ar[

1

T
X ′u] =

1

T 2
X ′XE[uu′] → 0. Thus,

1

T
X ′u→p .

By CLT 4.7,
1√
T
X ′u→d N(0, σ2Q).

So if we have these last two equations we can get the limiting distributions of the OLS
estimators.

• Limiting distributions (β):

√
T (β̂T − β) →d N(0, σ2Q−1).

Or,
β̂T ≈ N(β, s2(X ′X)−1).

• Limiting distributions (σ2):

s2 =
T

T −K
[
u′u

T
− 1

T
u′X(

1

T
X ′X)−1 1

T
X ′u] → σ2,
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because u′u/T →as σ2 by Khinchines LLN. Thus the limiting distribution:

√
T (s2 − σ2) →d N(0, µ4 − σ4).

• Limiting distributions (t):
t→ N(0, 1).

• Limiting distributions (F ):

F (G, T −K) →d χ2(G)/G.

• Nonlinear objective functions:

Least Mean Distance - General: Qn = n−1

n∑
i=1

q(zi, β).

Least Mean Distance - NLS: Qn = n−1

n∑
i=1

[yi − g(xi, α)]2.

Least Mean Distance - ML: Qn = n−1

n∑
i=1

−f(yi|xi;α0).

GMM - General: Qn = [n−1

n∑
i=1

q(zi, β)]′Ξ̂n[n−1

n∑
i=1

q(zi, β)].

• Remark A sufficient set of conditions for an estimator to be identifiably unique is:

– (1) Q continuous.

– (2) B compact (the parameter space).

– (3) β0 must be a unique minimizer.

• Theorem
Rn(ω, β) = Qn(z1, . . . , zn, β),

R(β) = Q(β).

Now assume:
Supβ∈B |Rn(ω, β)−R(β)| →p 0 as n→∞.

Then for our minimizer, β̂n, such that:

R(ω, β̂n) = Infβ∈B R(ω, β),

we have:
β̂n →p β0 as n→∞.

• We really need a ULLN result to show consistency.
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• Theorem Uniform Law of Large Numbers. Assume the following holds:

– (1) zi are iid.

– (2) q can be either scalar or vector valued.

– (3) q(·, β) is measurable for each β ∈ B.

– (4) q(z, ·) is continuous for each z ∈ Z.

– (5) B is compact.

– (6) Domination Condition: |q(z, β)| ≤ h(z) with E[h(z)] <∞.

Then we have:

Uniform Convergence: Supβ∈B |
1

n

∑
q(zi, β)− E[q(zi, β)]| →p 0 as n→∞,

and,
E[q(zi, β)] if finite and continuous in β.

28.7 Consistency - Catalogues of Assumptions

Least Mean Distance Estimators - General

• Assumptions 4.1

– (a) q : ZxB 7→ <. q is real valued.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. q(z, ·) is continuous for each z ∈ Z.

– (d) zi is iid.

– (e) Domination: Supβ∈B|q(zi, β)| <∞.

• If assumptions 4.1 are satisfied then we have the following ULLN:

Supβ∈B|
1

n

∑
q(zi, β)− E[q(zi, β)]| →p 0 as n→∞,

and,
E[q(zi, β)] is continuous.

• If we add to assumptions 4.1 the assumption that β0 is a UNIQUE minimizer of R,
then we get a consistent estimator:

β̂n →as β0 as n→∞.
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Least Mean Distance Estimators - Nonlinear Least Squares

• Assumptions 4.2

– (a) g is real valued.

– (b) B is compact.

– (c) g(·, β) is measurable for each β ∈ B. g(x, ·) is continuous for each x ∈ px.

– (d) zi = [yi, xi] is iid.

– (e) E[yi|xi] = g(xi, β0).

– (f) Domination: E[(yi − g(xi, β))2] <∞ and Supβ∈Bg(xi, β)2 <∞.

• Theorem If assumptions 4.2 are satisified and E[(g(xi, β0)− g(xi, β))2] > 0 ∀ β 6= β0,
then:

β̂n →as β0 as n→∞.

Least Mean Distance Estimators - Maximum Likelihood

• Assumptions 4.3

– (a) q is real valued.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. g(z, ·) is continuous for each z ∈ Z.

– (d) zi = [yi, xi] is iid.

– (e) Domination: E[Supβ∈B|q(zi, β)|] <∞.

• Theorem If assumptions 4.3 are satisified and β0 is a unique minimizer for E[q(zi, β)],
then:

β̂n →as β0 as n→∞.

General Method of Moments Estimators - General

• Assumptions 4.4

– (a) q : ZxB 7→ <pq is a real vector valued function.

– (b) B is compact.

– (c) q(·, β) is measurable for each β ∈ B. q(z, ·) is continuous for each z ∈ Z.

– (d) zi is iid.

– (e) Domination: E[Supβ∈B||q(zi, β)||] <∞. where || · || is the euclidean norm.
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• Theorem If assumptions 4.4 are satisified and,

R(β) = [E[q(zi, β)]]′Ξ0E[q(zi, β)]

{
6= 0 if β 6= β0

= 0 if β = β0

Then:
β̂n →as β0 as n→∞.

28.8 Asymptotic Normality - Catalogues of Assumptions

Least Mean Distance Estimators - General

• Assumptions 5.1

– (a) Parameter Spaces are compact

– (b) Qn is C2.

– (c) β̂n →p β0 as n → ∞ and β0 ∈ B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, n1/2(τ̂n− τ0) =
Op(1), a random variable.

– (d) n1/2∇β′Q(β̂n) = op(1). This means that our estimator, β̂n satisifes our FOC
up to an error of magnitude op(1).

– (e) ∇ββQn(β̃n) →p A0. This we have shown above.

– (f) ∇βτQn(τ̃n, β̃n) →p 0, so the cross derivative terms are 0. τ is truely a nuisance.
This was clear before we started ...

– (g) There exists a real matrix D0, such that:

−n1/2∇β′Qn(z1, . . . , zn, τ0, β0) = D0ξn + op(1).

• Theorem If assumptions 5.1 hold, then

√
n(β̂n − β0) →d A−1

0 D0ξ.

And if ξ ∼ N(0,Λ0), then as above,

√
n(β̂n − β0) →d N(0, A−1

0 D0Λ0D
′
0A

−1
0 ) ≡ N(0, A−1

0 B0A
−1
0 ),

with B0 = D0Λ0D
′
0.

GMM Estimators - General

• Assumptions 5.2

– (a) Parameter Spaces are compact

– (b) Sn is C1.
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– (c) β̂n →p β0 as n → ∞ and β0 ∈ B. We need the true parameter to be in the
the strict interior so we can do a taylor expansion around it. Also, Ξ̂n →p Ξ0.

– (d) ∇β′Sn(β̂n)Ξ̂nSn(β̂n) = op(1). This means that our estimator, β̂n satisifes our
FOC up to an error of magnitude op(1).

– (e) ∇βSn(β̃) →p G0, for any consistent estimator, β̃. Note β̂n is also consistent.

– (f) n1/2Sn(β0) →d ξ. That is, the “Normalized Score” converges to some real
valued random vector.

• Theorem If assumptions 5.2 hold, then

√
n(β̂n − β0) →d −[G′

0Ξ0G0]
−1G′

0Ξ0ξ.

And if ξ ∼ N(0,Λ0), then,

√
n(β̂n − β0) →d N(0, A−1

0 B0A
−1
0 ),

with A0 = G′
0Ξ0G0 and B0 = G′

0Ξ0Λ0Ξ0G0. Furthermore, let:

Ân = Ĝ′
nΞ̂nĜn, and B̂n = Ĝ′

nΞ̂nΛ̂nΞ̂nĜn,

with:
Ĝn = n−1

∑
∇βq(zi, β̂n), and Λ̂n = n−1

∑
q(zi, β̂n)q(zi, β̂n)′.

Then:
Ân →p A0, B̂n →p B0, Ĝn →p G0, Λ̂n →p Λ0.

And finally:
(Â−1

n B̂nÂ
−1
n ) →p (A−1

0 B0A
−1
0 ).

Brilliant.

• How about the special case where Ξ̂n = Λ̂−1
n → Λ−1

0 . Then the variance/covariance
matrix becomes:

A−1
0 B0A

−1
0 = (G′

0Ξ0G0)
−1G′

0Ξ0Λ0Ξ0G0(G
′
0Ξ0G0)

−1

= (G′
0Λ

−1
0 G0)

−1G′
0Λ

−1
0 Λ0Λ

−1
0 G0(G

′
0Λ

−1
0 G0)

−1

= (G′
0Λ

−1
0 G0)

−1G′
0Λ

−1
0 G0(G

′
0Λ

−1
0 G0)

−1

= (G′
0Λ

−1
0 G0)

−1

It can be shown that this indeed is the MOST efficient weighting matrix we can put
in there.

Least Mean Distance Estimators - General

• Assumptions 6.1 for Consistency:
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– (a) Compact parameter space.

– (b) q is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) Dominance on q.

– (e) β0 is a unique minimizer of the non-stochastic analogue, E[q(zi, β)].

• Assumptions 6.1* for Asymptotic Normality:

– (f) β0 is an interior point of B.

– (g) q is C2.

– (h) Dominance conditions on the gradiant and hessian of q.

– (i) The expected value of the hessian is non-singular.

• Theorem 6.1 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇ββq(zi, β0)],

and,
B0 = E[∇β′q(zi, β0)∇βq(zi, β0)].

Least Mean Distance Estimators - Nonlinear Least Squares

• Assumptions 6.2 for Consistency:

– (a) Compact parameter space.

– (b) g is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) E[yi|xi] = g(xi, β0).

– (e) Dominance on g.

– (f) β0 is a unique minimizer of the non-stochastic analogue, E[(g(zi, β0)−g(xi, β))2].

• Assumptions 6.2* for Asymptotic Normality:

– (g) β0 is an interior point of B.

– (h) g is C2.

– (i) Dominance conditions on the gradiant and hessian of g.

– (j) The expected value of the hessian is non-singular.
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• Theorem 6.2 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇β′g(xi, β0)∇βg(xi, β0)],

and,
B0 = E[(yi − g(xi, β0))

2∇β′g(xi, β0)∇βg(xi, β0)].

• Note that if there is no Heteroskedasticity:

E[(yi − g(xi, β0))
2|xi] = E[ε2i |xi] = σ2,

then:
B0 = E[(yi − g(xi, β0))

2∇β′g(xi, β0)∇βg(xi, β0)︸ ︷︷ ︸
A0

] = σ2A0.

So,
A−1

0 B0A
−1
0 = σ2A−1

0 .

• For the case of a linear model: yi = xiβ + εi, (with homoskedasticity):

A0 = E[∇β′g(xi, β0)∇βg(xi, β0)] = E[xix
′
i],

so,
n1/2(β̂n − β0) →d N(0, σ2(X ′X)−1),

as usual.

• For the case of a linear model with heteroskedasticity:

B̂n =
1

n

n∑
i=1

(yi − g(xi, β0))
2xix

′
i =

1

n

n∑
i=1

ε2ixix
′
i.

So,

Â−1
n B̂nÂ

−1
n =

(
n∑

i=1

xix
′
i

)−1
1

n

n∑
i=1

ε2ixix
′
i

(
n∑

i=1

xix
′
i

)−1

.

Least Mean Distance Estimators - Maximum Likelihood

• Assumptions 6.3 for Consistency:

– (a) Compact parameter space.

– (b) q is continuous in β (not necessarily in z).

– (c) zi are iid.

– (d) Dominance on q.
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– (e) β0 is a unique minimizer of the non-stochastic analogue, E[q(zi, β)].

• Assumptions 6.3* for Asymptotic Normality:

– (f) β0 is an interior point of B.

– (g) q is C2.

– (h) Dominance conditions on the gradiant and hessian of q.

– (i) The expected value of the hessian is non-singular.

• Theorem 6.3 If the assumptions above hold, we have:

n1/2(β̂n − β0) →d N(0, A−1
0 B0A

−1
0 ),

with:
A0 = E[∇ββq(zi, β0)] = −E[∇ββlnf(yi|xi; β0)],

and,
B0 = E[∇ββq(zi, β0)] = E[∇β′lnf(yi|xi; β0)∇βlnf(yi|xi; β0)].

HOWEVER, since we have a likelihood as our objective function, we can interchange
integration and differentiation, which implies A0 = B0. Thus,

n1/2(β̂n − β0) →d N(0, A−1
0 ).

28.9 Numerical Methods

• Stopping criteria:

– (1) Euclidean distance criteria:

(βg − βg−1)
′(βg − βg−1) < ε,

for some ε > 0.

– (2) Objective function criteria:

Q(βg−1)−Q(βg) < ε.

– (3) Score vector criteria: [
∂Q(βg)

∂β

][
∂Q(βg)

∂β

]′
< ε.

– (4) Maximum number of iterations is reached.
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• Define the directional derivative:

∂Q(βg−1 + λδg)

∂λ

∣∣∣∣∣
λ=0

=
∂Q(βg−1)

∂β
δg.

• So consider a choice of δg:

δg = −Pg
∂Q(βg−1)

∂β′
.

• Thus, the updating formula for β becomes:

βg = βg−1 − λgPg
∂Q(βg−1)

∂β
.

• Method of Steepest Descent
Pg = IK

• Newton-Raphson Method

Pg =

[
∂2Q(βg−1)

∂β∂β′

]−1

.

• Berndt, Hall, Hall, and Hausman (BHHH) Method

Pg =

[∑ ∂qi(βg−1)

∂β′
∂qi(βg−1)

∂β

]
.

28.10 Notes from Exams - Part I

–
1

N
(
∑

iXi)
2 = X ′eT (e′T eT )−1e′TX.

– More on R2 (first expression always, others with intercept):

R2 =
S2

yŷ

SyySŷŷ

=
S2

ŷŷ

SyySŷŷ

=
Sŷŷ

Syy

=
Syy − Sûû

Syy

= 1− Sûû

Syy

.

– Test of a total regression relationship (besides an intercept):

F =
R2/G

(1−R2)/(T −K)
∼ F (G, T −K).

– General F test of a linear restriction:

F =
(ESSR − ESSU)/G

ESSU/(T −K)
.
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But ESSR = ESSU + (Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r), ESSU = û′û and

s2 = σ̂2 =
û′û

T −K
, so:

F =
(Rβ̂ − r)′[R(X ′X)−1R′]−1(Rβ̂ − r)/G

s2
= (Rβ̂−r)′[RV C(β̂)R′]−1(Rβ̂−r)/G.

– Chow Test for a Structural Break. Split the regression equation into different sets
of observations. Then:

F =
(ESSR − (ESS1 + ESS2))/G

(ESS1 + ESS2)/(T − 2K)
∼ F (G, T − 2K).

– A−1 =
1

|A|
(Adj(A))′. Be sure to check for block diagonal.

– Prediction. Given out of sample observation xp where the model still holds:

yp = α+ γxp + up.

Estimated with:
ŷp = α̂+ γ̂xp.

So,
E[ŷp] = α+ γxp.

So,

V C(ŷp) = E[(ŷp − E[ŷp])(ŷp − E[ŷp])
′]

= E[(Xpβ̂ −Xpβ)(Xpβ̂ −Xpβ)′]

= E[Xp(β̂ − β)(β̂ − β)′X ′
p]

= Xpσ
2(X ′X)−1X ′

p

Where β = [α γ]′ and Xp = [1 xp]. Then if the prediction error is:

vp = yp − ŷp = Xpβ + up −Xpβ̂ = up −Xp[β̂ − β].

So E[vp] = 0 and:

V C[vp] = V C(up)+V C(Xp(β̂−β)) = σ2Is+Xpσ
2(X ′X)−1X ′

p = σ2(IS+Xp(X
′X)−1X ′

p).

– Restricted OLS. Model: y = Xβ + u, restriction: Rβ = r. Thus,

Min (y −Xβ)′(y −Xβ),

s.t.
Rβ = r.
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Lagrangian:
L = y′y − 2β′X ′y + β′X ′Xβ − 2λ′[Rβ − r].

FOC(β):
−2X ′y + 2(X ′X)β − 2R′λ = 0.

−X ′y +X ′Xβ −R′λ = 0. (∗).

– Premultiply (*) by R(X ′X)−1:

−R(X ′X)−1X ′y +R(X ′X)−1X ′Xβ −R(X ′X)−1R′λ = 0.

−Rβ̂ +Rβ −R(X ′X)−1R′λ = 0.

R(β − β̂) = R(X ′X)−1R′λ.

λ = [R(X ′X)−1R′]−1R(β − β̂).

– Premultiply (*) by (X ′X)−1 (Note under H0 : Rβ = r):

−(X ′X)−1X ′y + (X ′X)−1X ′Xβ − (X ′X)−1R′λ = 0.

β = β̂ + (X ′X)−1R′λ.

β = β̂ + (X ′X)−1R′[R(X ′X)−1R′]−1R(β − β̂).

βrestricted = β̂ + (X ′X)−1R′[R(X ′X)−1R′]−1(r −Rβ̂).

28.11 Notes from Exams - Part II

– Proof that β̂ is blue. Conditions: E[ut] = 0, E[u2
t ] = σ2 ∀ t, E[utus] = 0 for t 6= s,

X full rank and nonstoch. Consider estimator:

β̂ = (X ′X)−1X ′y = (X ′X)−1X ′u, E[β̂] = β, V arβ̂ = σ2(X ′X)−1.

Denote:
β̃ = (D = (X ′X)−1X ′)y = Dy + β̂.

E[β̃] = β =⇒ DX = 0.

V ar[β̃] = V ar(Dy)+σ2(X ′X)−1 = DV ar(u)D′+σ2(X ′X)−1 = Dσ2D′+σ2(X ′X)−1 > V ar(β̂).

– To show consistence alway consider chebychev’s theorem with expected value and
variance.

– Kinchine. For εt ∼ iid(0, σ2) with E[ε2t ] = σ2, then:

plim
1

T

∑
ε2t = σ2.
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– Lindeberg Levy CLT: ut ∼ iid(0, σ2) then:

1√
T

∑
ut →d N(0, σ2).

– Theorem 4.7. If ut ∼ iid(0, σ2 <∞) with lim n−1X ′X = Q, finite, then:

1√
n
X ′u→d N(0, σ2Q).

– CLT for growing regressors. ut ∼ iid(0, σ2). If:

Max{x2
t}∑

x2
t

→ 0,

then by the Modified Lindberg-Levy,∑
xtut√

σ2
∑
x2

t

→d N(0, 1),

Or, ∑
xtut√∑
x2

t

→d N(0, σ2).

– Prediction: future model: yf = a+ bxf + uf = Xfβ + uf . A BLUE estimator is :

yp
f = Xf β̂.

Prediction error:

yf − yp
f = Xfβ + uf −Xf β̂ = uf −Xf (β̂ − β).

Variance of prediction error:

σ2 −Xfσ
2(X ′X)−1X ′

f .

– ESS = Error sum of squares or residual sum of squares.

– Assumptions for asympototic distribution of β̂: E[u] = 0, E[uu′] = σ2I, u iid, X
full rank and nonstoch, T−1X ′X → Q, finite nonsingular.

– Lemma 1: If Z ∼ N(µ,Σ), then c + bZ ∼ N(c + bµ, bΣb′). So with β̂ − β =
(X ′X)−1x′u and u ∼ N(0, σ2),

β̂ − β ∼ N(0, σ2(X ′X)−1), β̂K − βK ∼ N(0, σ2(X ′X)KK).

– Lemma 2. If Z ∼ N(0, σ2I), A is a TxT symmetric, idempotent matrix with rank
T , then:

Z ′AZ

σ2
∼ χ2(r(A)).
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So:
u′Mu

σ2
∼ χ2(T −K).

– Lemma 3. If Z ∼ N(0, σ2I) and A is TxT symmetric, idempotent and B is KxT
with BA = 0, then BZ and Z ′AZ are independent. So for :

B = (X ′X)−1X ′, A = M, Z = u ∼ N(0, σ2I),

then BA = 0 and (X ′X)−1X ′u = β̂ − β are u′Mu are independent!

– Derive the t:

H =
β̂ − β

σ̂β̂K

=
β̂ − β√
s2(x′x)kk

=

=
β̂ − β√

(T −K)−1u′Mu(x′x)kk
=

[β̂ − β]/[
√
σ2(x′x)kk]√

(T −K)−1σ−2u′Mu
=

N(0, 1)√
χ2(T −K)

∼ t(T−K).

– Cheychev: For a random variable, Z, with E[Z] = µ and E[(Z − µ)2] = σ2, then
∀ ε > 0,

Pr{|Z − µ| ≥ ε} ≤ E[(Z − µ)2]

ε2
=
σ2

ε2
.
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