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1 Final Exam Revision Notes

1.1 Random Rules and Formulas

e Linear transformations of random variables.
dx ‘

e Inverse Proof.
(AB)(AB)™' =I.
(B'AYAB)(AB) ' = (B'A™).
(AB)™' = (B7'A™Y).

e Simple linear regression coefficient with only one independent variable and an intercept.

b=y = | ToEn | & ] 1)

e Proof about projections.

€ = Mxe
= (I - X(X'X)"'X')(y — X0)
= y— X(X'X)'X'y — X3+ X(X'X)"'X'XJ3
= y—- X(X'X)"'Xy
= Mxy
= (I-XX'X)"'X')y
= y— X(X'X)"' X"y
y—Xp3
€.

e Simple linear regression with a constant.

y = b1+ PBawy + €.

G, = > (T — Ty
Zt(wt - i’)2
e R squared.
R2_1_RSS_ESS
N TSS TSS
e Inverse Rule. 4
Al = )
Al

If Aisa 222, “Switch the Main, Negate the Off.”

2



e [ test of a restriction.

(RSSp — RSSy)/q
F = ~ F(q,N — K).
RSSu/(N — K) (4 )
With ¢ restrictions and K parameters.
e Just algebra.
T
X'X = Z T,
1

T
X'e = Z T4€s.
1
e Variance of the OLS estimator.
Var(3) = $(X'X) 7,

with,

Multiplying out RSS,

RSS = (y—XB)(y—XP)
= W -0X)y-Xxp)
= yy—FXy—yXp+FXXP)
= yYy— X'y -y X(X'X)" X'y + (X'X)" X'y X' X(X'X)' X'y
_ y/y o B/X/y - y/X<X/X)—1X/y + y'X (X/X)—lX/X(X/X)—lX/y
I
= Yy~ 0X'y =y X(X'X) X'y +y X(X'X) "' X'y

-~

0

= yy— X'y
= yy—yXp.
Thus, R
2o B55 _yy—FXYy
N-K N-K
e Mean Lag.
S(L) = 6;L/
=0

(A general lag polynomial.)



Then,
d'(1)
(1)

e Lagged dependents PLUS AR(1) errors yields inconsistent estimators!

Mean Lag =

e Autoregressive Final Form.
A(L)y = B(L)X +e.
y = AT'BX + A7l
A* A*
y = —BX+ —e€.
Al A
|Aly = A"BX + A%e.

1.2 Characteristic Polynomials
e Consider an AR(2) process:
Yt = O1Yi—1 + P2Yr2 + €.

Rewriting with the lag operator:

Yy — 1Ly — ¢2L2yt = €.
(1= ¢1L— o L)y, = €.

Factorizing the left hand side:
1 - ¢1L - ¢2L2 - (1 - ZlL)(l - ZQL)
Divide through by L?:

LiQ - ¢1L71 - ¢2 - L72(1 - ZlL)(l - ZQL)
Multiply out the right hand side:

L2 — ¢ L — ¢y = L 31 — ZyL — Z\L + Z, Z, L.
L2 L =y =L 2= 2,17 — 2L + 71 2.
L2 L7 — g = L2 = (Zy + Zo) L' + 21 2.
L2 L7~y = (L7 = Z0) (L7 — Zy).

Let Z =L~ %

72— 017 — o = (Z — Z)(Z — Zy).

Thus the roots of the characteristic polynomial are Z; and Z5. And explicitly:

_ (ol ¢%+4¢2'

Z1 5




1.3 Instrumental Variables

e Consider a regression equation:

y=XpF+e.
If E[X¢€] # 0, then use Instrumental Variables (IV).

e Suppose there exists a set of instruments Z, for the problem X variable. We will use
the 2 stage least squares technique to derive the IV estimator.

e Step 1: Run the following regression:
X=Zv+u.
The estimator will be the following form:
y=(2'2)'7'X.
e Step 2: Compute the fitted values such that:
X=24=2(Z2)"7X.
e Step 3: Run the following regression:
y=XB+e
The estimator will be the following:
B=(X'X)"'X"y.
e Substitute in for X:
8= (Z(Z'2) ' 2'X)72(Z'2) ' 2’ X))y N (Z2(Z'Z) ' Z' X)y.
Simplifying,
B=(X'Z(Z'2)'Z2'2(Z'2) 2 X))\ X' 2(Z' Z) " Z'y.
Brv = (X'Z(Z'2) ' Z2' X))\ X' 2(7' Z2) "1 Z'y.
Which is the IV estimator.

e An important note. If X is exactly identified in that Z is the same dimension as X,
then we can carry the analysis further. Inverting:
Brv = (ZX)NZ'2) (X' 2)' X' 2(2'2)' Z'y.
I
Bry = (Z'X)" (2 2)(2'2)* Z'y.

~—_—
I

By = (Z'X)7 2y,



1.4 Dicky Fuller Tests
e Use DF tables for tests of stationarity with:

Hy:¢p=1, Non — Stationary.
H,:¢ <1, Stationary.

e A Guide to Dicky Fuller Tables.

First Panel Nothing Y=0oy_1+ €
Second Panel | Constant y=a+ o¢y_1+ €
Third Panel | Constant and Time Trend | y = o+ Bt + ¢y, 1 + ¢

e Example. Consider the model:

Y =+ QY1 + €.

To test:
Hy:¢9=1,a=0, (random walk).
Hi:¢<1l,a<=>0.
Use: -
o—1
Ty = .
SE(¢)

And check against middle panel.
If test is anything other than Hy : ¢ = 1, use t test!

1.5 Lagrange Multiplier Test

o We'll use the LM test to test for serially correlated errors. Consider the model:

Yo =S4, = puiy 6, |0 <1, €~ did.
o Test:
Hy: ¢ =0 (Errors NOT Serially Correlated).
Hy : ¢ # 0 (Errors Serially Correlated).
e Rewrite the model by lagging once, multiplying by ¢ and subtracting,

Y — Oy = 30 — oz B+ up — duy_y.
Ye = dyr—1 + 10 — oz B+ €.



Log Likelihood:

ILn(L) = —%ln@ﬂ) - % L Ze

202
g t=2

With,
€& =Yt — QY1 — 0 + oy, 0.

First Order Conditions.

8ln 1 <
== Z (Y1 + 21 0).

T
(9ln 1
e ;ZEt .%'g—l—gﬁl‘;_l)

t=

To simplify, let:

Z f— _%
t o0
With ¢ = (6 3).
Thus,
aet
R T T R B 7S o /v e B R I /PR A
e A v B Rl )
ap

So the first order conditions simplify to:

T
E Zt€r — 0.
t=2

So the next step is to calculate the 5 coefficient under the null hypothesis of non-serially
correlated errors. Run OLS of y; on x; and note the estimated coefficient (3.

Evaluate ¢; and z; at the restricted values, Bo and ngSO = 0. Thus,

€ = Y — $Qﬁo-

2 = [ Yt—1 — I:f_lBO ] . (4)

!
Ty



1.6

Finally regress é; on z; or run the regression:

~ rA /
€& =Yi—1 — ;100 and ;.
NS ~~ >y
Zt

Take R? from this regression and test:

LM =TR? ~* x*(1).

Test for Co-Integration

yy ~ I(1) is cointegrated with z; ~ I(1) iff there exists a vector «, such that,

yr — o'y = uy ~ 1(0).
To check, regress y; on x; and save the residuals, ;. @, needs to be I(0) if y, and x,
are to be cointegrated.

Regress:

Ny = goity + 6+ Y ¢ Ny .
J

———
Other Lags

The other lags added on make this an “Augmented Dicky Fuller Test.”

Test:
Hy: ¢ =0 (NOT Cointegrated).

Hiy : ¢9 <0 (Cointegrated).
Why? If ¢y = 0, then (ignoring the other lags),
Adt = € ](0)

Thus Au; ~ I(0) which means that @ is not 1(0). We don’t know for sure that it’s
I(1), but it may be.

~

So compute %A and reject Hy if it is less than the critical value in the MacKinnon

0
tables. (NOTE: we can’t use the DF tables here).

More on Tests for Co-Integration. If u, is a stationary AR(1), then z and y will be
conintegrated. Consider the equation for w:

Uy = ¢Ut_1 + €&, € ~ 1id ’925‘ < 1.



Thus,

Up — U1 = QU1 — U1 + €.
A’U/t = U/t_l((b - 1) + €.

Aug = ug 1y + 6, 7v=0¢—1

Note that u; is stationary if |¢| < 1 and Aw, is stationary if |y| < 1. Thus test:

Hy: |7 =0= Au; ~I1(0) = ¢ =y+1=1=u; ~ I(1) = (z,y) are NOT conintegrated.

Hi |y <0=¢=7+1<1=u ~1(0) = (x,y) are conintegrated.

1.7 Properties of Standard Processes

1.7.1 AR(1)
o Model:

o Yields:

e Stationary if [¢| < 1.

Y = PYi—1 + €.

Ely] = 0.

Var(y:) = E[?J?] =

Stationary

Cov(y, Y1) = 1_—¢2
¢50,2

COU(yta yt—s) = 1_—¢2

e In another form after backward substitution:

1.7.2 MA(1)
o Model:

e Yields:

s—1

Yy = Qbsyt—s + Z ¢j€t—j‘
=0

yr = Oei_1 + €.

Ely] =0.
Var(y,) = Ely;] = o*(1 +6%).
Cov(ys, yp—1) = 0.
Cov(y,yr—s) =0V s > 1.



1.7.3 Random Walk
o Model:

e Yields:

1.7.4 Random Walk with Drift

e Model:
Ay, =a+e =1y =a+y_1+¢.
e Yields:
Ely:] = at.
Var(y) =to

1.8 Asymptotic Distribution of B

e We would first like to check that the B estimator is consistant.
0= (X'X)"Xy.
B=(X'X)'X'[XB+e =0+ (X'X)"Xe.
f—B=XX)"Xe
e Or rewriting:

B[y Yomal] [ 3]

=1

e Taking the probability limit:

it~ ) =t [ 3] *[13]|.

=1

By Slutsky’s Theorem:

plzm(ﬁ B) = [plzm— Z T;T ] B [plim% z”: xie,} )
i=1

Since z;x} is an iid sequence, and E[r;x}] = X, then by the Weak Law of Large
Numbers (WLLN),

10



1.9

1 n
plimﬁ Z 7, = Y.
i=1

Also, x;€; is an iid sequence with Elx;e;] = 0 because of independence. Thus, by the
WLLN,

1 n
plim— ; Xi€
Thus, substituting these last two equations in,
. -1
plim(8 — ) = [Em] [0} =0.

Thus, B is a consistant estimator. Note that the two substitutions could have also been
done via the ergodic theorem which does not rely on 7¢d but rather on stationarity and
limited memory. (iid processes are always Ergodic).

Lagged Dependents and Serial Correlated Errors

Consider the following model:

Yt = VY—1 + 3725 +u, U= QU + €.

Compute Ely;—1uy.

Elyiaw] = El(vy—o+ 2 10+ w1) (w1 + )]

= YOEp_ou_1] + BOE[x_yus] + ¢E[ui ] + yElys—ae] + BE[x,_ 6] + Elui_1e].

= YPE[p—su—1] + BOE[x)_yus1] + pE[uf 4],
= YOE[y_1w] + BOE[riu] + ¢E[uf].
BoE[ziu] + ¢Eu]
L=7¢

BT TR
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e Thus, in this situation, OLS is biased. If ¢ is unknown, use the C-O transformation to
estimate the true parameter, 5. If ¢ is unknown (more realistic), then rewrite model
by lagging, multiplying by ¢ and subtracting which gives us 2¢d errors. Then do M LFE
on resulting equation. Note that running OLS will work here but you won’t be able
to distinguish the parameter ¢ from the § parameter. M LE is equivalent (linearly) to
OLS and allows us to discern to two.

1.10 Final Review before Exam

e Variances. )
wmm:EV—ﬂ.
e Roots.
Y = O1Ys—1 + P2l + €.
yr — 1Ly — ¢2L2yt = €.

Roots solve:
Z° — 1 Z — ¢ = 0.

Thus,
Ay = )1AY—1 + P2y + €.

Ay; — 01 ALy, — ¢ ALy = €.
(1 =1L — ¢2L)Ay, = €.
(L= &1L — @2 L)(yr — yi—1) = €.
(1 =1L — ¢oL)(1 — L)y: = €.

Roots solve:
(Z% — 1 Z — ) (2% — Z) = 0.

Note that Z = 1 satisfies this equation.
e T'SS = RSS+ ESS.
_BESS _§'j TSS-RSS yXp

TSS  yly 7SS Yy

R2

T N_-K N-K
,  RSS
SML = T

o Wald. / 3
(RB — q) (RSQ(X’X)‘lR’> (RB _ q)

r

~ F(r,N — K).
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Likelihood:

1 ¢
| (- 55)
LM test. Ploa L
og
1) = - [awaw}
- . &log L1-1
Var(i) = 10)™" = B[ 507
Under R(¢) =0, o 1 o 1
_oitog 1909 L o
LM = 0 I(¥) 90 "X (q)-

Note that I(1)) is block diagonal with the block corresponding to 3 as:
1
P Z 242

Thus we can also write the LM stat (seen from regression of ¢ on z; and computing
TR?):

< > Zt€t>,< > ztz£> - < > ztet)

/\2 .
09

LM =

Note:

dlog L(sg) 1 ,
o = (.
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