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1 Week 1: 14 Jan - 18 Jan

1.1 Time Series Models

e Observations will be correlated unlike cross-sectional data. Hence there are dependence
issues that must be addressed.

e The observations are a sequence of random variables: a stochastic process.
e Example: ¢ ~ iid (0,02) with t = 0,1,2,... is a stochastic process.
e Other examples of stochastic processes:

— White Noise: y; = €.

— Autoregression: (AR).
AR(L) 1y = Y1 + €.

Clearly w, is not iid. In general,

AR(p) :yr = Eblyt—l + QYo + -+ ¢pyt—;3 +€.

-~

plags

The AR process is a good model of economic shocks that occur in one period but
continue to effect future periods with smaller influences (a multiplier effect).

— Moving Average: (MA).
MAQ) :y, = € + Oy 1.

Here again, the observations are correlated across time. Note that shocks in period
t affect y; and 3,1 but NO further. This can also easily be extended to a M A(p)
process.

— Autoregressive Moving Average Process: ARMA(p,q).

Y = P1Yi—1 + Qoo + -+ + OpYp—p + € + 161 + -+ Oy

This is simply a difference equation with a stochastic error term.

1.2 Erdogicity

e Ergodicity is a property of stochastic processes. The process is called “Ergodic” if it
satisfies the following two properties:

— Stationarity: Moments are constant over time including cross moments such as
Var(y;, yi—1). Thus means, variances, covariances, etc. are constant over time.
In other words, E[y;], Var(y:), Cov(y:, y+—s) are all independent of time.

— Limited Memory: As s — o0, Cov(ys, y1—s) — 0. The correlation between two
observations s periods apart goes to zero as s goes to infinity.



1.3

Thus the two above properties imply ergodicity. Most series have limited memory, so
ergodicity and stationarity can almost be used interchangably.

However, most economic time series are non-stationary because they grow over time.
Thus, by looking at deviations from a trend line might yield stationarity.

The Ergodic Theorem: If we have y;, t = 1,2,... and y, is ergodic with mean, u, then:

1
pin Y=
Note that having y; be iid also would give us this, but all we really need is ergodicity.
If y; and z; are both ergodic, then:
ay; + bz is ergodic.
Or more generally,

f(ys, ) is ergodic if f is continuous.

The Moving Average Process

Consider an MA(1) : y, = ¢, + 0¢,_1. Thus,

Ely]) = Ele)] + Elfei—1] = 0.

Since y; has mean 0, then Var(y;) = E[y?]. Thus,
Ely;] = El(er + Oer-1)7]-

= Blel + 0% | + 20epe,_1].
= Ele]] + E[0%e;_|]| + E[20e6; 1] .
o 6252
Therefore,
Var(y,) = Ely}] = 0 + 6°0% = o> (1 + 6°).
Now consider the covariance.

Cov(yt,yi-1) = Elyryi—1] = El(er + Oer—1)(€r—1 + Oer—a)].

= Elejei_1 + 0%ei_16_0 + 0| + Oere_o).
= E[fe? || = 0o
Note that if s > 1, Cov(y, y1—s) = 0 because these terms have no common time periods.

Thus MA(1) is certainly ergodic because all the moments are time independent. In
fact, M A(p) is also ergodic by similar reasoning.



1.4 The Autoregressive Process

e Consider an AR(1) process: y; = ¢y,—1 + € with ¢ iid. By backward substitution,

Yo = Oldyio+ea]+e
= Yot da1te
= ¢°[Py—3 + €_o] + P& + €
= O’y_s+ a2+ de1 + 6

= ¢°Y—s + ¢8716t—(s—1) + P61+ €

s—1
- ¢syt—s + Z ¢j€t—j-
7=0

e Note that if [¢| < 1, ¢* — 0 as s — 0.
o If |p| > 1, ¢* — o0 as s — oc.
o If |[p| =1,¢° —1ass— occ.

e So,if |¢| < 1, then y; = Zj;(l) @ €,_;. This is the condition for stationarity. [If |¢] > 1,
then y; is non-stationary.]

e Assume stationarity, ie, |¢| < 1. Thus,

Ely) = Z ¢ Eler_;] = 0.

Thus,
s—1 s—1
Var(y) = Ely;] = E[Y_ de3) D eyl
=0 j=0
Or,
E[y?] = Ele, + ¢per1 + PPera + .. )& + ey + dPeo +...)].
Note that
Elees] =0V s # t.
And,
Eleies] = 0>V s=t.
Thus,
E[y?] = o* + ¢*0* + ¢*o? . ..
2
o
Elf] =c*(1+¢* +¢* +¢°...) = ey



1.5 More on the AR(1) process
e Consider y; = ¢y;_1 + €. Recall,

0.2

1— ¢

Thus, Var(y;) — oo as ¢ — 1. In other words, the process becomes more non-
stationary as ¢ approaches 1.

Var(y:) =

e Recall that by backward substitution, we wrote,
Y = OYp—s + ¢Sfl€t—(s—1) + o+ Qe+ 6.
e Now consider the covariance:

Cov(ys, yi—s) = Elyyi—s| = E[(¢°yi—s + ¢s_1€t7(371) + - der FE)Yi—s)
Note that, Eleys] = 0 if s < t because Eleys| = Ele; )~ ¢’esj] = 0. Then ensures,
Elywi-s) = El¢°y;_]

since Ele;—iyr—s) = 0V i < s. Thus,

E[¢y; ) = ¢°Ely; ).

= ¢°Varly_|.
= ¢5Va7’[yt],
by stationarity. So,
¢30.2
Cov(ys, Ye—s) = Elyeyi—s] = 1— ¢

e Thus, y; is ergodic.

1.6 Some definitions

e Autocovariance. (For any stochastic stationary process).
Vs = Cov(ye ye-s) = El(ye — 1) (Y1—s — 1)},

with E[y;] = p. The sample equivalent is as follows:

1 T

Ts = T_ s Z (yt _g)(yt—s _g)




e Autocorrelation.
_ Cov(ys, ye-s) _ s

T Var(y) Yo

The sample equivalent is:
Ts
/r._o.

e Correlogram: A picture of the autocorrelation.

Consider an AR(1) process. Thus,

o
70 - 1 o ¢27
and
Ys = Y0
Thus,
fyS s
pS = — = ¢ .
Yo
See graph in notes.
Consider the M A(1) process. vo = 0%(1 4+ 6%), vy =002, 72 =0, =0, .... So
0
=TT
And py = 0, p3 = 0, .... See graph in notes. Note that if the correlogram does

not show p; — 0 eventually and is more or less a horizontal line, we might suspect
non-stationarity.

e The Lag operator (L).

Ly, = y-1.
L(Ly,) = L2yt = Yt—2.
Ly = yi—s.
We can also have leading;:
L_lyt = Yt+1-
LY L™"y) = L% = thao
L™ = Yt

Consider the AR(1) process and we will now rearrange it using the L operator.
Yt = QYi—1 + €.
Yo = dLy + €.

6



Y — Ly = €.
(1= oL)y: = €.
y=(1—oL) 'e.

Note that if |z| < 1, then (1 —z)™' =1+ 2z + 2%+ 23+ ... by a geometric progression
that I should probably know by now. Thus,

Y= (1 + oL+ ¢*L* + ¢*L> + .. e,

y, = (e, + Legd + L*ed* + LPe® +...).
Y = (Gt + et_l(b + Et_2¢2 + €t_3¢3 4+ ... )

Yt = Z ijﬁt—j-
=0

Which we have previously shown to be true by backward substitution. Thus the
L operator not only represents the lagging of an observation in time, but we can also
apply practically all algebraic rules to it just as if it was a regular variable. Fascinating.

1.7 Estimation
e Model: y = X3+ € or in rows, y; = 7,3 + ¢ with ¢ iid (0, 0?).
e Consider for a moment the relationship between X and e.

— Process Independent: Each element x; is independent of €, V t and s. Thus there
is absolutely no relationship whatsoever. The AR(1) process clearly does NOT
have this property.

— Contemporaneously Independent: Each element, z; is independent of ¢; for s > t.
But it can be dependent on € for s < t. AR(1) clearly DOES satisfy this property.



2.1

Week 2: 21 Jan - 25 Jan

A couple notes from last week

When we were modeling AR(1) processes for example, we said that shocks that occur
in one period have an effect (diminishing) on all periods following it. This type of
process is not uncommon in various economic models. Consider a simple consumption
function:

Cy = Qyr—1 + €t

And the identity,

Y = Cy + 1.

Substituting,

Yi — I = QY1 + €14
Ye = QYp—1 + €1p + iy

So as long as the propensity of consume is less than 1, we get a stationary process
where shock in period ¢, affects all periods to follow. Granted this is a very simple
model and most economic models have many more lags.

The other item to mention here is the condition for stationarity in an AR(p) process
with p lags. Recall the simple model where p = 1:

Yt = QY1 + €.
And we determined that y, is stationary iff |¢p| < 1. In an AR(p) process,
Yt = 01Yi—1+ Qa2+ + Qpli—p + €,
the roots are the solutions to the equation,

7P — ¢ ZP = 9 2P — - — ), = 0.

This equation, in general, has p roots. The AR(p) process is stationary if all roots,
in absolute value, are less than 1. If the roots are complex (of the form a + bi), then
(a® + b*)'/? needs to be less than 1.



2.2 Types of independence for estimation procedures
e We have stated previously that in the simple regression equation,
y =28 +e, ¢~ iid(0,0%)
the x’s and the €’s can have three different relationships.

— Process Independence: The z’s and €’s are independent in all time periods.
— Contemporaneously Independent: Current period independent.

— Endogenous: x; depends directly upon €, and thus all OLS procedures fail.

e If x is process independent of €, then OLS is unbiased, consistent, and asymptotically
normal. For example, the OLS coefficient, 3 is unbiased because,

B3] = B+ E[(X'X)"'X'e = 8+ E[X'X)'X] Blg =5

0

e If x is contemporaneously independent of e: OLS is biased. Consider the following
example:

Yo = G0+ QY1 + €, €~iid(0,0%), t=1...T.

o If ¢y # 0, then,

DY =) (Y1 — Y1)
YW1 —y-1)?

SR | _ 1
With y = T Zthl ye and §y_1 = T Zthl Yt-1-

o If p9 =0, then,

-

Z(ytyt—l)
> y1§2—1 '

e So why is gg biased. Well, take the first example,

¢ =

b= Y (e —9) (W1 — Y1) _ > (po + dyr—1 + € — o — dY—1 — €)(Yr—1 — Y1)
YY1 —Yo1)? (Y1 —yoa)? '

Y (oY1 + e — Y1 — E) (Y1 — J-1)
S (-1 — §-1)? '

_ ¢ (Y1 — Y1) 2 (e — (Y1 — Y1)
S (-1 — §-1)? '

9




2.3

>t — &) (ye—1 — §71).

=% (Y1 — §-1)?

1 .
And note that € = f(el—i-@—i-- ct€1+€+- - +er). And since y;_1 = po+Py_o+e€i1,

yi—1 is correlated with ¢, 1 so the expression on the right hand side of the last large
equation will not be equal to 0. Because of the negative sign in front of the €, the bias
will be negative.

To get an idea of just how much bias we are talking about. Consider the example
above with ¢y # 0 and ¢ = 0.8. Then,

if T'= 25 then the bias = —0.14.

if T'= 50 then the bias = —0.07.
if 7' = 150 then the bias = —0.02.
Consider the example above with ¢ = 0 and ¢ = 0.8. Then, the situation is slightly

better:
if T' = 25 then the bias = —0.05.

if T'= 150 then the bias = —0.01.

The intercept acts to “soak up” some of the bias.

Consistency under Contemporaneous Independence

Given that the z’s and the €’s are contemporaneously independent, can we show that
they are consistent and asymptotically normal? Yes. Consider the model (AR(1))
above and let ¢y = 0. Thus,

Z(ytyt—1>

= Zytal .

Substituting in for v,

Y (Pyi—1 + €)yi-1)
ZytZ—l .

D AOY—1yr—1 + €yi—1)

Z yt2—1

_ O Y + 2 (ei1)
> oY '

> (€yi1)
> yz€2—1 .

10
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24

Thus,
7 Z €tYi—1
R
293—1

To show consistency, we need to find the probability limit of this last expression. Thus,
Y€y

plim(qg — ¢) = plim <ZT75;_11> )

_ plimg Y ey
plim% Z 3/1&2—1

By Slutsky’s Theorem.

So, consider the denominator. Since this is a stationary ergodic sequence, by the
ergodic theorem,

0.2

o1
plimzz >yl =Eli )= T

So, consider the numerator. Since this is a stationary ergodic sequence, by the ergodic
theorem,

1
plzm? Z Yi—1€¢ = E[yt—lﬁt] =0,
because ¢; ~ iid.

Thus plim(¢ — ¢) = 0 which implies consistency.

Mann and Wald Theorem

Now, we know that ¢; ~ iid(0,0?), but to do inference, we would need normality. We
get this by appealing to the central limit theorem (CLT).

This is a CLT, which applies when x is not 7¢d. Consider the regression equation,

Y = 1,0 + €.
Assume:

— 1) ¢ ~ 1d(0, 0?%).

— 2) plimz >z}, = Sy, which is finite and positive definite. This assumption just
states that the z’s are sensible and not perfectly collinear.

— E[zie;] = 0. So we have no contemporary correlation.

11



e THEN:

1
plsz Z reer = 0,

\/T(% thet) —T N(0,0°%,,).

AND:

Craziness.

2.5 Inference Procedures
o Model:
Y= y—1 + e, € ~iid(0,07).

e Recall that in OLS, é is a consistent estimator of ¢ such that,

s T yae
plim(¢ — ¢) = plim———="——— — 0.
($=9) LT3y

e Given our model, we can now apply the Mann-Wald theorem to find the limiting
distribution of,

%Zyt—let

— Note that condition 1 of Mann-Wald is satisfied because €, ~ iid(O 0?).

0.2

— Note that condition 2 of Mann-Wald is satisfied because plzm Sy, = T

as was shown previously. Thus, this matrix is positive deﬁmte and ﬁmte.

— Note that condition 3 of Mann-Wald is satisfied because E[y;_1¢;] = 0 because
E[Et] = 0.

Thus, the Mann-Wald theorem tells us:

2

V(7 2 werer) —* N O, )

e Recall Cramer’s Theorem: If y; —® y ~ N(u,0?) and plim(z;) = a, then zy, —
ay ~ N(ap,a’c?).

e Consider again the expression we used above to prove consistency:

" 1/szt—1€t
==,

Rewriting,

12



(Qg —¢) = (1/TZ93—1)_1(1/szt—16t)~

Multiplying both sides by /T,

VTG —¢) = (YT Y 4 ) VTQA/TY yer).

We just showed that the second term on the right (via Mann-Wald) converges:
VT(1/TY yr16) —4 N(0, ¢ 7). Let this be our y; in Cramer’s theorem and let the
first term on the right hand side be our value of a. In Cramer’s Theorem, we will need
the value of a? which is:

2

o
a? = plim| 1/TZyt 1 —plzm 1/TZ?/t 1 1_¢2] "
Thus, via Cramer’s theorem,
o ] ol o .,
ayr = (1/szt—1) \/T(l/TZyt—IGt) —" N0, [1 _ ¢2][1 _ ¢2] :

Since ay, = VT ($ — 9),

\/T(qg - ¢)a —>d N(Ov I ¢2)
Thus Var(vT(¢ — ¢)) is approximately 1 — ¢? in large samples. And thus Var(¢ — ¢)

is approximately 7(1 — ¢*) in large samples.
How does this relate to the OLS variance? Recall:

82

V(IT’OLS(Qg — gb) = W
t—

Where,
1 o
st = T_1 Z(yt - ¢yt—12-

RSS

Now assuming,

plim(s*) = o2,

then, multiplying both sides by 7',
2

32].

lim|[T V b — lim|~———
plim[T Varors(¢ — ¢)] = le[%zyt_l

13



2.6

_ plim(s?)
plim(% 2%271)'

0.2

- —— = 1— ¢
1—¢2
So we get the result,
2
:lr > Vi

is a consistent estimator for the variance of v/T ($ — ¢).

So in sum, using OLS in a basic stationary time series model, such as AR(1) as shown
here, asymptotically everything will be fine. No worries. Of course this can easily be
extended to more complicated models with more lags which thankfully we won’t be
doing.

Maximum Likelihood Estimation

As we did in regular OLS regression, having M LE back up our results proves that
they are robust. We will now show that the results just obtained for OLS is shown to
be true using M LE in the time series type of model.

~

If we have unknown parameters, ¢, the M L esimates, 1, are consistent and,

VI~ ) — N (0, Fim( 1))

ONLY IF THE PROCESSES ARE ERGODIC.

Recall the information matrix,

—3logL (1)
ooy’

To construct the likelihood, L, we make use of the fact that in terms of joint probability
distributions:

I(y)=FE

s, o, y1) = fyslye, v1) - f(y2, 1) = f(yslyz, v1) - f(yelyr) - f(yr).

And we could extend this for any number of y’s using conditional probabilities.

In general, if we have T observations,
L) = fyrlyr—1, yr—2,yr—3, - - y1) f(yr—1lyr—2, yr—s,yr—a, ..., y1 )~ f (2ly1)-f (y1).-
Or in much simplier terms,

14



T
@il yess gz, ) | F)-

t=2

~
Info Set at time t—1

This is useful because time series models are usually written in conditional firm, eg:
AR(l) Y = (byt—l + €, €~ ZZdN(O, 0'2), ‘(b| < 1.

This implies,

Yely ~ N(dye1,0%).
Thus if you know y;_1, you know more about y; then if you don’t know y;_;.

Continuing with the analysis,

1 -1

(2mo2)1/2 erp [202 (ye — ¢?Jt—1)2] .

f(ytlyt—l) =

Taking logs,

log(f (yelye-1)) = log(2ma®)~2log (‘ffcp [2_712(% - <byt_1> )2] ).

log(f(yi|yi—1)) = —1/2log(2m) — 1/2log(c?) + -

__12(yt - ¢yt—1)2] .

And when taking the product of all of this from ¢t = 2 to T', we get,

N

T—-1 T — 1

log(2m) — log sy — ¢ye1)? +log f(yr).
=2

lOg L(¢7U2) ==

And that’s our log likelihood function.

15



3.1

Week 3: 28 Jan - 1 Feb

More on Maximum Likelihood: Time Series
Recall, we derived the log likelihood function for a simple AR(1) process last week:

T-1 T — 1 <

log(2m) — log ~ 5.2
=2

log L(¢,0%) = — — ¢yi—1)” + log f(y).

We could assume that the last term f(y) is either fixed or it might have some distri-
bution associated with it. If we assume it is constant, then everything becomes easier
because when we take derivatives, it drops out. (This also makes sense if we consider
y1 the “first” observation in time so it would be a constant.) Assuming that it follows
some distribution actually doesn’t introduce too many problems. Since MLE is always
done in the background of asymptotic results, the probability distribution of any single
observation, ie f(yi), has zero influence in the limit. Thus for simplicity, assume f(y;)
is constant.

Now maximize the log likelihood function with respect to ¢,

6l0gL

T
1
—2— g —2Yr1 yt ¢yt—1) =0.
=2

Solving for P,

T

1
Z —2y 1 yt QY 1)

952

Zyt—l(yt — ¢yi-1) =0
t=2
T
Zyt—lyt — oy;_, = 0.
t=2
T T
Zyt—lyt - Z ¢y;_1 = 0.
t=2 t=2
T T
S v =0 i
t=2 t=2

gf; . Zfzg Yt—1Y¢
- T
Zt:Q Z/t2—1

Note that this is equivalent to the OLS estimator of ¢!! Thus, we have robustness.

16



e Now maximize the log likelihood function with respect to o2,

OlogL N —(T—1) N 1
do? 202 2(02?)?

Solving for 02,

t=2
(T-1) 1 <
202 2(02)? ;(% — QY1)
(T-1)02 1«
5 —§§;w—¢%n

1
Note that 63,4 = 71 ST €. So in the OLS estimate of the variance, we divide

the RSS by one less than the number of observations. In MLE, we just divide by the
exact number of observations. (Note the limits on the summation). This is because
again MLE is always done assuming T is very large so the bias in the ML estimator
goes to zero, as T' goes to infinity. So, in the limit, the OLS and ML estimators for the
variance are the same. Again, robustness.

e Now, to do any sort of inference procedure on ¢ or on 62, we would need their standard
errors (ie, variances). Thus, we would like to compute a variance covariance matrix for
these two coefficients.

e In ML, R
vm(§>, (1)

9*logL.  8*logL 1~

002 9062
0logL  9?logL ' (2)

06052 0(6%)?

can be approximated by,

17



e So, now to work out all those (3) second order conditions and evalute them at (¢, 52):

Upper left:

0?logL 1 )
= D Vi
09?2 o=

Upper right and lower left:

0logL 1 & R
— = —— Ye1(yr — oY1) = 0.
a¢802 (0—2>2 tz; t—1\Jt t—1

(After substituting in ¢ which zeros the summation.)

Lower right:

PlogL, T —1 1 <
—v2 = 522 T T (ye — dye-1)?
9(62)2 — 2(62)? <02)3IZ2 t 1)

4

(T—1)52

To1 1 .
— 267 — o) (T —1)o~.

-1 T-1
- 2@2)2 (§2)2 :

T-1
2(62)2
e So substituting into our matrix above with the second derivatives that we just derived:

-1

0*logL  0*logL

I 1
_ﬁ Zt:2 yt271 0

b 802 9p9s?
V”($>:_ Wﬁw(ﬁéi - 0 -1 -
a(ﬁaa_g a<&2)2 2(6’2)2
1 —1
thTzz?J?—l 0
= . T-1 : (4)
2(&2)2
~2
g
Sy !
- t:(2) t—1 2(&2>2 . (5)
T-1

18



e In sum: We have under OLS,

T 2
gb _ Zt?l yt;lyt and Var(gb) _ Ts —.
D i1 Yia > i1 Vi
e Under ML,
)
¢ = Zt 1 Yt—1Yt and Var(gb) TU —.
Zt 1 yt 1 Zt:Q Y1
e Where,
1 T
L=
t=1
and,

Note the different ranges of the summations.
e So if ML yields exactly the same estimators when we look at large T', what’s the use?

Well, MLE is good for non-linear estimation as will be shown presently.

3.2 Non-Linear Estimation - Least Squares and MLE

e Consider the following nonlinear model:

yr = 9(x1, B) + &, € ~iid N(0,07).
e Assume that z; is independent of ¢;. Note that y;|x; ~ N(g(z¢, 3),0?).

e Thus the log likelihood function would take the form:

T
T T 1
lOg L(ﬁa 02) = ——log(27T) - —lOg ) Z xtv

202

~
—_

Or in other terms,

log L(3,0%) = —glog(%r) — §l09(02) - — Z ().

Where, €, = y, — g(z4, ).

19



3.3

So maximizing the log likelihood function with respect to (8 is the same as minimizing
the last term because it is the only term involving a 3. So FOC for ML:

dlogL 1 < de(B)
33 :,—20221:2645) 33 = 0.

Define a new variable, z; as follows:

0a() _ D9l
ap op

Note that Z; depends only on x; and ( and is independent of ¢, because z; is assumed

to be independent of ¢;.

Zt =

We’ll continue the next step in the next section.

More on the Nonlinear ML Estimation

Recall the model:

v = gz, B) + & € ~iid N(0,0?%).

With log-likelihood function:

T T 1 <
log L(8,0%) = = log(2r) — S log(o®) — 5 Z ¢ (8).
Where, €, = y; — g(x4, ).
And FOC(3):
dlogL 1 « Oe(B)
35 " ;2@(5) 35 = 0.

Define a new variable, z; as follows:

5 = _aGt(ﬁ) . 89(1}5,&)
o a9

And FOC(0?),

OlogL T 1 a 2
do? TS * 2(52)2 Z:Gt (6) =0.

20



Solving for 62,

e From this, we know that /3 solves Z1T 2¢,(P) 865(;) = 0. So what is the variance of 3?
We will use the fact that:
-1
- - d?log L
V ~ 1 =—-F

Information Matrix

e So, We Il now take second derivatives of the log likelihood function with respect to
and 2. The top left element of this matrix is:

K

9*log L
opop’

1 & 106(8)0a(B)] 1 < 02e(3)
[‘F B[ o5 o }_PX;E[W)%@@] |

t=1

because x; and ¢; are independent. Thus,

T
5P - 5 ele)

t=1

e We can also find the cross 2nd order derivatives:

&log L a 36t
—F|——| = Ele E =0.
[ 06002 ] )2 ;
e And finally, we'll get the variance of 62 from,
&?log L T 2 < T
S Ele;(B)] = :
[ (022 ] 20 2y 222G = 30
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e So, now we can complete the variance/covariance matrix:

9*logl.  8*logL 71~ 1 / -1
Var [ 7 opr  opoer | _ | Bl 0 6
W\ 52 ) T 7| 9%ogL 9*logL - 0 T - (6)
86862 a(é-Q)Q 2(0’2)2
2
EEi
- 2 2(0?)? | (7)
0 T

e Note that in this derivation, we have to take expectations, where in the last var/cov
matrix we derived there were none. This is due to the random variable, z;, included in
the analysis.

. -1
e Thus, we can approximate using sample moments, Var(3) = 62 [Zthl ztzg] :

e In summary, to estimate the non-linear model, minimize >_ €2 <= minimize > (y; —
g(z¢, 3))? with respect to 3. Note that if the model is linear, then z; = X. Thus we
have our standard result:

“ —1
Var(3) = &° [X’X] .
3.4 MLE: Moving Average Model

e Consider the model:
Yy = € + QEt_l, €t 1id N(O, 02).

e We would like to find an estimate for 6. First define €(f) given that ¢y = 0. So we
assume that the very first observation takes on its expected value. If ¢; = 0, then

€1 =Y — ey = Y.
€2 = Yo — Oe1 = yo — Oy1.
€3 = y3 — Oea = y3 — Oys + 0°y,.

& =Y — g1 + Pys — Pyps + -+ (=0)" 1y
e So f(yi|li—1) ~ N(Oe;_1,0?).

e Thus, following the usual steps, we have the log-likelihood function:

T 1 <&

T
log L(0,0%) = —§log(27r) - Eloga2 ~ 503 Z(yt —Oei_1)*
t=1
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T
T T 1
= —Elog(27r) — 5[0902 ~ 5,2 e (0).
t=1

e The log L function is maximized if Y €?(6) is minimized. ie, 0 solves:

T
ming Z e2(0).
t=1

~

e The Var(0) is therefore:

3.5

Var(f) = =2
ar(0) = ,
> (=(0))?
where,
e (6

Review of Asymptotic Theory

In most models, we cannot get unbiased estimators, but we can find consistent estima-
tors. Hence the need for asymptotics.

An estimator is unbiased if you take many samples and calculate means and the dis-
tribution of the means is centered at the population mean.

An estimator is consistent if you take one sample and keep on adding observations on
to it and if you have added enough observations, it is very likely that the estimator is
the best estimate of the true parameter.

More on this next week.
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Week 4: 4 Feb - 8 Feb

Asymptotic Theory

Assume z; is a random sample that is #id (pu, 0?).
Let the sample size = n. We would like to find an estimate for p.

Let x,, be the following:

n
1
Ty — — E Zi-
n <
=1

Of course, x,, is just the sample mean. Since all the z;’s come from the distribution
above, Then,

Elz,] = p.

And,

Var(z,) = var (% Z’Zl> = %Var(Z,%') = % Z (Var(zi)> — %(n,(ﬂ) _ %2_

=1

If we took many samples of size n and drew the frequency distribution of x,,, we would
find that the distribution is centered around p. But note the variance. As n — oo,
Var(xz,) — 0. So as the sample sizes gets large, the variance of the sample mean goes
to zero. In other words, the distribution of x,, collapses to a spike at the true mean,
. Thus we say:

plimy, oo (T5) = p.

We'll get to the definition of plim shortly, but first note another interesting result
regarding the variance of z,. It is independent of the population size. It is only a func-
tion of the sample size. Therefore, when using a sample to estimate a parameter, you
don’t have to use a huge sample if the population is larger. The same size sample will
be equally efficient. For instance, one could estimate a parameter regarding the popu-
lation of the UK with the same size sample as one would use to estimate a parameter
regarding the US population. Interesting but not very well known in practice.

Definition: PROBABILITY LIMIT. The probability limit (or plim) of a sequence z,,
is equal to a, iff:

plimnﬂooprob<(|xn —a]) < e) =1Ve>0.
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e Note that the proceeding definition is the actual formal definition of a plim, but in
practice, we use a slightly different definition. The plim(z,) = a iff:

lim E[z,) =a AND lim Var(z,)=0.

n—00 n—00
NG e

N——— ~
Spike at a Spike width equals zero

e Two additional points should be made about these definitions.

— 1) x, can be a sequence, a vector, or a matrix.

— 2) plim(x,) = a # E[z,| = a. Basically this says that consistancy does not imply
unbiasedness. For instance consider the OLS and ML estimators for 2. The OLS
estimator is unbiased but the ML estimator is consistant and only unbiased in
the limit.

e Finding unbiased estimators is sometimes difficult but usually you can find a consistent
estimator.

4.1.1 Useful Theorems in Asymptotics

e 1) The Weak Law of Large Numbers. (Khintchine) If z;,i = 1,2, ... are #id with mean,
1, then

1 n
l' — ;=
pzmniilz %

Note here that we have shown by the ergodic theorem that you don’t actually need
1id, but rather just ergodicity. Hence this theorem is rather “weak.”

e 2) Convergence in Distribution. Suppose that you have a sequence of random variables,
x, with cummulative density function (cdf), F,,. (Recall F,(x¢) = Prob(z, < xy)).
Consider another random variable, z, such that F' is the cdf of x. Suppose:

lim F,(zg) = F (o) V ¢ where F' is continuous.

Then: x, converges in distribution to z.

e 3) The Central Limit Theorem. Consider z; iid with ¢ = 1,2,.... Recall from above
2

1
that Var(=>_ 1, z) = 7. This implies:
n n

Var | vn(

S

=1

Z z,)] = g2,

Note that as n — oo, this variance is constant. The /n acts as a buffer from it
collapsing to zero as before. Thus, by the CLT,
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\/ﬁ(% Z’Zi — ) —P N(0,0%).

i=1

So if we have a consistent estimate of o2, call is s2, then for large n,

1n
- i ~a roa:N072'
RS0 ) e 10,

And,

3

82

Z;) ~approx N(p, —).
i=1 n

S|

(

Note, this also works for z;, random #id vectors with mean, p and variance, €2. Then,

n

- i ~a, roa:N ’Q‘
\/ﬁ(n;Z 1) ~app (0,9)

e 4) Slutsky’s Theorem. If plim(z,) = a then for a continuous function g, plim(g(z,)) =
g(a). If plim(z,) = a and plim(y,) = b, then plim(z,y,) = ab and plim(&) = % if
Yn
b # 0.

e 5) Cramer’s Theorem. Suppose ¥, is such that y, — y and z,, is such that plim
(z,) = a. Then:

—a) Yo+, =Py +a.
— b) . =7 ay.
Yn D y

— o)
)xn_> a

(eg) Suppose y ~ N(u,0?). Then x,y, — ay ~ N(ap,a’c?). We can also do this with
vectors. Suppose y, ~ N(u, X) and plim(X,) = X. Then,

Xoyn =P Xy ~ N(Xp, XXX).

4.2 Asymptotic Distribution of OLS

e Consider the following model:

y=XpB+e, e~iid0,0%), i=1...n.

e Or in another form: y = 23 + ¢; with z/ as the i*" row of X.
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e Assume the x; are random iéid regressors with Var(x;) = Elx;x}] = 3,,, or otherwise
known as the “moment matrix.”

Assume x; and ¢; are independent.

We would first like to check that the B estimator is consistant. Consider the definition
of (3

B=(X'X)"'X"y.
Substituting in v,

B=(X'X)'X'[XB+e =0+ (XX)"X
Thus, R
B—p=(X'X)" X
Or substituing in, (just algebra):

n

B—p= [;n;xzx;]_l[zlxze,}

i=1

Multiplying both terms on the right by 1/n (because of the inverse they cancel them-
selves out):

~0= i3] " Yl

Taking the probability limit:

plim(? ~ 5) phm[[ > ] [lz]]

By Slutsky’s Theorem:

plzm(ﬁ B) = [plzm— Z TiT ] - [pl@'m% i xiez} )
i=1

Since z;x} is an iid sequence, and E[z;x}] = X,,, then by the Weak Law of Large
Numbers (WLLN),

1 n
lim—Y x,2) =Y,..
plim-— ; ;
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Also, x;€; is an iid sequence with E|x;e;] = 0 because of independence. Thus, by the

WLLN,

1 n
pzmn ;lxe

Thus, substituting these last two equations in,

. -1
plim(8 — ) = [Em] [0} =0.
Thus, B is a consistant estimator.

4.2.1 Asymptotic Distribution

e Consider again the sequence z;¢; which is #id and due to independence, E|x;e;] = 0.
The variance of the sequence is as follows (noting that ¢; is a scaler):

Var(ze;) = Elzie;(zi€6;)] = Elrieieial] = Elrie2x] = Eletria)) = B[ Elri)] = 02X,
e Thus we get a key result by the Central Limit Theorem:
1 — p
- 1Ce N 07 221:90 .
\/ﬁ<n ; x€ ) —*N(0,0 )

But we want to find the limiting distribution of:

. 1 n / 11 n
g—0= [— g xlxl] [— g :Eiez} .
n 4 n -
=1 =1
We're golden

e 5o, the second term we have just shown that it converges to a normal distribution with
mean 0 and variance o9%,,. Now for the first term. Via Cramer’s Theorem:

Vn(f— ) = \/ﬁ[% Zn: xlx;] B [% 2”: %‘61} — 4 N0, 21 0?Y,,. 50,
i=1 i=1

Why all this mess? Recall cramer’s theorem: Suppose y, ~ N(u,2) [y, is our second
term|] and plim(X,,) = X. [X,, is our first term] Then, X,,y, — Xy ~ N(Xpu, X3 X').
[Notice that the variance equals the variance of the second term pre-multiplied by the
plim of the first term and post-multiplied by the inverse of the plim of the first term.
In our case, plim(X,) = ;! = 21" because it is symmetric.] Thus,
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4.3

\/E(B —-pB) = \/ﬁ[% ixzx;} - [% ixﬁz] — N(0, 0?5 1).

Now o2 can be approximated by s? and ¥,, can be approximated by %(X 'X). Thus,

V(B = B) — N, (XX)]7)
Factoring out the /n,

G- —2N(O,s2(X'X)™).

So everything works out with inferences even if the error terms are not normally dis-
tributed as long as the sample size is reasonable large.

Non-Stationarity

Definition: Integrated Processes: If x; is a stationary process, then y;, where Ay; = x4,
is said to be integrated of order 1, or I(1). The order that a process is integrated is equal
to exactly how many times you have to difference the process to make it stationary.
Note A signifies the first difference so Ay, = y, — y;—1. Since z; is stationary, it is 1(0).

If 2, satisfies Az, = y; then z; is I(2). Thus,

AAz, = Ay, = xy = Stationary.
~——
A2z
Example: Random Walk. Ay, = ¢, = vy — -1 = ¢ = 4y = ¢yi_1 + € with ¢ = 1.
Thus Ay, = € is an AR(1) process. Consider the graphs in the notes for the next
part. [G-4.1] We can think of ¢ ~ 7id(0, 0?) as “white noise.” White noise fluctuates

above and below the axis and crosses it several times over the lifetime of the process.
It usually doesn’t drift very far from zero.

In a Random walk, the expected amount of time until the first crossing is infinite
(though usually this happens very quickly!) and in general, though the expected value
of the process is zero, the process only crosses the axis very infrequently.

Consider the properties of Ay, = €. Suppose yo = 0 so we start out at the origin.

Thus,

Y1 = €1.
Yo = Y1+ €2 = €1 + €9.
Y3 = Yo + €3 = €1 + €3 + €3.
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Thus,

~

Ely] = E[Y e] =0.

s=1

(As we expected). And the variance:

Varly] = Varley + e +e3+ -+ €.

Since the variance of a sum is the sum of the variances (since ¢; is iid),

Varly] = to®.

So y; is clearly NOT stationary because its variance depends on t. See graph. [G-
4.2] The distribution of y; is always centered at 0 for all ¢, but as ¢ gets larger, the
distribution gets more spread out.

Memory. Consider a stationary AR(1) process: y; = ¢y;—1 + €; with |¢| < 1. Then we
have shown:

t
Yt = Z ¢S€t—s~
s=1

So as s — 00, ¢° — 0. Thus as time progresses, a shock in period t has less and
less impact in subsequent periods. “The memory of this process fades away.”

Now consider a non-stationary random walk process with:

t

Y = Zes-

s=1

A shock at period t has equal impact on ALL subsequent periods. Shocks last forever.
“This process has long memory.”
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5 Week 5: 11 Feb - 15 Feb

5.1 Random Walk with Drift

e Consider the following model.

Y=o+ 1y 1+ €, €~ ud.

e The addition of the constant term to this simple AR(1) (non-stationary) process
changes it from a “Random Walk” to a “Random Walk with Drift.” Suppose yo = 0.
Thus, substituting:

Y=+ Y1+ €.
Y=o+ (a+1yote1)Fe =204y + (6 + 61).
Y = 200+ (@ + Y3 + €—2) + (€ + €4-1) = 3 + Y3 + (€ + €1 + €-2).

t—1

= at + € -
Yt \ , - t—1
Trend/Drift 1=
/Drif N ,
Random Walk

e Note that Efy;] = at and Var[y] = to®. Notice the mean changes over time and the
variance of the process gets larger. See graph in notes. [G-5.1]

5.1.1 Mean Shift

e Suppose we had the following model.

Yy =09+ By +e <t (8)
Y=o+ By e t>t

e Because we have a mean change (from agt to ait), even if |3] < 1, the process is
non-stationary because oy # ;.

5.2 Test for Stationarity - Test for the Unit Root

e Suppose we would like to test the following model for stationarity:

Yr =+ QY1 + €.

e For this process to be stationary, & must be zero and |¢| < 1. We will proceed in two
parts. First just checking to see if ¢ is in absolute value less than 1, and if we find
that it is NOT, ie we have a random walk, then we’ll check to see if « is not zero, ie,
we have a random walk with drift.
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Note that testing for stationarity under the null hypothesis of stationarity will not
work. Any process with |¢p| < 1 is stationary, even one in which ¢ = 0.99999. To
get this sort of precision, (distinguish between 1 and 0.99999), we need many many
observations. Thus, we will use Non-Stationarity as our null hypothesis.

Consider the maintained model:

Y= dyr1 + e €~ 1id(0,0°).

Hypotheses:

Hy:|¢| =1 (Non — Stationary).
H, :|¢| <1 (Stationary).

So the procedure would be to run the OLS regression above and get an estimate
for ng However, because the distribution of ¢ under the maintained model is not
asymptotically normal, we cannot use the ¢ or F' tables to do the usual test.

Thus, we use the following test statistic and compare it to the Dickey-Fuller tables
(middle panel) which are calculated using a boot-strapping process and are accurate
to within reasonable limits. Compute:

~

) p—1

Ty = ; 73
[Z(ytfl_gt71)2:|

A typical critical value for this test is around —3.0.

So we now have a test to determine the value of ¢, we would now like to extend the
model to see if there should be an «a term added on to make this a random walk with
drift. Suppose we have established the hypothesis |¢| = 1 cannot be rejected. The
next step is to investigate &. Consider the maintained model with the additive term:

Yy = + ﬁt + ¢yt71 + € €~ ZZd(O, 0'2).

Hypothesis:

Hy:|¢| =1and =0 (Random Walk With Drift).

So testing |¢| = 1 alone has yielded a conclusion of non-stationarity. Here we test to
see if including the time trend yeilds the same results. I’'m still not sure why we don’t
test for a = 0, but it has something to do with the test on the time trend being more
powerful.
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e Estimate:

. _9—-1
Tr = ——.
SE
Use the Bottom panel of the Dicky Fuller tables.

5.2.1 Higher Order AR Processes
e Consider at first the simple stationary AR(1) process:
T = Q1 + &, |P| <1
e And now consider another process, y;:
Ayr =y — Yr—1 = ¢

Therefore y; is intergrated of order 1: I(1). Substituting,

Ay, = ¢AYy, 1 + €.

Noting that z; has root, ¢, what are the roots of the 1, process? Consider rewriting as
follows:

Ay, = Ay, + €.
Y — Y1 = O(Ye—1 — Yr—2) + €.

Yt — Y1 — QY1 = —PYr—2 + €.
U — (L + Q)1 = —dyi—o + €.

v — (L + Q)1 + dyi—2 = €.

Noting that coefficients in front of each term are: 1, —(1 4 ¢), and ¢, the roots of y;,
will be the roots of the following quadratic:

22— (1+¢)z+¢=0.

Factorizing,

(z—=1)(z—¢)=0.
Thus, the roots are z =1 and z = ¢.

Since z = 1 is one of the roots, y; is non-stationary. To get stationarity, we would need
|z;| < 1 for all i.
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Consider a general AR(p) process:

Ty = Q11 + GaTp o+ P33+ -+ Py + €

Assume that z; is stationary, ie the roots of x;, (21, 22,...,2,) are all less than 1 in
absolute value.

Consider a second process:

Ayt = T¢.
Thus,
Ay = 1Ay 1 + G2y 2 + G3Ay; 3+ -+ + GpAYrp + €.
Y+ = Ys—1 + x¢ has roots: 1,21, 29, ..., z,. Thus because one of the roots of y; is 1, y, is

non-stationary.
Suppose we have an AR(p) process. How do we test for a unit root? Consider an
AR(p):

Yy =+ O1Yi—1 + GoYi—2 + P3Yi—3 + - + OpYi—p + €.

Notice that the roots of this equation solve:

2P — ¢1zp_1 — ¢2zp_2 — = Pp12 — ¢p = 0.

If z = 1 is one of the roots, we could plug it into this equation and solve. Thus, letting
z=1:

1P — 1P — polP 2 — o — 11 — ¢, = 0.
L= 1= o= = Gp1 — B = 0.
1= ¢ =0.

i=1

p
> gi=1.
=1

So if the sum of the ¢’s exactly equals 1, we know that we have a unit root.
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5.3 Augmented Dicky Fuller Unit Root Test
e We will now show that the following AR(p) process:

Yy =+ O1Yi—1 + G2Yp—2 + P3Yi—3 + - + OpYi—p + €.

Can be rewritten:

p—1
Ayt =+ ngyt_l + Z ¢jAyt—j + €.
j=1
With:
p
g6 =—(1=Y_ o)
i=1
And,

¢ == > o

k=j+1

e Consider and AR(p) process:

Yo = @+ O1Yi—1 + QYo + -+ OplYi—p + €.

We can rewrite this (by rejigging) by subtracting y,_; from several terms and then
adding them back in, in a special way:

Y—Yr=a+ |pr— 1+ o+ s+ + & | 1 + G2(Yr—2 — Y1—1)

+03(Yi—s — Y1) + - + Op(Yt—p — Y1—1) + €.

Notice that o — -1 = —(Ye—1 —Yt—2) = —Ay—1. Also, Y3 —Yi-1 = — (Y1 —Ys—3) =
—(Ye1 — Yo+ Y2 —Y—3) = —(Ay—1 + Ays_2). And so on. Thus, substituting in,

Ye — Y1 =+

P
Z i — 1] Y1 — P2AY—1 — P3(Ayr_1 + Ayy_o)
i=1

— s (DAY + Ay + Ayp3) — - — Op(Aysm1 + Aypo + -+ + Ayp_pi1) + €.

Combining terms and rearranging:

Ay, = a— [1—2 ¢z] Y1~ (P2td3t+: - +0p) Ays 1 —(P3+Pat - +0p) Ay o—+ - - —PpAys_pr1+é;.

i=1
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5.4

Which is identical to the result we were looking for:

p—1
Ayt = o+ ngyt_l + Z Qs;Ayt_J + €¢,
j=1
with:
p
go=—(1-) ¢
i=1
and,

oG == D o

k=j+1

Notice that ;1 is the only level term and can be dated at any point in time but by
convention, is usually labeled y;_;.

Thus, v, has a unit root iff and coefficient on y,_1, 1 — ). ¢;, is equal to zero. Or,
via last lecture’s result that y, has a unit root iff ). ¢; = 1. The procedure is thus to

regress Ay, on a constant, y_1, Ay—1, Ayr_o, ..., Ay—py1. Then calculate:
R Coefficient on Y1
T, = ,
a SE

and compare it to the Dicky Fuller tables, middle panel. This is called the Augmented
Dicky Fuller test or ADF test.

For yearly data, it is probably sufficient to only include y;_; and Ay;_;. For quarterly
data, it is usually best to use about 4 or 5 lags, however the best approach is to “Suck
it and see.”

Detrending

Linear Detrending: Take y; and regress it on a constant and a time trend. Take the
residuals. Note, if we detrend y; and x; to obtain the detrended processes: y; and zj,
and then we regress y; on z7 and a constant, this gives the same answer as regressing
y; on xy, a constant AND a time trend.

Hodrick - Prescott Filter (HP Filter). If y, is a series and you want to find a detrended
series, y;, then y; is chose to solve the following equation:

T T
Minys,...ys Z(y: — ) A Z(y: — Y1)
t= =2

1

(. J/ (N J/
-~ -~

Closeness to yt Smoothness

36



5.5

Notice that X is the control term that determines how much weight you want to put
on the smoothness of your new detrended series. If A = 0, then y; = vy and you
haven’t done anything. Higher values of A correspond to smoother fits. A = 1600 is
conventional.

See notes for graphs that compare linear detrending to HP detrending. [G-5.2] The
HP filter is slightly more sophisticated and thus can fit a wider range of data patterns.

Models where Errors follow an AR process

Consider the following model:

w=x,0+u, t=1...T.

However, u,; is NOT iid. Instead,

Uy = Qbuzgfl + €, €~ iid(O,Uz), ‘¢| < 1.

Recall:
Var(uy) = . i2¢2.
Cov(ug, u_s) 1¢j0;2 )

Thus,

R A

V(u) = Fluu] = o $? ? (9)
PR
LT L 9P 9 I
: "o R

Call this Fluu'] = 0*Q where Q = = ¢2[ ].

Now suppose that €, is process independent of x;. ie, x; is uncorrelated with and
independent of all e. This implies z; is independent of u; because u; is a function of
all past € such that:

T
_ i
Uy = E Q€.
i=1
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This means that OLS will generate consistant and unbiased estimates of 3. However,
the usual estimates of Var(8) (= 0?(X'X)™!), are wrong. For example if X is non-
stochastic,

Var(3) = E[(3-3)(6-8)] = EI(X'X)" X uu/'X(X'X) 7] = (X'X) " X' QX (X'X) ",

But this is as far as we can go. Usually the estimate, o%(X’'X)~! will underestimate
the true variance just derived. Thus coefficients will look more significant then they
really are.
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6.1

Week 6: 18 Feb - 22 Feb

Models with Serially Correlated Error Terms

Consider the following model:

Y=V + S+, |y <1

Assume that the x;’s are stationary and independent of u,, for all t and s. In terms of
error, then:

u = pu_y + €, €~ #d(0,0%), |¢| < 1.

Because u; is stationary and we have assumed that z; is stationary, then y; is also
stationary.

This model will fail under ordinary OLS because of the nature of the error terms.
Namely, the serial correlation of u;, makes Cov(y,_1,u;) # 0. Investigate this by
considering the expectation between the two terms:

Ely—1ug] = El(vy—2 + 271 B + we1) (Pu—1 + €)].
Mulitplying out,

= YOEyr—ous—1] + YElyr-2ee] + OE[x;_yui1]3 + Elx;_ &) + ¢Eu; ] + Elur_1€q).

Noting that all terms in expectation with ¢, that are dated before time t are zero
because ¢, is #id,

Ely—1u] = YOE[ys—ouwe1] + ¢E[u; ;).

Since y; is stationary, Ely;_1u] = E[y;—2u;—1]. Thus,

Ely—1uy] — o E[ys—ous 1] = ¢E[U§—1]-
Ely—1ug] — 0By 1w = ¢E[u?—1]~
Elysu(1 — v¢) = ¢E[uf ).

2

o
5+ Thus,

Now, we know that for a standard AR(1) process, like us, E[u? |] = T

2

Ely1u(1 —v¢) = gbli—gb?
Or finally,
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oo
1= ¢%)(1—=¢)

e So y;_1 and u, are correlated and OLS yields inconsistent estimators.

E[yt—lut] = ( # 0.

6.1.1 Estimation with Serially Correlated Error

e Consider the following model (as above):

Yo = 2B+ w, g = duy e, [l < 1

e We have shown that the variance covariance matrix of the errors is as follows:

[ 1 ¢ ¢* ... T
2 G e e el
V(u) = Eluu] = e p . T R i (10)
IR G I
Call this Fluu'] = 0*Q where Q = 1_—1¢2[ -]

e If the errors are heterscedastic (meaning that ¢ # 0), we must use generalized least
squares instead of OLS. Suppose ¢ is known. We could just estimate as follows:
Bors = (X'Q71X)TLX'Q7 Yy,
Var(Bars) = o (X'Q7 X)L,
e Take the following two points on faith though they are fairly easy to verify.

1 —¢ 0 0
—¢ (1+¢%) i
Q=1 o 0 |- (11)
: : (1+¢%) —¢
|0 0 —¢ 1|

And Q7! can be written as 'L where L is defined as:

[(1-¢HY2 0 ... ... 0]
4 L

L= 0 (12)
-
i 0 0 —¢ 1]
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e We can use the fact that Q= = L'L in the following situation. Suppose we look at the
model:

Ly =LXp3 + Lu.

And suppose y* = Ly and X* = LX. Note first the terms of Ly:

yi = (1— %)y

Yy = Y2 — OUs.

y;‘ =Y — QY—1.
And the elements of LX:

= (1 — ¢*)Y .

Ty = Ty — 7.

Ty =X — PTyy.

e Now suppose we run OLS. Suppose we regress Ly on LX. The definition of B is as
follows:

B = (LX)(LX)) (LX) Ly = (X'LLX) ' X'L'Ly = (X'Q7X) X0y = faus.

So running the regression of Ly and LX is equivalent to running the GLS regression.

e The Ly and LX transformation above is called the Cochran-Orcutt (C-O) transforma-
tion.

e Consider the errors in our regression, Ly = LX [ + Lu.

Var(Lu) = E[Lu(Lu)'] = E[Luv/L'] = LE[uv/|L' = Lo*QL’
= ?L(LIL) 'L = o*LL7 L7 = o1

So the variances are now homoscedastic once we transform with C-O.
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e To see this another way, consider the model again,

Y=z, 0+ u,  u = Qui_1 + €.

Now take the y; process, lag it once and muliply by ¢,

dYi—1 = x|+ dus_1.

Subtract y; — ¢ys_1:
Yr — QY1 = (T — ¢xy_1) B+ up — Pup 1.

Yo — Oy = (x; — oz ) B+ €
I1D"

Which makes the regression yield consistant estimators.

e However usually ¢ is NOT known. The obvious solution would be to estimate ¢ and
use the estimate as above in the C-O transformation. There are several methods for
doing so:

e Method 1.

— Works for process independent x’s. First do OLS on y = X3 + u. Note that
(B will be consistent but the standard errors will all be incorrect. Then save the

residuals from this regression and run another regression of u; on u;_; to find an
estimate of ¢ such that:

ZtT=2 Uyl
==
thQ “?—1
— Then do the C-O transformation and use OLS to find the solution.

— Note: this does not work for x only contemporaneously independent. Why? Be-
cause the first step will yield inconsistent estimates of § which yields inconsistant
estimates of u and therefore ¢.

b=

e Method 2. (Durbin)
— Write model in transformed form, i.e.,
Yo — oY1 = (7 — Px4_1)B + €
Y = QY1 + T8 — dx_ B+ €.

— Estimate this equation by OLS and the coefficient on y;1, QAS, will be a consistent
estimate of ¢. Use ¢ to do a C-O transformation procedure and then run OLS to
find an estimate of 3.
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6.2 More Methods of Estimation with Serially Correlated Errors
e Method 2.

— Consider the following model:

Yo =V F B+ u, |y <1
With errors:

Ut = Qbut_l + €, |¢| < 1, € ~ 1id.

— Perform the transformation as we did in last section by lagging v; once, multiply-
ing everything through by ¢ and subtracting the result from y;. Thus,

Yt — QYi—1 = VY—1 — OVYs—2 + $;5 - 37;_15¢ + €.

Or rewritting,

Yo = (0 + VY1 — OVYeo + 218 — 1), B¢ + €.
Note that ¢, = u; — puy_1.
— Our aim is still to determine the coefficient on 3,1, 7. However, if we look at
the coefficients on the two terms, y;_; and y;_», we have two equations and two
unknowns, but the problem will be that we don’t know which is v and which is

¢. Note also that we can’t utilize the coefficients on z} and x}_, because [ is a
vector and we can’t just divide the coefficients to find the value of ~.

— Thus, method 3.
e Method 3. Non-Linear Least Squares.

— This is basically maximum likelihood estimation.

— Suppose first of all that ¢, ~ N(0,0?). From the above equation defining y;, we
find that the density of y; conditional on y;_1, y;—2, x}, and z}_; is distributed:

N(¢+NYi—1 — ¢VYt—2 + .8 — ,_1 B¢, 07).

— This leads to the following log-likelihood function:

—_(TQ_ 2)log(27r) — —_(TQ_ 2)log(02) — QT; tz; €.

Log L(¢,7,B,0%) = —

Where ¢ =y — (¢ + V) Yt—1 + ¢VYr—2 — 215 + x;_1 S¢. Note that the summation
goes from t = 3 to T because we need the first two lags to calculate the first ;.
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— To solve this maximization, we will need to consider the first order condition of
Log L. First of all calculate z; as follows:

_ _% -
62 x;/ - st:t—l
Zt = _3_¢ = | Y1 — VW2 — 240 |- (13)
Oe; Yi—1 — QY2
| 07

Thus the FOC will be 3"/, ze; = 0.

6.3 Hypothesis Testing in the ML context
o 3 tests: Wald, Likelihood Ratio, and the Lagrange multiplier test.

6.3.1 The Wald Test

e Suppose we have ¢ parameters and log likelihood, log L(v)). The ML estimate of v,
namely, ¢, has the property,

VT (i) — ) —P N(0, IA@) ).

Where IA is the asymptotic information matrix such that IA(y) = lim£1 (1) where
I(v) is the information matrix, such that,

0log L
Yoy
e We construct the hypotheses as follows:
Hy: Ry —r=0.
Hy:RYp—1r#0.

Where R is a matrix of ¢ (< k) restrictions (ie, R has ¢ linearly independent rows and
k is the dimension of ).

e Consider an example. Suppose we want to test the following two restrictions when 1)
is 1z3:

Hoy 1y + o = 1,4y — b3 = 3.

We can write this in matrix form as follows:
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U1
R¢—r:0<:>{} (1) _01} (1) —{é}:o. (14)
Under H,,

VT (R —r) = VTR() — ).

From above we therefore know,

VTR({ =) —" N(0, R IA()) ™" R').

Thus noting that if x ~ N(0, A), then 2’ A~'z ~ x?, we can write the Wald statistic
as follows:

-1

W =VT(R) —r) |RIAW) ' R'| VT(RY —1) — x*(q).

To use this test, replace I A(1)) with one of the following:

~ 1) £1(¥).
1 Olog L@/’)
- 2) 4| DU J

So if we replace it with the first case,

-1

~

W= (Ry—r)|RIM) ' R)| (R —1) —Px*(q).

To do the test, compute W and if W is significantly greater than 0 (recall that chi-
squared is a positive distribution), then reject the null and conclude the restrictions
embodied in R are NOT valid.

The Wald test is simple to use and only requires estimating the unrestricted model.
However it is very difficult to test non-linear restrictions using the Wald Test. Thus
we move to the second test.
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6.3.2 Likelihood Ratio Test

e Suppose we wanted to test non-linear restrictions such as 119y = 7 and ¥, — 2 = 4.
Write these two restrictions in a matrix K. To do this test, we couldn’t use a Wald
test, or at least it would be fairly difficult to do so because we would have to linearize
the restrictions.

e So run a Likelihood Ratio (LR) test as follows:

e Compute 1& which solves

MazyLog L(1).
This is the UNRESTRICTED estimator.

e Compute @/AJO which solves

MazyLog L(1)

Subject to:
R() =0,

This is the RESTRICTED estimator.

e In general log L(QZJ) > log L('QZ;Q). Compute the LR:

LR = —2log [LL ((120))] =2 [zogL(qﬁ) - logL(iﬁo)] .

LR is aymptotically distributed x?(q) where g is the number of restrictions in R.
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7
7.1

Week 7: 25 Feb - 1 Mar

The Trinity of Tests - Continued

7.1.1 The Lagrange Multiplier Test - LM Test

In this test, we only have to estimate the restricted model which is usually easier to
do. Note that in the Wald test, we only had to estimate the unrestricted and in the
Likelihood ratio test, we needed to estimate both.

The test is as follows. Suppose we have the likelihood function formed as usual, L(1)).
We also have a set of restrictions of the form:

R(y) = 0.

Let Qﬂo be the ML estimate of the restricted model. The FOC of the unrestricted
model is:

OLog L(v)
o

If the restrictions are close to being satisfied, then

=0.

dLog L(?/Afo)
o

should be close to zero.

Then the LM test is based on:

dLog L(1)
[A(@D)_l Ogaw(%) _,D XQ(q)

1 OLog L(t))
T o

Where ¢ is the number of restrictions.

Replacing the Asymptotic Information matrix, 1 A(¢)), by an estimate, eg: %I (12), gives
the LM statistic:

_ 9Log L(ty) ., - _,0Log L(1)y) a2
LM = — 5= 1) =5 7= =" X(@).

Where the “a” above the arrow means “Converges Asymptotically in Distribution.”

Consider using the LM test in Non-linear least squares models. Note that to compute
the LM statistic, we will need the partial derivative of the log likelihood function
evaluted at the restricted coefficents and also the information matrix. Consider the
general N.L.L.S. model:
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v, = glxy; B) + &, € ~iid N(0,0?).
Also assume that z; and ¢; are independent.
e The log likelihood function is therefore:
T T 1
Log L(j3,0%) = —ELog(QW) — —Log(o®) — — Z e (B

2 202
=1

With,

&(B) =y — g(z4; B).

e Suppose we have a set of restrictions on 3 of the form, R3 = 0. The FOC is therefore:

8L0gL 1 &
- Ly
=1

ey Og(xy; B)

Let 2, = —— =

a9 a9 . Thus,

8L0 L
g = — Z €tZ¢.

e Now for the information matrix. In this case the I matrix is block diagonal and the
block corresponding to 3 is
1 T
= Z Elzz)].

t=1

e So if the restricted estimates are Bo and 67, then our statistic is as follows (plugging
in the partial and the information matrix):

LM = (%Zet(ﬁo)zt( ) (Az ZE 2t 50 Zt(ﬁo) ]) (%Zﬁt(ét))zt(&))-

70 1=
Asymptotically, we can replace 3, E[z21] with 3/, 2:2/. Thus the simplified result:
1 T /T L/
LM = > ( Z etzt) ( Z ztzg) (Z etzt> )
0\ t=1 t=1 t=1
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e This rather complicated expression can be found another way however. Suppose we
find ¢; and calculate z; and then regress €; on z;. In other words we run the regression:

!/
€ = ZyY + Vg

Thus, the standard OLS result:

y = (Z z2) 7! Z 2464

Note the fitted equation is therefore:

A~ !~
€ = 2,7

Substituting in for 7,

€ = z{(z AR Z 216t

And since the motivation here is to find the residual sum of squares, we would like to
square this last expression to find RSS. Thus,

/
e = <z£(z z2) 7! Z Zt6t> zg(z z2)) ! Z 24€4.
= (Z ztet)’(z ztzg)_lztzg(z z2) ! Z 246

Summing;:

Simplifying:

Z(é’g@t) = (Z ZtEt),(Z thé)_l(z Ze€).-

Amazingly, this is the numerator of the LM statistic. Next, note that:

1 .

T Z 6? = 0'(2).
26
o€
TR — > & (32 zeer) (30 2e2) (32 zeee) LM

CYTY e &3
So just by finding ¢, and z; and regressing, we can easily find the LM statistic.

The R? value from our regression of €, on z is . Thus,
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7.1.2 LM Test - Example

e In this example, we will use the LM test to test for serial correlation in the error terms.
Consider the model:

Y =28+, up=oui g +e, |9l <1, &~ iid N(0,0%).

[Note that although we assume normality, this test would still work asymptotically no
matter what the distribution.]

o Test:
Hy: ¢ =0 (Errors Not Serially Correlated).

Hy: ¢ #0 (Errors Serially Correlated).

Here, the LM test is good because we only need to estimate the restricted model which
assumes the model does not suffer from serially correlated errors. Therefore regular
OLS will provide consistent estimators.

Follow these steps to compute LM:

Step 1:

— First calculate ¢, and z;. Lagging 3, once and multiplying through by ¢,

OYi_1 = Oxy_ B+ dus_q.

Subtracting ¢y;_1 from y;,

Y — Oy = 30 — oz B+ up — duy_y
—_————

€¢

Yr — QY1 = 1,8 — dxy_1 0 + €.

Solving for ¢,

& =Yt — QY1 — 230 + 24 B¢.

— Recall that z; = —g—z. Thus,
86,5
ey s Ty — dry_y
S — . 1
= "oy _Oe { Y1 — T, 3 (15)
¢
— Now calculate: Sloa L
o
81 = Z €t2¢.

in the unrestricted model.
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e Step 2:

— Compute the ML estimates of the parameters if the restriction holds, ie, if ¢ = 0.
Thus we get the OLS estimate for §, call it y, and from the hypothesis, we have

¢o = 0.
e Step 3:

— Evaluate ¢, and z; at these two parameters, Bo and ¢20 = 0. Thus,

€& =Yt — 35;50-

th[ & } (16)

Yt—1 — 17;:_1@)

And,

e Step 4:

— Run regression of
/ / 2
e =, and y;—1 — xS0 -
N g

v
Zt

— Take R? from this regression and compute:

LM =T - R* ~* x*(1).

— Compare this statistic to the chi-squared distribution with 1 degree of freedom.
Large values of LM will lead to a rejection of the null and a conclusion of serial
correlation.

7.2 Durbin-Watson Test

e The DW test is for testing serial correlation among the residuals. Consider the follow-
ing model:

= x4+ up, up = Qui_y + €, €~ iz’d(O,oQ).

Test:

H0:¢:O.

e The DW test is only valid if all the x variables are process independent. It is not
valid for example, if there are lagged dependent variables on the right hand side of the
equation. Thus, is most instances, the DW test is not applicable.
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e The Test Statistic:

d o ZZ;Q(at - /at—l)Q
= . .
D up

Multiplying out the top and seperating the terms,

T ~9 T ~ ~ T ~2
t=2 Ut D pn Ul X i Uiy

T ~9 T ~9 T ~9 °
Zt:1 Uy o Zt:1 Uy B xzt:1 Uy B
Vv v Vv
~1 ~ ~1

Thus,

dre1—20+1=2—20=2(1—¢).

e So when ¢ = 0, ie we do not have serially correlated errors, the value of the DW
statistic will be approximately 2. Note the range of d is (0,4) as é goes from +1 to
—1. The DW tables list both an upper bound for d, dy, and a lower bound for d, dj,.
The decision rule is:

if d < dy,, then reject.
if d > dy, then do not reject.

if d;, < d < dg, then ambiguous.

7.3 Modeling Economic Relationships

e The basic empirical model is a stochastic difference equation:

A(L)y: = B(L)x; + ¢, € ~ id(0,0%).
Where,

A(L>: 1_alL_a2L2_a3L3—"'—anL".

And,
B(L) =bo+ b L+byL>+ b33+ +0b,L".

e Consider the following underlying models.
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7.3.1 Adaptive Expectations Model

e Consider the model:

Y = Pai e, e~ 1id(0, o?).
e 17, , is obviously not observed, so in this setting we say expectations are formed adap-

tively such that:

T =)+ (@ —ap), ve[0,1].
——

Mistake

So here expectations of the level of x at time ¢ + 1 are based on what our expections
were regarding today’s level of x adjusted by how much we miss-judged the level.

e If v =0, then there is no adaption at all and zf,; = xf.
e If v =1, then we have instant adaptation and 7, , = ;.

But is this type of process “rational”? This leads us the next model.

7.3.2 Rational Expectations Model

e Rational expectations means that zf,, = E[x;41|/;]. Here the information matrix at
time t includes both ¢, and z;.

e We will now show that the adaptive process above:

vip =y +y(ze —af), 7 €0,1]

is “Rational” iff x follows the process:

Tep1 = T + €41 — (1 — 7)€

Note this is the equation of the z; process itself, not the expectations equation. Lagging
the process once,

Ty =T + € — (1 — 7)€

Rewritting,
Tt — € = Tp—1 — (1 — ’V)Et_l.

e Taking expectations of the x process noting that our best guess at €, is its expected
value, zero:

Ty =x — (1 —7)e.
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Lagging this equation once:

xi =x1 — (1 —y)€er—.

Substituting in above from the lagged rewritten process:

Ty =1 — €.

Multiplying through by (1 —7),

(I =y)zi =1 =7z — (1 =)

Subtracting this from the expectation of the process,

T —(L=)af =z — (1 =y)ae —(L —y)e — (=(1 = y)&) = x — (1 — 7)e.

Finally rewriting,

Which is exactly the model we had in the adaptive expectations model. So if x; evolves
as stated above, then the adaptive expectations model is “rational.”

Note that we can also write the adaptive expectations model using the lag operator as
follows:
vy = (L= y)Laiy, +yae.
Solving for z7,
Ty = Ry
Thus, plugging in, the final model becomes:

+ €.

o YTt

Rearranging,
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(1= =)L)y = Bywee + (1 — (1 —7)L)es.
Or,
Y= (L= 7)y—1 + Byo + e — (1 — 7)er.

This is an example of a dynamic stochastic equation. Notice that the expectations
have induced dynamics. There are other ways as well to induce dynamics. One such
way is to introduce costs of moving or changing. Hence the next model.

7.3.3 Partial Adjustment Model

e Suppose there exists a target outcome, y; such that:

y: = B.

e Because of costly adjustment, y; reacts as follows:

Y =Yeo1 + Yy — 1) + &, v €[0,1].

Note here that we don’t close the gap completely (as measured by ) because doing so
is costly. If v = 0, then we get no adjustment. If v = 1, we have full adjustment but
this is costly. The v parameter measures the “Speed of Adjustment.”

e Substituting in for y;, the model becomes:
v = (1 —7)y—1 + By + €.

Note that this dynamic stochastic difference equation is very similar to the one gener-
ated under rational expectations.
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8.1

Week 8: 4 Mar - 8 Mar

A General Dynamic Model

Suppose y; is the equilibrium value of some random variable. (Output, employment,
income, etc.)

y; is the actual observed value.

The very general model is:

= Bo + Bixy + uy,

with z; determined exogenously.

Assume the agent solves the following minimization problem:

Min FE

Z 045< (Yers — y:—l—s)Q +3‘(yt+s - yt+s—1)2 )] .

— Vv
s=0 Deviation From Equilibrium Cost of Moving

Note that this is a stochastic problem because we have the expectation of a minimum
operator. Thus, because it is a quadratic, the solution is also the solution to:

Min Z o ((Z/t+s - Et[y;k—l-s])Q + A(Ya4s — Z/t+s—1)2>-
s=0

This is by the first order certainty equivalence. This is now a deterministic problem.
Thus uncertainty does not effect the minimization decision. Note this only works (for
some reason) for quadratics.

The solution to this problem (taken on faith) is

Yo = e + (1 —p ll—aﬂ > (o) Ely; ]
=1

Where p is the stable root of the following quadratic:

(aN)p? — (T +aX+ N+ A =0.

And y; is given by:

y; = Bo + Bixy + uy.

e Some remarks about this solution.
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0 :
- 6?_/; > 0. Thus since A measures the adjustment costs, if p is larger, then the

future is more important (more weight is placed on the future values y* in this
case.)

— Note that > "2, (ap)" is a geometric series which equals ﬁ Thus, this cancels
with the (1 —ayu) outside the summation and the total weight overall time periods
is one.

— This is very similar to a partial adjustment process.

e To make the solution operational, we need to eliminate y;,,. We stated above that
y* evolved according to the process above as a function of x; and w;. x; is a process
determined outside the model so it is usually known. Assume, (only as an example) it
takes the following form:

T =priq+e, |pl <1, e~ id(0,-), wuy~ did(0,-).

e Thus, if

y; = Bo + Bz + w.

Then

Byt = Bo + BiEwy).

e But consider the x; process:

Ty = PTi—1 + €.

Taking expectations,

Ey [%H] = pE, [9Et—1+i]-

Backward substitution:
Ey[zi) = pPEyai—o4).

Ey [$t+z‘] = ,OSEt [xt—3+i]‘

Et[It+i] = piEt[It] = Pixt.
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e Substituting,

Byl = Bo+ 51pi$t fori>0.

Note case when 7 = 0, u; is known, so:

y; = Po + Prxr +up fori=0.

e So now we will substitute these expressions for y; back into our solution equation
above:

Y = o1 + (1 — p) [(1 — ap) [ﬁo D_(am)' + By Y (anp) e+ ut]

=1 =1

1
1 —apup’

Note again our geometric series: y - (au)' =

1 . ;
1—an and > ;7 (aup)' =

Thus substituting these in and canceling,

Bi(1 —p)(1 - ap)
(1 —app)

Y = pye—1 + Bo(1 — p) + ze+u(l — p) (1 — ap).

This equation along with x; = px;_1 + ¢, completes the model.

e At this point we have two options. We could either:

— 1) Regression y on a constant, y_1, and z.

— 2) Treat the model seriously by estimating the deep parameters (5o, 01, @, 1, p).
Note we can’t estimate all of these from the regression alone because the model
is underidentified. (We would need an alternative measure of «).

e The choice between options 1 and 2 is exactly what Lucas was getting at in the Lucas
Critique. Running the simple regression in option 1 does not take into account that
the policy decision that you might make based on the regression results would influence
the structural form of the system. (Particularly, the x; process evolves according to the
parameter p which also appears in the y; equation above.) If the x; process changes,
then the relationship between y; and x; changes so the policy might not have the desired
impact. So using option 2 is more difficult because the model is underidentified but it
helps us get at the parameters that actually characterise the behavior of the agents in
the model.
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8.2 FError Correction

e Consider the very general model:

Y = Y1 + QYo + -+ Qi + ot + P11 + Powp_o + -+ BT + €
e ~ 1d(0,0%).

e We could also rewrite the model as:

A(L)y, = B(L)x; + €.
With:

AL)=1—a L —aol? — - —a,, L™
And,
B(L) = fo + B1L+ foL® + - + B, L".

e It is easy to see that the immediate (instantaneous) effect of a change in x on y is
embodied in Gy. So By could be thought of as the short run multiplier. In later periods
the mulitplier process continues involving both the 3’s and the a’s.

e Now consider the long run multiplier of z on y. An easy way to show this is to rewrite
the model and ignore the time subscripts:

Y=oy +ay+-+apy+ for + bz + Bax + - - + Bu.
y(l -1 —ag— - —am) =2(Bo+ B+ Ba + -+ + B).
y(A(1) = z(B(1)).

y _ B()

@A)

So the total (long run) effect of a change in z on y is equal to %.

8.3 More on the General Dynamic Model

e Consider again the general dynamic model and this time we’ll include a constant term:

ALy = ag + B(L)x, + ¢, € ~ iid(0,0?).
Where,
AL)=1—a L —aol® — -+ — a,, L™
And,
B(L) = Bo+ 1L+ BoL? + -+ + B,L"
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e Ignoring the time subscripts and evalutating at A(1) and B(1), we obtain the long run
relationship as before:

. Qp B(l)
“ AW TAm”

B(1)

Where A

is the long run multiplier.

e The next step is to rewrite this model in Error Correction Form. First consider the
A(L) and B(L) polynomials. Rewrite A(L) as:

AL)=(1-L)+(1-a1—ag—+—ay)L—ay(L*—L)—a3(L* ~ L) —+ - —a, (L™ — L).
Thus,
A(L) = (1= L)+ A()L + ag(L — L*) + ag(L — L) 4 + apy (L — L™).
Or,
A(L)=(1—-L)+ AQ)L + as(L — L*) + as((L — L*) + (L* = L*)) + . ..
+am (L= L?) + (L = L*) 4 -+ (L™ = L™)).

Multiplying everything by v,

A(L)y = (1 = L)y + A1) Ly, + (L — L?)y + as((L — L) + (L* = L) )ye + . ..
tam((L—L*) + (L = L*) + -+ (L™ = L™)y;.

ALy = Ay + A(D)ye1 + (e +ag + -+ - + o) Ay
+Haz+ag+ -+ ) Ayia + - 4 (@) AYs—ms1 -

Let of = (o + ajy1 + -+ + ayy). Thus,

ALy = Ay + A(D)ye—1 + a3 Aye—1 + a3 Ay—0 + -+ - + @ AYs—mi1-

e Similarly for B(L) we can rewrite it as,

B(L)I’t = B(l)l’t_l + B()A.Tt — ﬁ;Al't_l — ﬁ;Axt_Q — e — /B;ZAIt_n_A'_l.

With 85 = (8 + Bjy1 + -+ Bn)-
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So substituting in,

A(L)ys = ap + B(L)xy + €.

Ay A1) ye—1 +05 Ay 1+ Ay o4+ - A, 0Yp—my1 = ao+B(1)z—1+FoAxy— B3 A1,

—B3Amy_g — - — B AT _py1 + €.
And rearranging,
Ay, = ag — A(l)yt_l + B(l)ft—l - Oé;A?/t—l - a§Ayt_z — = aanyt_mH
+B0Azy — ByAryy — B3Amy_g — - — B AT _py1 + 6.

And this, finally, is the “Error Correction Form.”

Again, we can determine the long run solution, ie, when y; and z; are stationary so
the Ay and Ax terms are all 0. Thus, dropping time subscripts we have,

0=ay— A(l)y+ B(1)x.

. (%)) B(l)
IORTON

as before.

To see why this is called Error Correction form, rewrite the model as:

a B(1
Ay, = —A1) |ys1 _Ti) — ﬁmtl + the Az ani Ay terms.
N — 4 Short Run Dynamics

Long Run Value

So we can see that if the value of y at period t — 1 is different from the long run stable
solution predicted by x at time ¢ — 1, then we have movement in Ay,;. For example if
y;—1 > the long run value, then because of the negative sign, Ay moves down.
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8.4 Useful Test in Modeling

e Standard F test on Linear Restrictions.

e Parameter Stability Tests.

— Suppose we have a situation where the model is a good fit, but the parameters
have to be adjusted over time. Thus the model has instable parameters. Consider
the maintained model:

Y = Pro+ Bz + Broxor + -+ Bik—1Tk—14 + €& fort=1.1T;.
And,

Y = Boo + oty + BopToy + -+ Pok—1Tx—1 + & fort=T,+1..T.

— Thus, under Hy, the null hypothesis is that the parameters are robust, we have
K restrictions of the form:

Hy : 51,0 = 52,0, 61,1 = 52,1, - 751,1(—1 = 52,}(-1.

— An easy way to test this hypothesis is to define a dummy variable as follows:

Cfoift<T
Dt‘{1 it > (17)

— The maintained model can now be written,

Y = Bro+ Biaxie + BroTor + -+ Bik—1TKr-14¢
+(B2,0 — Br,0) Dy + (Boq — Bra)Dixig + -+ (Bok—1 — Brx—1)Div—14 + €.
— Under Hy, the coefficents on Dy, Dyx1 4, Dixay, ..., Dixg_1, are all ZERO.

— So the procedure is as follows: 1) Run regression on ¢t = 1...7" and record RSS. 2)
Run regression on ¢ = 1...7} and record RSS;. 1) Run regression on ¢t = 77 +1...T
and record RSS5. Under Hy,

(RSS — RSS, — RSSy)/K
(RSS, + RSS,)/T — 2K

F = ~ F(K,T — 2K).

— One final note: If (77 + 1...T") has less than K observations, then you must use
the following test statistic because RSS; is essentially 0:

RSS — RSS))/T —Th

_
b= (RSS))/Ty — K

~F(T -T,T, - K).

e Serial Correlation Test. Use Lagrange Multiplier Test.
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e Common Factor Test.
— Maintained model as follows:
Y = QY1 + I;ﬁ — Igfl(’)ﬁ + €.

— Null hypothesis:

Y= TiB+uy, u = w1 +e, €~ iid(0,0%).

— Note that under Hy, if we lag y;, multiply through by ¢ and subtract the result
from y,;, we get,

Yo — QY1 = 30 — T4 P + up — Puy_y.

Y = QY1 + T8 — 1 o + €.

— Thus under Hy, 6 = f¢. So if there are K, x variables then there are K restrictions
of the form:

% =¢ fori=1.K.

— Use the Likelihood ratio test to test the null.

8.5 Strategies in Time Series Modeling

e 1.) Take each variable and investigate if it has a unit root.

e 2.) Suppose that all variables do (which is usually the case in practice). Write down a
long run relationship, ie:

K
Y = Bo + Zﬁkxkt + €.
k=1

Note here we exclude the short run dynamic terms (the delta terms). If the model
is reasonable, there should exist a set of 3 parameters, i, so that y; — Zle OrTys 18
stationary. If this is the case then y;, 14, oy, . . ., Tk are said to be “Co-integrated”
and (1, =01, —(s, ..., —fPk) is the “Co-Integrating Vector.”

e 3.) Test for Co-Integration? Regress y on z’s using OLS. Generate residuals, €;, and
test these for stationarity via a Dicky-Fuller test. Note, however that we must use
slightly different critical values (MacKinnon Tables) because we are estimating €.

e More next week.
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9.1

Week 9: 11 Mar - 15 Mar

More Strategies in Time Series Modeling

We continue from last week with more strategies in time series modeling.

4.) If you can reject the null hypothesis of NO-cointegration, ie there is a long run
relationship, then estimate a dynamic model such that:

A(L)yt = =+ B(L)xt —+ €t.

Or in Error Correction Form (ECF):

Ay, = ag — A(D)ys—1 + B(1)zp—1 — afAY1 — -+ — g, AYp 1
+6§Al’t + BTAItfl + -+ 6;Axt,n+1 + €.

With:

B; = (Bj + Bjs1+ -+ Bn).

o = (aj + g+ 0+ ).
Note the ECF is a little more convenient for hypothesis testing and inference proce-
dures. Note that if the coefficient on the level term, y;_4, is A(1) = 0, then there is
NO long run relationship.

How many lags to include?

— As a general rule, use 5 lags for quarterly data and 2 lags for annual data. However
you have to use common sense when determining exactly how many because you
want to leave yourself with some degrees of freedom in the end.

5.) Check errors to make sure they are NOT serially correlated. If there are, then add
lags (especially on the dependent variable).

6.) Refine the model by removing highly insignificant Delta terms. Note: NEVER
throw away any level terms before all the Delta terms have been ruled out. Also, don’t
just throw away ALL insignificant terms, only those that are highly insignificant. It’s
best to leave them in than to create omitted variable bias.

7.) Final step: Test for Parameter Stability. Parameters will become unstable either
because the behavior of the agents in the model have changed (unlikely), or because
the model is misspecified (more than likely). So why does misspecification generate
parameter instability. This is best seen with the following example.
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9.1.1 Model Misspecification Generates Parameter Instability

e Suppose the true model is the following:

vy =ay1 + (1 — )z +uyy,  wyp ~ iid(O,ai), a € (0,1).

Thus the short run multiplier is (1 —«) and the long run mulitplier is found by dropping
the time subscripts and the error term:

y=ay+(1—a)x.
y(l—a)+ (1 — a)z.
y=x.
% = 1 = Long Run Multipler.

e Suppose someone mistakenly estimates the following static model:

Yt = VTt + €.

e The usual OLS estimate of 7 is:

. thyt
T

e Suppose z; is generated by the following process:

z=pri1+m, me~ (0,00), |pl <1

From this simple AR(1) process, we know that:

e Now back to the true model:

Y = QY1 + (1 — Cl{)l't + Ug.

Backward substituting:

Yy = alay; o+ (1 —a)xy g +u 1) + (1 — a)xy + uy.
Y = &Pyp_o + a(l — @)xi1 + a1 + (1 — )z + uy.
Y = Pyi_o + (1 — )z + 1) + up + ;.
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And after infinitely substituting like we have here, we get the following:

v = (1 —a)(zy + axy_y +Pxpg + ... )+ (up + auy_y + aPup_g +...).
e Thus,
Bl = (1 —-a)E] 2?2 +a zwey +a? zwe o +...).
N—— S——

~—
a2/(1-p?) po?/(1-p?) p?c?/(1-p?)

Because z; is uncorrelated with all the u,’s because us and 7; are independent for all
s and t. Thus,

2
o
Elzyy) = (1 — a)— [1+Ozp+a2p2+...l.

1—p?
1/(1—ap)
o2 1
E =(1- . .
[zeye] = ( a)l_pg 1—ap
(1 —a)o?

(1=p)(1—ap)

e So by slutsky,

plim% T

lim?y = .
P plimz Y @}

And by the ergodic theorem,

plim% > Ty _ Elzyy,]
plimz > a7 Elzf]

Thus because E[z7] = 07 /(1 — p?),

(1 — 04)03 1— p2

plim?y = :
(1=p)A=ap) o3
Or,
o (1—-a)
plimy = —.
(1= ap)
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e Sogiven 0 < p< 1, (1 — a) < plimy < 1, or:

Short Run Multiplier < plim#4 < Long Run Multiplier.

Thus if the x process changes, ie, p changes, then plim# will change even if the param-
eter of the true model, a, does NOT change. Thus we get parameter instability from
model misspecification.

9.2 Systems of Equations

e The Multivariate Regression. Consider a set of N regressions of the form:

ye = X8+ €.

Where y; is a Nzl vector, X; is a Nz K =) . K; matrix of row vectors, 3 is a N vector
of K vectors of coefficients and ¢, is a N vector. Thus we have:

Y1t xllt 0 ... 0 B €1¢

y?t |0 wh, . ?2 N G?t . (18)
: 0 :

YNt 0 ... 0 2y Br ENt

e So the individual regressions are of the form:

yie = 7,01 + ex
e Suppose that E[ee;] = Q. Thus we have the potential for correlations.

e We could estimate by OLS on each equation and get:

T T
G=0_XiX) 'Y Xy
t=1 t=1

e However, in general, GLS is more efficient. First do OLS as above, generate ¢;, and
then generate:

Then estimate:



9.3

This simplifies to OLS on each equation if either:

— 1) Q is diagonal (no error correlations)

— 2) The regressors in each equation are the same.

In this frame work, all x’s are, at least, contemporaneously independent of €. If NOT,
we have a more general model.

A More General Model.

'y, = Bxy + €.

Where the x;’s are, at least, contemporaneously independent. So we have N equations,
N endogenous variables (y;) and K exogenous variables (x;). Thus I is NxN and B
is NoK.

We solve for y in terms of x; or:
Yy = Filet + F71€t.
Or letting ' !B =1I and ' ¢, = vy,

Y = H.fL't —+ vy.

This is often known as the “Data Generating Process.”

More on Systems - Identification
Consider again the structural form developed in the last section:
'y, = Bxy + €.
Or rewritten in reduced form:
_ -1 -1
yt = F th + F €t.
yr = Hxy + vy
This final form is refered to as the “Data Generating Process.”

It is clear therefore that T~'B = II or that:

B =T1IL

Since B is Nz K, we basically have Nz K equations.
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e If we normalize the diagonal elements of I" to be 1, there are (N — 1) N unknowns in
I' and Nz K unknowns in B. Thus, we have more unknowns than equations and the
system is NOT identified.

e Consider the following example.

9.3.1 Classic Supply and Demand Determination

e Consider the following two equations specifying supply and demand in an economy:

Demand : y; = ag — aqpy + uy.

Supply =y, = Bo + Bipe + vt

If we collect data points of price and output levels for this economy, we will just get
points in a scatter that does not seem to follow either supply or demand. The problem
is that both equations are functions of y and p so the points are equilibrium points for
the whole system. Plotting these points will not let us find the supply and demand
relationships individually.

e Thus we look to add another term to the supply function that is particular to supply
and has no effect on demand. In the case of agricultural data, it can be argued that the
weather conditions have a large impact on supply but virtually no impact on demand.
Thus we write:

Supply = yr = Bo + Bipr + ve + Wiy,

Where W is an index of the weather conditions in the prior period.

e Now if we plot (y, p) combinations over varying weather conditions we begin to plot out
what looks like a demand curve. See notes for graph. [G-9.1] Note that if weather also
impacted the demand equation, we would be back where we started. This assumption
about the weather is an a priori asssumption.

e To estimate the supply equation we could include something in the demand equation
(like income) that in general does not influence supply.

9.3.2 Conditions for Identification

e 1.) The conditions apply to one equation at a time.

e 2.) The Order Condition. A necessary condition is that the number of omitted y and
x variables is greater than or equal to N — 1. A linear restriction counts as a missing
variable.

69



e 3.) The Rank Condition. A necessary and sufficient condition is that the matrix
obtained from all the I" and B coefficients in the other equations corresponding to the
zeros in the equation concerned is of rank N — 1.

e 4.) If the Rank Condition is passed and the number of zeros plus linear restrictions
are greater than N — 1, the equation is “over-identified.” There are more restrictions
than needed.

e 5.) An identity is always identified.

9.3.3 An Example of Identification

e Consider the following system:

Y = M2y + Bz + Piazae + Braza + e
Yot = Yoalar + Pozzar + Boazar + Uy
Yt = Y32y + O222 + P332z + st
Yar = Yazlor + Vazyae + Bar21e + Baazor + Baazar + sy

e To assess the level of identification, construct the following table:

Yie | Yot Yst Yar 21t 2ot 23t Zat
I | —2] O 0 | —fBn 0 | =Bz | —Pus
0 1 0 — 24 0 — 22 0 — B4
0 | =732 1 0 0 —32 | —/[33 0
0 | —va2 | —u3 I | —Bu| —Ba2| 0 | —Pu

Note that all coefficients have the signs as if they had been moved to the left hand side
of the equation.

e Now we will use this table to analyze the identification of each equation. Note that
N—-1=3.

e Equation 1. Looking across the first row, there are 3 zeros. Thus,

Number of zeros =3 = N — 1 = 3. Thus, Order Condition Passed.

For the rank condition, we consider the rank of the matrix formed by taking the
coefficients of the equations in the columns that contain zeros in equation 1. We seek:

0 —Y24  —[a2
rank 1 0 —fs |- (19)
—Ya3 1 [
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94

This rank will be equal to 3 (the min of number of columns and rows) iff the determinant
of this matrix is NOT 0. By inspection, the determinant is # 0 and therefore, Rank =
N —1 = 3 = full rank. Thus, Rank Condition Passed. Thus y, is JUST IDENTIFIED.

Equation 2. Looking across the second row, there are 4 zeros. Thus,

Number of zeros =4 > N — 1 = 3. Thus, Order Condition Passed.

For the rank condition, we consider the rank of the matrix formed by taking the
coefficients of the equations in the columns that contain zeros in equation 2. We seek:

1 0 —Bu —fBi3
rank | 0 1 0 —fs3 (20)

0 —y3 —Bua O

This rank will be equal to 3 (the min of number of columns and rows) iff the determinant
of any square 3x3 matrix within this matrix is NOT 0. by inspection,

The determinant # 0, — Rank = N—1 = 3 = full rank. Thus, Rank Condition Passed.

Thus yo; is OVER IDENTIFIED because of the 4 zeros.
Equation 3. The same as 2. Overidentified.

Equation 4. Order Condition: note the number of zeros in the fourth row is 2 so
since 2 < N — 1 = 3, the order condition is not satisfied and equation 4 is NOT
IDENTIFIED. In order to estimate y4, we would need another restriction. We cannot
consistently estimate the fourth equation, but the other 3 are fine.

Estimation in Systems of Equations
Consider again the structural form:
Pyt = BZEt + €¢.

Consider estimating the following equation:

v = Y + X301 + e

Where Y7, is a row vector of included y variables and X7, is a row vector of included x
variables. Note we MUST have some excluded variables because otherwise the equation
would not be identified.
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e In matrix form we can write this as:

y1 =Y+ XuB +e.

Where Y7 is (Tx(N; — 1)). X; is TxK;. Nj is the number of y variables included in
equation 1. K is the number of = variables included in equation 1. So N — N; and
K — K is the number of excluded (y and z) variables (respectively).

e Let X] be a (Tz(K — K;)) matrix of excluded  variables. These will be used as
instruments for Y;. Are there enough? Y; needs at least N; — 1 instruments. So
enough in X ;r implies that:

K—-—Ky >N —1.

(K= K)+(N—=N)> (N, —1)+ (N = Ny).
(K- K)+(N—=N)>N-—1.

-

~
Num. of Zeros

Thus if the number of zeros is greater than N — 1, we will have enough instruments.
ie, as long as the equation is identified.
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10 Week 10: 18 Mar - 22 Mar

10.1 More on Simultaneous Systems of Equations

e Consider estimating the following equation:

Y1t = Yllt’h + Xitﬂl + €14.

Where Y7, is a row vector of included y variables and X7, is a row vector of included
x variables.

e In matrix form we can write this as:

yi =Y+ X161 + €.

e Instrumental variables techique. Suppose,

7z = 1] X4],
X = [Xq]XT]],
1
0 = . 21
= (21)
Thus,
Y1 = 2101 + €.

e Thus the instrumental variables estimator is:

OV = (ZIX(X'X)' X' Z) "N ZIX (X' X)X ).

And, R
Var(01V) = 3, [Z; X (X' X) ' X' 7,7
e This derivation of 6!V was originally referred to as 2 stage least squares (25LS). Take
71 and regress on exogenous variables, X. Take fitted values:

A~

Z=X(X'X)"'X'Z,.
Then do OLS of y; on Z1. ie, compute:
0= (Z12)" Zin.

Substituting in Z1, we see that:
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o =0olv.

So we can get at our instrumental variable estimator, 6'V, via a 2 stage least squares
process.

e One important note: If the equation is JUST identified, then (Z; X) is square and thus
invertible. We can then rearrange the terms of 67V above by taking the individual
inverses. Thus,

oV = (X' Z) U X' XN Z1X) "N ZI X (X' X)X ).

Which simplifes to: )
6IV — (X/Z1)_1X,y1-

7

This method is called “Indirect Least Squares.” Note it only works if the equation is

exactly or just identified.

10.2 Dynamic Models

e Consider the following structural form of a model:

Aoyr = Avypr + Asyp—o + - + Apy—p + Boxy + By + -+ + Bowy—s + €.
Where y, is an N vector and the lagged y’s and x’s are contemporaneously independent.

e Solving for y;, we get the reduced form:

Y = AalAlyt_1+A61A2yt_2+- : '+A0_1Apyt—p+AalBO$t+Aallet—l+' : '+AalBs$t—s+A61€t-
e We could also take the structural form and write it in lag form:
A(L)y: = B(L)xy + €.
Where A(L) and B(L) are matrices of lagged polynomials. For example:
A(L) = Ay + AL — AyL? — - — ApL”.
e Note the rule for inversion:

o A(L)
AW = s

Where A* is the adjoint of A, or the transposed matrix of cofactors and |A| is the
determinant of A.
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For example, suppose:

AlL) = [ asi L + axnl? axL ] ‘ -
Then,
£ TV _ a3 L —a12L
AND) = [ —ag L — apl? ag —anL ] ' .
And,

|A(L)| = agiagsL — &11&23L2 - 61126121[/2 - a12a22L3-

So now go back to the lag form we were considering:

A(L)yy = B(L)zy + .

Solve for y;,

Yy = A(L)ilB(L)xt + A(L)71€t.
Apply inverse rule:

_ A(L)

A*(L)
YT TAD))

B(L)th + —’A(L)|

€t.
Moving over the determinant term:

|A(L)|y, = A*(L)B(L)z; + A*(L)e;.

This is known as the “Autoregressive Final Form.” In this form, each y; can be written
as lags only of itself and lagged z’s. Furthermore, the lag structure is the same in every
equation.

10.2.1 Example of a Macro Model

Consider the following macro model:

¢t = B + Y13y + Y1aYe—1 + €1z
it = Bo1 + Pazli—1 + €2
Yt = C¢ + it.

So the first equation is a consumption function which depends on current and lagged
income. The second equation just relates current investment to prior investment. And
the third equation is an identity.
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We could check the identification of this system using the method developed last week.

Eliminating ¢; from first equation using the 3rd, we have a system of 2 equations:

Y = B + V13Ye + V1aYi—1 + i + €1
1 = Po1 + Paste—1 + €.

Moving all endogenous lags to the left and rewriting using the lag operator:

Y — Y3y — NaLlys — 1 = B + €.
i — Boo Lty = [o1 + €.

Thus, factoring out:

(1 —y3 — y1aL) — ip = Pr1 + €1
it(1 — BaoL) = (o1 + €.

And writing in matrix form:

I — 3 — Y14l —1 yve | | Bu €1¢
[ | R i I R B FCE
a

We could then take the A matrix and compute A* and |A| as before. Thus we would
get the Autoregressive Final Form as:

Yt « | On « | €1t
Al 7 | =A +A . 25
H{lt} [521} |:€2t:| ()
We could also examine the stability of the system. Taking the determinant of A, we
have:

Al = (1 — y13) — [Ba2(1 — 713) + Y14) L + V14022 L%

Thus we examine the roots of the following polynomial:

(1- 713))\2 — [B22(1 — 113) + Y14] A + V14520

If the roots are in absolute value less than one, then the system is STABLE.
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10.3 The Last Topic: The Econometrics of Consumption

In this section we will consider the life cycle model of consumption. Assume there are
perfect capital markets, a constant real interest rate, r, and our consumer is infinitely
lived.

At time ¢, our consumer has assets, A;, and faces a random labor income stream:
{Yts Yes1, Yir2,s - - - Yrrs - Of course only v, is known at time ¢.

Assume income and consumption “occurs” (received and spent) at the start of the
period. Interest is paid out at the end of the period.

Budget Constraint:
At+s+1 = (1+7") |:At+s+Y;€+s _Ct+s]7 S 2071,2,....
The individual’s utility is a simple additive form and then the consumer maximizes:
max ZpsEt [U(Curs)]
s=0

Where p is a discount factor reflecting the rate of time preference.

Substituting out using the budget constraint:

At+s+1>
1+r

max i P’ E;
s=0

The first order condition with respect to A;,,. Note that in the previous time period,
Ayis occurs in the last term. Thus,

U (At+s + Yirs +

a psfl

aAt+S - pSEt[U/(Ct+S)] - 1 + ,’,.Et[u/<ct+$—1)] for S = O NG ON

Evaluating at s=1,

1

pEu (Cri1)] = 1 +rEt[U/(Ct)]-
Note the expectations can be removed:
PEN (Cran)] = 11—/(C)
t t+1 T t)

And thus,
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W(C) = p(1 + 1) B (Corn)].
Letting p(1 + ) = 1, we have:

u'(Cy) = Et[ul<0t+1)]'

Removing expectations,

U/(Ct) = u/(Ct—i-l) — Vty1-

U (Cr1) = v/ (C) + Vg

Where vy = v/ (Ciy1) — E[u/(Cyi1)], the innovation in the marginal utility of con-
sumption.

Now investigate a Quadratic Utility model to see how consumption responds to inno-
vations in y. In data analysis, we see a tendency for consumption to be smoother than
income. Given our derivation above, we have:

Ct - Et [Ct+1]'

And in period t + s,

Ot+s = Et+s [Ct+s+1]‘

Taking expectations,

Ey[Crts] = Eo| BesslCusonn]].

By the law of iterative expectations,

Ey [Ct-i-s] = ki [Ct-i—s—i-l] .

Because all the information from time ¢ to time s is unknown at time ¢. Thus using
backward iteration, we have:

Et[Ct+s] = Ct,

or all future consumption is expected to be the same as today’s level of consumption.
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We can consider the budget constraint:

At+s+1 == (1 + 7’) [At+s + )/t—i-s - Ct—l—s]; S = O, 1, 27 e

And rewrite it in present value form:

> Ct+s Yt+s
Z = At Z (1+47r)*

s=0

Taking expectations:

Et[CtJrs Et yt+s
S )5 Bl
s=0 (1

Note that E;[Cy. ] = Cy and Ei[A;] = Ay, thus:

o o0

1 yt+s
03 g - A Y
s=0 =0
. P ) : . 1
Now on the left we just have an infinite geometric series which sums to ——— .
1—-1/(1+r)

Thus,

1 B[y )
(G — .
"1—1/1+r) t+z (147)s

r I E4[Yits]
Cy = A .
T4 t+1+r;(1—|—r)s

So this expression is basically the permanent income hypothesis. Consumption is equal
to interest income (discounted by 1+ 7 because it is paid out at the end of the period)
plus the expected future value of labor income. So basically you consume a proportion

of your total wealth.
147

Now lag one period:

r 7= Er1[yegs 1]
C, 1 =—A;_ )
N T t1+1+r§0 (I+7)s

Multiply by (14 r),

Ei [?Jt+s—1]

(1 + T)Ct_l = TAt_l + TZ (1 n 7’)5

s=0
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- Et—l[yt+s—1]
Cio1=—1rCi 1 +1A1_1+r _—
; (14 7r)s

Now pull out the first term (s = 0) out of the summation and rewrite the terms inside
of the summation (and NOT it’s limits):

o0
T Et—l[yt-‘rs}
Ci1=—rCi_ A - E :
t—1 7’t1+7“t1+7”1/t1+1+rsz (1+7r)°

T~ Et—l[yt-‘rs]
Ci1 =1r(=Ci_ A, _ .
-1 =1(=C} 1+Vt 11t Y 1)4+1+r E_ (L +r)
(rAy)/(1+r) =

Note the substitution comes from the budget constraint directly. Note that the dis-
counting of the summation by 1+ r is rather mysterious. It should drop out when you
multiply through by 1 + r. The reason it’s still there probably has something to do
with payments being made at the end of the period (and it makes the algebra work
out for the next step). Thus subtracting C;_; from Cy:

r o Ei[yes s e Eia[yess)
Oy =AC, = A S —(rA) /(1 47) — > .
Ci=Ca=a0 =17 t+1+7“8:0(1+7")5 (rde)/(1+7) L+r e (1+71)

Or,

_r - ( — B 1)[yt+s]
Aot_1+r; 1+r)s

Thus the only thing that changes your level of consumption is changes in views about
your future levels of income.

To make the equation workable, we need to know what the process is that is driving
y;. Assume 1 is a stationary ARMA with mean p such that:

Zi =Y — p

satisfies,

Where A(L) and B(L) are lag polynomials as usual. Thus,

Zy = A(L)"'B(L)e;, = I'(L)e,.

Thus,

vy =p+0(L)e
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Writing y; out in expanded form:

Yt = U+ €5 + V1€pps—1 T Vobrys—2+ oo+ Vs—16441 + Vs€ + Vsr160-1 - - -

Thus at time t, only those €’s at period ¢ or earlier will be known and the rest will be
zero in expectation. Thus,

Et[ytJrs] = U + Ys€t + Ys4+1€t—1 4+ ...
And by the same logic,
B 1[yes] = 1+ Yopr€-1+ - ..

Subtracting,

Et[ytJrs] - Etfl[ytfs} = (Et - Etfl)[yt+s] = Ys€¢-
We can now substitute this into our equation above for AC;. Thus,

Et EtlytJrs]
Cr= 1+7~Z (1+7r)

S§=

e V€
AC, = )
! 1+r;(1+7“)8

Which can be rewritten,

r 1
A= (e
Ce 1+r \14+,/%

Or substituting back in A(L) and B(L),

Al = 1:—TA<1—1kr)_1B(1—1kr)€t'

Or finally,

o Y B/ )
Al = T+7r> as/(1+71)°

€t.

Thus changes in consumption are a proportional result of the shocks to income, ;.

Done.
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